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ABSTRACT

We prove existence of equilibrium states and induced schemes with special holes for
continuous non-uniformly expanding maps. The potential we consider is the hyperbolic
one, which means that the pressure emanates from the expanding set. For zooming
maps, we consider the open dynamics with hole obtained from small balls by erasing
intersections with regular pre-images and construct induced schemes with the property
of respecting the hole.

Keywords: Equilibrium state; Induced scheme; Open Dynamics; Zooming Map; Hole;
Hyperbolic Potential.



RESUMO

Provamos a existéncia de estados de equilibrio e esquemas induzidos com buracos
especiais para mapas nado-uniformemente expansores continuos. O potencial
considerado é o hiperbdlico, o que significa que a pressao emana do conjunto
expansor. Para mapas zooming, nés consideramos a dinamica aberta com buraco
obtido a partir de bolas suficientemente pequenas, ao retirar-se intersecéoes com
pré-imagens regulares e construimos esquemas induzidos com a propriedade de
respeitar o buraco.

Palavras-chave: Estado de equilibrio; Esquema induzido; Dinamica Aberta; Mapa
Zooming; Buraco; Potencial Hiperbdlico.
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Chapter 1

Introduction

In this thesis, we prove two results. In chapter [2] we prove the existence of finitely
many ergodic equilibrium states that are expanding measures, in the context of con-
tinuous non-uniformly expanding maps and hyperbolic potentials. This class of maps
extends the notion of differentiable non-uniformly expansion, where some expansion is
obtained in the presence of hyperbolic times. The hyperbolic potentials are important
because the pressure emanates from the expanding set, which is the set of points with
positive frequence of hyperbolic times. This means that is where we obtain most of
expansion. So, in the study of the thermodynamic formalism, we pay attention to the
expanding measures, which give total mass for the expanding set.

The strategy is to use induced schemes constructed by Pinheiro in [25] to code the
dynamics. Pinheiro proves that there are finetely many induced schemes for which we
can lift an ergodic expanding measure. Once we code the dynamics, we use the results
by Sarig in [28], [29], [30], [31] to obtain equilibrium states for the associated countable
shift. In this context, the equilibrium state is unique and also it is a Gibbs measure.
Then we can get at most finitely many ergodic equilibrium states that are expanding
measures. It is obtained by showing that the inducing time is integrable, by following
ideas of Jommi and Todd in [18]. Finally, we get equilibrium states for the hyperbolic
potentials and they are, at most, finitely many.

In chapter |3| we consider open zooming maps and construct induced schemes that
respects a certain type of holes. This idea appears in [13] for Collet-Eckmann maps.

A zooming map generalizes the notion of non-uniformly expansion by generalizing

the notion of hyperbolic times, obtaining the zooming times. In the same way, we get



expansion of certain type, in the context of continuous maps. It is the key ingredient
to construct the induced schemes. We follow ideas of Pinheiro in [25]. The idea
is considering disjoint balls sufficiently small located in certain regions of the phase
space and erase intersections with regular pre-images, getting a special open set. The
presence of points with zooming returns allows us to take regular pre-images inside this
open set, constructing elements of the partition in one of the connected components.
At the end, we have and induced scheme and a special hole, where the induced scheme
respects the hole.

The class of maps introduced by Viana in [34], and called Viana maps, is an im-

portant example for our settings.



Chapter 2

Equilibrium States for Hyperbolic

Potentials

2.1 Introduction

The theory of equilibrium states was firstly developed by Sinai, Ruelle and Bowen
in the sixties and seventies. It was based on applications of techniques of Statistical
Mechanics to smooth dynamics.

Given a continuous map f : M — M on a compact metric space M and a continuous
potential ¢ : M — R, an equilibrium state is an invariant measure that satisfies an

Variational Principle, that is, a measure p such that

)+ [ odu= sup ){hn(f>+ / ¢dn},

neM (M

where M (M) is the set of f-invariant probabilities on M and h,(f) is the so-called
metric entropy of 7.

In the context of uniform hyperbolicity, which includes uniformly expanding maps,
equilibrium states do exist and are unique if the potential is Holder continuous and the
map is transitive. In addition, the theory for finite shifts was developed and used to
achieve the results for smooth dynamics.

Beyond uniform hyperbolicity, the theory is still far from complete. It was studied
by several authors, including Bruin, Keller, Demers, Li, Rivera-Letelier, lommi and
Todd [11],[10],[13]),[17],[18],[19] for interval maps; Denker and Urbanski [14] for rational
maps; Leplaideur, Oliveira and Rios [20] for partially hyperbolic horseshoes; Buzzi,
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Sarig and Yuri [12],[36], for countable Markov shifts and for piecewise expanding maps
in one and higher dimensions.

For local diffeomorphisms with some kind of non-uniform expansion, there are re-
sults due to Oliveira [21]; Arbieto, Matheus and Oliveira [7]; Varandas and Viana [33].
All of whom proved the existence and uniqueness of equilibrium states for potentials
with low oscillation. Also, for this type of maps, Ramos and Viana [27] proved it for
potentials so-called hyperbolic, which includes the previous ones. The hyperbolic-
ity of the potential is characterized by the fact that the pressure emanates from the
hyperbolic region.

Our result is similar to the Ramos and Viana, but for maps presenting some kind
of non-uniform expansion and critical points. However, our strategy is completely
different, since we do not use the analytical approach of the Transfer Operator in order
to obtain conformal measures. We use results on countable Markov shifts by Sarig
for the “coded” dynamics in induced schemes constructed by Pinheiro in [25], where
a Markov structure is constructed. We prove that there exist finitely many ergodic

equilibrium states that are expanding measures.

2.2 Definitions and Statement of the Result

We begin by defining non-uniformly expanding maps in a non-differentiable context.

2.2.1 Non-Uniformly Expanding Maps

Let M be a connected compact metric space, f : M — M a continuous map and pu
a reference Borel measure on M. Firstly, we will define hyperbolic times.

Fix 0 € (0,1),6 > 0 and x € M.
Definition 2.2.1 We say that n € N is a (0, 9)-hyperbolic time for x if

o There exists a neighbourhood V,(x) of x such that ffy, . : Va(2) = Bs(f"(2)) is

a homeomorphism;

o d(f'(y), ['(z)) < o"Hd(f"(y), ["(2)),V y, 2 € Vi(z), VO <i<n-—L
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The sets V,(z) are called hyperbolic pre-balls and their images f*(V,(x)) =
Bs(f"(x)), hyperbolic balls.
We say that x € M has positive frequency of hyperbolic times if

1
limsup —#{0 < j <n—1|j is a hyperbolic time for x} >0
n

n—o0

We denote by
H = {z € M | the frequency of hyperbolic times of z is positive}.

We call H the expanding set and we say that the reference measure 1 is expand-

ing if u(H) = 1.

Definition 2.2.2 Given a measure pn on M, its jacobian is a function J,f : M —
[0, +00) such that pu(f(A)) = [, Jufdp for every A domain of injectivity, that is,

a measurable set such that f(A) is measurable and fa: A — f(A) is a bijection.

Definition 2.2.3 Gwen a measure p with a jacobian J,f, we say that the measure

has bounded distortion if there exists p > 0 such that

’ log %‘ < pd(f" (). f(2))

for every y, z € V,(x), p-almost everywhere x € M, for every hyperbolic time n of x.

A map with an expanding measure with bounded distortion associated is called

non-uniformly expanding.

Remark 2.2.1 We observe that a hyperbolic time in our context is a type of zooming

time in the context of [27].

2.2.2 Induced Schemes

We recall the definition of an induced scheme. It is useful to code the dynamics in

order to use results concerning symbolic dynamics.

Definition 2.2.4 Given an open setUd C M and P = {Py,...,P,,...} a partition of
open subsets in U, if there exists a map F' : U — U such that Fip, - P; — U is an
homeomorphism for all i € N and if for every element P; there exists T, € N such that

Fip, = fip,, F'is said to be an induced map and we call the pair (F,P) an induced
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scheme on U. The function 7 : U — N such that 7p, := 7; is called the inducing

time.

Definition 2.2.5 Given an induced scheme (F,P) and an invariant probability p, we
say that p is liftable to (F,P) if there exists a measure [t such that for every measurable

set A,

The next result, due to Pinheiro, guarantee that every ergodic expanding measure

can be lifted to some induced scheme.

Theorem 2.2.1 (Pinheiro [25]) There exist finitely many induced schemes
(thl)v R (Fsa Ps)a

such that every ergodic probability v for which p(H) = 1 is liftable to some of these

induced schemes, with uniformly bounded integral of inducing time.

2.2.3 Markov Shifts

Now we recall the basic definitions of symbolic dynamics. Given a countable set
S, we define the space of symbols ¥ := {(z1,x2,...,2,,...) | x; € S,¥i € N}. The
shift map o : ¥ — X is defined by o((z1, 22, ..., %n,...)) = (T2, 3, ..., Tp,...). A
cylinder is a set of the form C, :={z € X : 21 =ay,...,2, = an}.

When an induced scheme (F,P) is given, we can define a space of symbols by the
following rule. Let € U be a point such that F*(x) is well defined for all k¥ € N. To
obtain a sequence (1, xa,...,Zn,...), we put z; = j if F*(x) € P;. So, we can see that
the map F is conjugate to the shift map. The advantage here is that we can use the

theory of symbolic dynamics to obtain results for our original map.

2.2.4 Topological Pressure

We recall the definition of relative pressure for non-compact sets by dynamical balls,
as it is given in [4].

Let M be a compact metric space. Consider f: M — M and ¢ : M — R. Given
0 >0,n€eNand x € M, we define the dynamical ball Bs(x,n) as the set

Bs(z,n) :={y € M | d(f'(x), f'(y)) <9, for 0 <i <n}.
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Consider for each N € N, the set
Fn =A{Bs(z,n) |z € M,n> N}.

Given A C M, denote by Fx(A) the finite or countable families of elementes in Fy
that cover A. Define for n € N

Sud(@) = p(z) + o(f(2)) + -+ o(f" " (2)).

and

Rpsp(x) = sup  Spo(y).

yEBg(I,TL)

Given a f-invariant set A C M, not necessarily compact, define for each v > 0

mf(¢7 Aa 67 N; 7) - lnf { Z 6_7n+Rn,5¢(y) } .

UEFN(A) Bs e
Define
my(9,A,0,7) = lim my(¢, A9, N,7).
and

Pr(¢, A, 6) = inf{y > 0| my(¢, A, d,7) = 0}.
Finally, define the relative pressure of ¢ on A as
The topological pressure of ¢ is, by definition, Pr(¢) = P(¢, M) and satisfies

Py(¢) = sup{ Ps(, A), Pr(, A)} (2.1)

where A® denotes the complement of A on M. We refer the reader to [24] for the
proof of and for additional properties of the pressure. See also [35] for a proof of
the fact that

PO = sw {hu(f) +f cbdu}.

2.2.5 Hyperbolic Potentials

Definition 2.2.6 We say that a real continuous function ¢ : M — R is a hyperbolic
potential if the topological pressure Ps(¢) is located on H i.e.,

Py(¢, H) < Py(6).
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In [I9] H. Li and J. Rivera-Letelier consider other type of hyperbolic potentials for
one-dimensinal dynamics that is weaker than ours. In their context ¢ is a hyperbolic

potential if
sup [ 6d < Py()

HEM g (M)
2.2.6 Equilibrium States

Given a continuous map f : M — M and a Holder potential ¢ : M — R, an
equilibrium state is an invariant measure that satisfies an Variational Principle,

that is, a measure p such that

half) + / o= s {hn<f> 4 / ¢dn},

where M (M) is the set of invariant probabilities on M and h,(f) is the so-called

metric entropy of 7.

2.2.7 Statement of Main Result

Now, we state our main result on the existence of equilibrium states.

Theorem A Given a non-uniformly expanding map f : M — M and a Holder hy-
perbolic potential ¢ : M — R with finite topological pressure Pr(¢), there exist finitely

many ergodic equilibrium states and they are expanding measures.

2.3 Equilibrium States for the Lifted Dynamics

In this section we begin the proof of Theorem [A] The strategy is lifting the dy-

namics, finding equilibrium states and then projecting them.

2.3.1 Hyperbolic Potentials and Expanding Measures

The next proposition and the Theorem guarantee that every ergodic expanding
measure with “high free energy” and, in particular, those which are candidates to be

equilibrium states can be lifted to some induced scheme.

Proposition 2.3.1 If ¢ is a hyperbolic potential, given an ergodic probability i such
that hy(f) + [ édp > Py(6, H"), then j(H) = 1.
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PROOF. Since H is an invariant set and p is an ergodic probability, we have u(H) =0
or u(H) = 1. But,
+ foan>pomyz s fun+ [ ol
v(He)=1 c
(For the second inequality, see Pesin [24], Theorem A2.1)
So, we can not have pu(H¢) = 1 and we obtain pu(H) = lji.e., p is an expanding
measure.

O

2.3.2 Equilibrium States for Markov Shifts

Definition 2.3.1 Given a potential ¢ : M — R and an induced scheme (F,P), we
7(x)—1

define the induced potential as ¢(z) = o(f(z)).

5=0
Definition 2.3.2 Given a potential ¢ : ¥ — R, we say that ¢ is locally Hélder if
there exist A >0 and 0 € (0,1) such that for all n € N the following holds

V(@) :=sup{| o(z) — ¢(y) |,Vz,y € C,} < Af™.

Proposition 2.3.2 If ¢ : M — R is a Hélder potential, then ¢ : ¥ — R is a locally
Holder potential.

PROOF. As ¢ is Holder, there are constants p,a > 0 such that | ¢(z) — ¢(y) |<
pd(z,y)*. We must show that there are constants A > 0 and # € (0,1) such that

| ¢(x) — d(y) |< A", Yo,y € C,. In fact, given z,y € C,, there are Py, P;,,..., P,
such that F*(z), F¥(y) € P,.. Then, we have
Tig— Tig—1
3() - 3 Z o) = o) £ 3 6 (0) — o) |<
=0
Tig—1 Tig—1
<p Y df(z), ) <p ) (e7d(F(z), F(y)* <
j=0 Jj=0
<p> (0°Vd(F(z), F(y))" = A9".
=0
where A := p(3°72(0%) /0)d, 0 := 0. O

As a consequence of Theorem [2.2.1} there exist an induced scheme (F,P) and a
sequence (i, of liftable ergodic probabilities such that hy, (f) + [ ¢dp, — Pr().
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Proposition 2.3.3 (Abramov’s Formulas [37]) Given a measure p liftable to i, we

have the formulas

hu(

Tdu‘

As a consequence, we have

fon (fra) o [ o)

Definition 2.3.3 Given a Markov shift (X, 0), we define the Gurevich Pressure as
1 _ n—1
A — lim — ¢ (@) Py J
Pg(9) - nh_)rxgo - log ( ( )z: e ) where ¢, (x ZO:¢ f(x
o (x)=z,x0=0 J=

Theorem 2.3.1 (Sarig [28)) If (3, 0) is topologically mizing and ¢ is locally Hélder,

then the Gurevich Pressure is well defined and independent of a.

Theorem 2.3.2 (Approzimation Property [28])(Sarig) If (¥, 0) is topologically mizing
and ¢ is locally Hélder, we have

Po(¢) = sup{Ptop(ﬁ_bw), Y C X is a topologically mixing finite Markov shift}.

Theorem 2.3.3 (Variational Principle)(lommi-Jordan-Todd [16]) Let (¥, o) be a topo-
logically mizing countable Markov shift and ¢ : ¥ — R a potential with summable

variations (i.e., Y oo Vu(¢) < o0). Then we have

Pa(9) :sup{hl,(F) +/g_bdy : —/g_bdy < oo}.

Given ¢ : M — R a hyperbolic potential, set ¢ := ¢ — P(¢). So, ¢ is a hyperbolic
potential such that Pr(¢) = 0.

Proposition 2.3.4 Given a Hélder hyperbolic potential ¢ such that Ps(p) = 0, we
have that Pg(®) = 0.

PROOF. Pg(®) > 0: By Pinheiro’s Theorem, there exist a sequence pu, of liftable

ergodic probabilities. By the Abramov’s Formulas, we have that

fome( frn) o fo).

Since hy,, (f) + [ dp, — Pr(p) = 0 and the sequence { [ 7dp,}, is uniformly
bounded, we obtain h;—(F) + [ @df, — 0, which means 0 < P(p).
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Pg(p) < 0: By taking the finite Markov subshift with symbols Py, P, ..., Py, de-
noted by (Xn,0n), we obtain an equilibrium state 7y such that hy(F) + [ pdvy =
Piop(pmy) — Pa(®) (By the approximation property). By contradiction, if P (%) > 0,

for some N big enough we obtain

O<h,,N(f)+/¢dﬁN: (/Tva) (h,,N(f)Jr/godyN).

that implies
0 < hyy(f)+ /(,Odl/N < Piop() = 0.
a contradiction. So, Pg(®) < 0.
Finally, by the Variational Principle, we obtain 0 < P,,,(¢) = Ps(®) < 0 and
Fo(p) =0, O

Definition 2.3.4 If we denote the matriz transition of (3,0) by T = (t;;), the Big
Images and Preimages (BIP) Property is

3 by,...,bxy € S such thatVa € S 34,5 € {1,...,N} such that ty,ota, = 1.

Clearly, if (X, 0) is a full shift, it has the BIP property.

We are able to use the Sarig’s results on the existence and uniqueness of conformal
measures, Gibbs measures and equilibrium states for countable Markov shifts. The
original works are [28], [29], [30], but the results can all be found in [3I]. They can be

summarized as follows.

Theorem 2.3.4 (Sarig [31]) Let (X,0) be topologically mixing and @ of summable
variations. Then © has an invariant Gibbs measure i if, and only if, it has the BIP

property and Pg(®) < oco. Moreover, the Gibbs measure has the following properties:
o If hy (0) < 00 or — [@duz < oo, then i is the unique equilibrium state (in
particular, Po(®) = hy,_(0) + [ @dpsp).
o iz is finite and duz = hgdmg, where L(hg) = Ahg and L*(mg) = dmg, A =
ePe@) It means that m(o(A)) = [, e#7 8 dm.
o This hz is unique and my is the unique (g —log \)-conformal probability measure.

From this Theorem, we obtain a unique (@ — log A)-conformal probability measure
mg and a unique equilibrium state iz, which is also a Gibbs measure.
We now need to show that the inducing time is integrable in order to project the

Gibbs measure.
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2.4 Finiteness of Ergodic Equilibrium States

We will prove, by following ideas of lommi and Todd, that the inducing time is
integrable with respect to the Gibbs measure p. As a consequence, we can project it

to a measure /i, which will be shown to be an equilibrium state for the original system

(f. ).

2.4.1 Measures with Low Free Energy

We state the results we adapted from ([18]) and whose proofs are exactly the same.

We reproduce the main steps here.

Proposition 2.4.1 Given a hyperbolic potential ¢ with Pr(p) = 0 and an induced
scheme (F,P), there exists k € N such that replacing (F,P) by (F,P), where F = F*,
the following holds. There exists vy € (0,1) and for any cylinder C,, € PE, anyn € N,

n

a constant 6, < 0 such that any measure up € Mg with

pr(Cn) < (1 =70)mg(Cn) or me(Cn) < (1 —=10)pr(Cn),

where mz 1is the conformal measure for the system (F,9), must have hy, (F) +

f@d,U/F < 571

The following lemma will allow us to choose k in the above proposition.

Lemma 2.4.1 Suppose that we have an induced scheme (F,P) and a locally Hélder
potential @ with distortion constant K := exp (Z;’il Vi(®)) and Pa(p) = 0. We let
mg denote the conformal measure for the system (F, ). Then, for any C,, € PE and
any n € N,

mp(Ch) < e

where X := —log(K supc, epr mg(Ch)).

Suppose that the distortion of the potential @ for the scheme (F ,P) is bounded by
K > 1. We first prove that measures giving cylinders very small mass compared to mg
must have low free energy. Note that for any £ € N, the potential ¥ for the scheme
(F,P), where F' = F* also has distortion bounded by K. We will choose k later so
that A for (F,P), as defined in Lemma [2.4.1] is large enough to satisfy the conditions
associated to and 2.6] Note that as in [[32], Lemma 3] we also have P () = 0.
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In Lemma[2.4.3below, we will use the Variational Principle to bound the free energy
of measures for the scheme which, for some v, have u(C%) < Kmgz(C.)(1 —v)/(1 —
m(CL))™ in terms of the Gurevich pressure. However, instead of using @, which, in the
computation of Gurevich pressure weights points z € C? by e?@) we use a potential
which weighs points in C? by (1 — 7)e?@®@).

We define the potential @ as

?(x) +1og(l—7), ifzelC!

—b
7 (x) = .
( ?(x) if v e C) for j #1

Lemma 2.4.2 We have that Pg(®’) = log(1 — ymy(C,,)).

We define M () as the set of F-invariant measures such that — [ @du < oo.

Lemma 2.4.3 We have that Mp(®) = Mp(@) and for any cylinder C°. € PF the
following holds.

sup { he(s) + B 1 € M) uC) < () |
<sup § hp(p) + [Pdp: p e M@),1(C;) < ﬂi—(ggfyzu@(c“i)}
e ()
< Po(@) - | S )|
Note that we can prove that the final inequality is actually an equality, but we

don’t require this here.

Lemmas|2.4.2|and [2.4.3|imply that any measure pp with pp(C?) < K(1—y)mg(CL/(1—

m4(C%)™ must have

e+ [ < Pole) ~ | FETEE () (2:2)
~ log(1 — i (Cy) — | ). 2.3

If mz(CY) is very small then log(l — ymz(C,)) = —ymz(C,) and so choosing
v € (0,1) close to 1 the above is strictly negative. By Lemma [2.4.1} p5(C%) < e so
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C? is small if \ large. Hence, if \ is sufficiently large then we can set v = 7° € (0,1)
so that

oy [ KA =7 log(1=75") _,,
log(l—’ybe )\)_ ( (1 _>e_>\75)n )6 A

is strictly negative for all n € N. This implies that with v = 3 is strictly
negative for any C! € P and any n, so we set to be the value §%’.
For the upper bound on the free energy of measures giving C? relatively large mass,

we follow a similar proof, but with the potential ®* defined as

p(z) —log(l—7), ifrel?
?(x) if z € CJ for j #1i

Similarly to above, one can show that

Lemma 2.4.4 We have that Py(3*) = log <1 + mg(Cn)<1L>> < mg(Cn)(L)

-
Also, one can show that

Lemma 2.4.5 We have that Mp(p) = Mp(@*) and for any cylinder C' € PE the
following holds.

sup {hF + f pdp € M(), (sz> > P )<1+m:(c )(177>)"N@(0f1)}
< sup {hF + [Pdp e M@, w(C) > P 'y)(l—&—m:(C )(ﬁ))"ﬂw(CZ)}
+ log(1—-7)pz(Cr) n]
(o ()
<)+ | |
Therefore, if
H(Ci) > ol

we have
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he(p) + /W“ < me(C) (1 . 7) T ra- ;géilgjiﬁjngﬁ))n .

If X is sufficiently large then we can choose v = 4% € (0, 1) so that this is strictly
negative and can be fixed to be our value §%*. This can be seen as follows: let v =

p/(p+ 1) for some p to be chosen later. Then the right hand side of becomes

p_ log(p+1)
p+1  K(1+4pen)n

If X\ is sufficiently large, then there exists some large X € (0, A) such that (1 +

ma(CL)(p+ 1) (2.5)

pe ) < 1+ pe~ " for all n € N. Hence with this suitable choice of A we can choose

p so that the quantity in the square brackets in [2.5] is negative for all n. So we can

choose 0%% < 0 to be [2.4 with v = *.

f}/

For appropriately chosen A this is in (0, 1).
We set 75 := max{y’,7*} and for each C! € PF we let § := max{0’ §3*. The

nir n

proof of the proposition is completed by setting 79 := 1 — K (1 — =), which we may

assume is in (0, 1).

2.4.2 The Inducing Time is Integrable

To finish the proof of Theorem A we will use the following proposition.

Proposition 2.4.2 Given a hyperbolic potential ¢ with Ps(¢) = 0, there exist finitely

many ergodic equilibrium states for the system (f, @) and they are expanding.

In order to prove the above proposition, we take a sequence of f-invariant measures
{pn}n such that hy, (f) + [ ¢du, — 0 and liftable with respect to the same induced
scheme. We will show that the set of lifted measure is tight (see definition below and [22]
for details) and has the Gibbs measure as its unique accumulation point with respect
to which the inducing time is integrable. Finally, the Gibbs measure is projected to an

equilibrium state for (f, ).
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Definition 2.4.1 We say that a set of measures K on X s tight if for every e > 0
there exists a compact set K C X such that n(K¢) < € for every measure n € K.

Lemma 2.4.6 Let us consider the lifted sequence {fi,, },. The set {i,} is tight.

PROOF.

By Pinheiro’s Theorem, if 7 is the inducing time of F, there exists # > 0 such that
[ 7dp, < 6,¥n € N. We claim that this implies that the set {f,} is tight. It is enough
to show that, given j € N, we can find a compact set K such that 7z, (K¥) < §7 Vn € N.
If fact,

6
(> 4} < / Fdf, <0 = (7> 7)) < S €N,

{7>i}
It remains to show that K; = {7 < j} is compact. In fact, K; is the union of
finitely many cylinders, which are compact. So, the set {f,,} is tight, as we claimed.
O
PROOF. (of Proposition : Propositionimplies that there exists K’ > 0 such
that, given a cylinder C,, € PI| there exists k, € N such that for & > k, we have
1 mp(Ch)

F < eska(x)

From Lemma the set {f,} is tight and we obtain a convergent subsequence,

<K' Vredl,.

which we keep writing {fi,,}». We can see that the limit is a Gibbs measure and, by
uniqueness, is the measure jiz. Now, we can see that the inducing time 7 is integrable
with respect to fig.

First of all, we remind that F = F* and denote 7, as I, if we look at the map
Fand g, if we look at the map F. Then, note that [ rdip,, = f%kdﬁﬁm < 0k.
For the purpose of this proof, we let 7y := min{r, N}. By the Monotone Convergence

Theorem, we obtain.

/Td;@, < ]\}iinw/TNdﬂ¢ < A}im lim sup/TNdﬁFm < Ok.

—0  n—oo

Finally, since 7 is integrable, we can project the Gibbs measure p; and obtain
an invariant measure p for f. By the Abramov’s formulas we can see that p is an

equilibrium state for the system (f, ).
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As there exists an equilibrium state, we also can find an ergodic one. Also, if v is
an ergodic equilibrium state, we can lift it to an equilibrium state for the shift, which
is the Gibbs measure piz. So, the projection of it is v. It shows that there exists at
most one ergodic equilibrium state for each induced scheme. Then, they are, at most,

finitely many. O

2.5 Applications

In order to give examples of maps that satisfies our hypothesis, we begin with some

definitions as they are given in [I].

Definition 2.5.1 Let M be a compact Riemannian manifold of dimension d > 1 and
f:M — M a continuous map defined on M. The map f is called non-flat if it is a
local C1* (o > 0) diffeomorphism in the whole manifold except in a non-degenerate
setC C M. We say that C C M is a non-degenarate set if there exist 5, B > 0 such
that the following two conditions hold.

o +d(z,C)’ < D7l < Bi(a, €)Y for allv e T,M.

[[]

For every x,y € M\C with d(z,y) < d(x,C)/2 we have
o [log || Df(x)~t || —log | Df ()" I< gmamd(z, y).

In what follows, we give an example of a non-flat map.

2.5.1 Viana maps

Example 2.5.1 (Viana maps) We recall the definition of the open class of maps with
critical sets in dimension 2, introduced by Viana in [3]]. We skip the technical points.
It can be generalized for any dimension (See [1]).

Let ag € (1,2) be such that the critical point x = 0 is pre-periodic for the quadratic
map Q(z) = ag — 2. Let S' =R/Z and b : S* — R a Morse function, for instance
b(0) = sin(270). For fized small o > 0, consider the map

fo:S'xR— S*xR
(0, 2) — (g(6),q(0, z))
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where g is the uniformly expanding map of the circle defined by g(0) = df(modZ)
for some d > 16, and q(0,x) = a(0) — 2* with a(0) = ag + ab(h). It is easy to check
that for a > 0 small enough there exists an interval I C (—2,2) for which fo(S* x I)
is contained in the interior of S* x I. Thus, any map f sufficiently close to fy in the
C° topology has S* x I as a forward invariant region. We consider from here on these
maps f close to fy restricted to S* x I. Taking into account the expression of fo it is
not difficult to check that for fo (and any map f close to fo in the C* topology) the

critical set 1s non-degenerate.

The main properties of f in a C® neighbourhood of f are summarized below (See

11, 6], [251):

(1) fis differentiable non-uniformly expanding, that is, there exist A > 0 and
a Lebesgue full measure set H C S x I such that for all point p = (0,2) € H,
the following holds

n—1

1 .

lim sup — log || DF(Fi(p) ™' ||7t< =

monp S log | D) |

(2) Its orbits have slow approximation to the critical set, that is, for every
€ > 0 the exists § > 0 such that for every point p = (§,2) € H C S' x I, the
following holds

n—1

1
lim sup — Z —log dists(p,C) < e.

n
n—00 i—0

where
dist(p,C), if dist(p,C) <9

dists(p,C) =
’ 1 if dist(p,C) > 6

(3) f is topologically mixing: for every open set U C M, there exists n(U) € N
such that f"U)(U) = N, f™(M).

(4) f is strongly topologically transitive: for all open set U C M, we have
M = Upz, f*(U).

(5) it has a unique ergodic absolutely continuous invariant (thus SRB) measure;

(6) the density of the SRB measure varies continuously in the L' norm with f.
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The idea of hyperbolic times for differentiable maps is a key notion on the study of
non-uniformly hyperbolic dynamics and it was introduced by J. Alves et al. This is a
powerful tool in order to get expansion in the context of non-uniform expansion.

In the following, we recall the definition of a hyperbolic time for differentiable maps

see([3], [25]).

Definition 2.5.2 (Hyperbolic times). Let us fix 0 < b = $min{1,1/8} < 3 min{1,1/
B}. Given 0 < 0 < 1 and € > 0, we will say that n is a (o,€)-hyperbolic time
for a point x € M (with respect to the non-flat map f with a 5-non-degenerate criti-
cal/singular set C) if for all 1 < k < n we have

ﬁ I(Df o fi(z)7Y|| < o* and dist.(f"*(x),C) > o"".

j=n—~k

We denote de set of points of M such that n € N is a (o,€)-hyperbolic time by
H’I’L<O_7 6’ f)'

Proposition 2.5.1 (Positive frequency). Given A > 0 there exist € > 0 and ¢y > 0
such that, for every x € U and € € (0, €],

#{1<j<n; x cHj(e e )} >0n,

whenever%Z?z_ol log |[(Df(fi(z))7YI7* > \ and * ZZ o —logdist(z,C) < 125

If f is non-uniformly expanding with slow approximation to the critical set, it
follows from the Proposition that the points of U have infinitely many moments
with positive frequency of hyperbolic times. In particular, they have infinitely many

hyperbolic times.

Proposition 2.5.2 Given o € (0,1) and € > 0, there is §, p > 0, depending only on o
and € and on the map f, such that if x € Hy,(0,¢€, f) then there exists a neighbourhood
V() of  with the following properties:

(1) f™ maps V,(x) diffeomorphically onto the ball W;
(2) dist(73(y), f779(2)) < 02dist (7 (9), (), ¥, = € Vale) amd 1< <

(3) log [Seprcy < pd(f"(), " (2))-
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for ally, z € V,(z).

The sets V,,(z) are called hyperbolic pre-balls and their images f"(V,(z)) =
Bs(f"(x)), hyperbolic balls.
From the above facts we can see that the Viana maps are included in our setting.

Here the Lebesgue measure is expanding.

2.5.2 Benedicks-Carleson Maps

We study a class of non-hyperbolic maps of the interval with the condition of
exponential growth of the derivative at critical values, called Collet-Eckmann Con-
dition. We also ask the map to be C? and topologically mixing and the critical points
to have critical order 2 < o < 0.

Given a critical point ¢ € I, the eritical order of ¢ is a number o, > 0 such that
F(z) = £(0) % |go(a)

is a neighbourhood of c.

® Yz € U, where g, is a diffeomorphism g. : U, — g(U.) and U,

Let 6 > 0 and denote C the set of critical points and Bs = Ueec(c — 0, c+6). Given
x € I, we suppose that

e (Expansion outside Bs). There exists k > 1 and 8 > 0 such that, if z; =
f¥(x) & Bs, 0 < k < n —1 then |Df"(z)] > ré@max=Defr where apmax =
max{a,, c € C}. Moreover, if zy € f(Bs) or x, € Bs then |Df"(x)| > ke

e (Collet-Eckmann Condition). There exists A > 0 such that
D" (f())] = e
e (Slow Recurrence to C). There exists o € (0, A/5) such that

dist(f*(x),C) > e .

2.5.3 Rovella Maps

There is a class of non-uniformly expanding maps known as Rovella Maps. They
are derived from the so-called Rovella Attractor, a variation of the Lorenz Attractor.

We proceed with a brief presentation. See [5] for details.
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Contracting Lorenz Attractor

The geometric Lorenz attractor is the first example of a robust attractor for a flow
containing a hyperbolic singularity. The attractor is a transitive maximal invariant
set for a flow in three-dimensional space induced by a vector field having a singularity
at the origin for which the derivative of the vector field at the singularity has real
eigenvalues Ay < A3 < 0 < A; with Ay + A3 > 0. The singularity is accumulated by
regular orbits which prevent the attractor from being hyperbolic.

The geometric construction of the contracting Lorenz attractor (Rovella attractor)
is the same as the geometric Lorenz attractor. The only difference is the condition
(A1)(i) below that gives in particular A; + A3 < 0. The initial smooth vector field X

in R? has the following properties:

(A1) X, has a singularity at 0 for which the eigenvalues A\j, A2, A3 € R of DX;(0)
satisfy:
(i) 0 <A < —=A3 <0< =)y,
(i) r > s+ 3, where r = — Ao/ A1, 5 = —A3/\i;
(A2) there is an open set U C R3, which is positively invariant under the flow, con-

taining the cube {(z,y,2) :| x |[< 1,] y |< 1,| 2 |< 1} and supporting the Rovella

attractor

Ao = () XH(U).

t>0

The top of the cube is a Poincaré section foliated by stable lines {z = const} NX
which are invariant under Poincaré first return map Fy. The invariance of this

foliation uniquely defines a one-dimensional map fy : I\{0} — I for which
fO Om=TmTo P07

where [ is the interval [—1, 1] and 7 is the canonical projection (x,y, z) — x;

(A3) there is a small number p > 0 such that the contraction along the invariant

foliation of lines z =const in U is stronger than p.

See [5] for properties of the map fj.
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Rovella Parameters

The Rovella attractor is not robust. However, the chaotic attractor persists in
a measure theoretical sense: there exists a one-parameter family of positive Lebesgue
measure of C® close vector fields to X, which have a transitive non-hyperbolic attractor.
In the proof of that result, Rovella showed that there is a set of parameters E C (0, ag)

(that we call Rovella parameters) with ag close to 0 and 0 a full density point of F, i.e.

E
L IEN(0a)]

a—0 a

=1

Y

such that:
(C1) there is K, K5 > 0 such that for all a € E and x €
Ky o |7'< folo) S Ky | o |,

where s = s(a). To simplify, we shall assume s fixed.

(C2) there is A, > 1 such that for all a € E, the points 1 and —1 have Lyapunov

exponents greater than A.:
(fa)(£1) > AL, ¥n > 0;
(C3) there is a > 0 such that for all @ € E the basic assumption holds:
[ fa7H(£D) > emePhen, Wi > 1

(C4) the forward orbits of the points +1 under f, are dense in [—1, 1] for all a € E.
Definition 2.5.3 We say that a map f, with a € E is a Rovella Map.

Theorem 2.5.1 (Alves-Soufi [5]) Every Rovella map is non-uniformly expanding.



Chapter 3

Induced Schemes with Special

Holes

3.1 Introduction

In this chapter we deal with open zooming maps. A zooming map is a map
which extends the notion of non-uniform expansion, where we have a type of expansion,
obtained in the presence of hyperbolic times. The zooming times extend this notion
beyond exponential contractions. In our context, a map is said to be open when the
phase space is not invariant. In other words, we begin with a closed map f: M — M
and consider a Borel set H C M, in order to study the orbits with respect to H (called
the hole of the system): if a point x € M is such that its orbit pass through H, we
consider the point x escapes from the system. In particular, we study the set of points
that never pass through H. Also, once a reference measure m is fixed, we study the
escape rate defined by:

E(f.m, H) = — lim ~ 1ogm< g f‘j(M\H)>.

n—oo 1,

The study of open dynamics began with Yorke and Pianigiani in the late 1970s. The
abstract concept of an open system leads immediately to the notion of a conditionally
invariant measure and escape rate along with a host of detailed questions about how
mass escapes or fails to escape from the system under time evolution. For interval
maps, induced schemes are studied in [15] and changes are made in [9] to study induced

schemes for interval maps with holes.

25
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In order to study the escape rate, Young towers are quite useful and the induced
schemes as well. In the context of open dynamics, the induced schemes need to have
the property of respecting the hole, as considered in [13], for example . It means
that an element of the partition can only escape entirely. It is an important property
to construct the Young tower with hole.

In this work, we prove the existence of induced schemes respecting holes of a special
type. The context is the zooming maps and the hole is obtained from small balls, by
erasing intersections with regular pre-images. Our construction mimics the work of

Pinheiro in [25], where the main ingredient is the zooming times.

3.2 Definitions and Statement of the Result

In this section we give some definitions and state our main result. We define induced

schemes and what we mean by an induced scheme respecting a hole.

3.2.1 Markov Maps and Induced Schemes

We recall the definitions of Markov partition, Markov map and induced Markov
map (See [25] for details).
Consider a measurable map f : M — M defined on the metric space M endowed

with the Borel o-algebra.

Definition 3.2.1 (Markov partition). Let f : U — U be a measurable map defined
on a Borel set U of a compact, separable metric space M. A countable collection

P ={P, Py, Ps,...} of Borel subsets of U is called « Markov partition if
(1) int(P;) Nint(P;) =0, if i # j;
(2) if f(P) Nint(P;) # 0 then f(F;) D int(F;);
(3) #{f(P);i € N} < oo;

(4) f|Pi is a homeomorphism and it can be extended to a homeomorphism sending P;

onto F(P);

(5) lim diam(P,(x)) =0, ¥z € Npsof (Ui F;),

n—oo
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where P,(x) = {y; P(fi(y)) = P(fi(z)), VO < j < n} and P(z) denotes the

element of P that contains x.

Definition 3.2.2 (Markov map). The pair (F,P), where P is a Markov partition of
F:U — U, is called a Markov map defined on U. If F(P)=U, ¥V P € P,(F,P) is
called a full Markov map.

Note that if (F,P) is a full Markov map defined on an open set U then the elements
of P are open sets (because F'(P) = U and F |p is a homeomorphism, V P € P).

Definition 3.2.3 (Induced Markov map). A Markov map (F,P) defined on U is called
an induced Markov map for [ on U if there exists a function R : U — N =
{0,1,2,3,... }(called inducing time) such that {R > 1} = UpepP, R |p is constant
VP cP and F(z) = ff@(z),V2 € U.

If an induced Markov map (F,P) is a full Markov map, we call (F,P) an induced
full Markov map. We will also call the pair (F,P) an induced scheme.

3.2.2 Open Dynamics

For the classical dynamical systems the phase spaces are invariant and called closed.
When we consider systems where the phase space is not invariant, they are called open.

It is done by considering holes in a closed dynamical system.

Definition 3.2.4 (Hole). Given a dynamical system f : M — M, we say that an open

set with finitely many connected components is a hole for the system.

Definition 3.2.5 (Dynamics that respects the hole). Given a hole H C M, we say
that an induced scheme (F,P) respects the hole H if we have f*(P)N H # () =
f*"(P)c H)VPeP,VO<k<R(P).

3.2.3 Statement of Main Result

Now, we state our main result on the existence of induced schemes respecting holes

of a special type.

Theorem B Let f : M — M be a zooming map. There exists a ball B, (py) with radius

r > 0 sufficiently small such that for any pairwise disjoint finite collection of balls
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A ={B.(pi),i =1,2,...,k} contained in B,(py)°, there are an open set U C B,.(po),
an induced scheme (F,P) constructed in U and a hole H, such that

Uf:lB%(pi) CHC Uf:lBri ()

and the induced scheme respects the hole H.

3.3 Preliminary Results

In order to construct an induced scheme that respect holes of a certain type, we
need the notions of linked sets, nested collections and zooming times, introduced by V.
Pinheiro in [25]. Zooming times generalize the notion of hyperbolic times, which are
fundamental for our construction. The elements of the partition will be regular pre-
images of a certain open set and the hole will be obtained from small balls by deleting

linked regular pre-images of the considered balls.

3.3.1 Nested Collections

We recall some definitions and results from [25], that will help us to show that the

induced map we will build respects a certain type of hole.

Definition 3.3.1 (Linked sets). We say that two open sets A and B are linked if
both A — B and B — A are not empty.

We introduce the following notation.
Notation: We write A <+ B to mean that A and B are linked and A 4 B to mean
that A and B are not linked.

Definition 3.3.2 (Regular pre-images). Given V' an open set, we say that P is a
regular pre-image of order n of V if f* sends P homeomorphically onto V. Denote

by ord(P) the order of P (with respect to V).

Let us fix a collection & of open sets. For each n we consider &, (V') as the collection
of pre-images of order n of V. Set &, = (£,(V))veg,. We call the sequence € = (&,), a
dynamically closed family of regular pre-images if f*(E) € &, 1,V E € £,,V 0 <
k<n.
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Let £ = (&,)n be a dynamically closed family of regular pre-images. A set P is
called an E-pre-image of a set W if there is n € N and Q € &, such that W C f*(Q)
and P = f ;" (W).

Definition 3.3.3 (Nested sets). An open set 'V is called E-nested if it is not linked
with any E-pre-image of it.

Definition 3.3.4 (Nested collections). A collection A of open sets is called an E-
nested collection of sets if every A € A is not linked with any &-pre-image of an

element of A with order bigger than zero. Precisely, if Ay € A and P is an E-pre-image
of some Ay € A, then either Ay 45 P or P = As.

It follows from the definition of an £-nested collection of sets that every sub-
collection of an £-nested collection is also an £-nested collection. In particular, each

element of an £-nested set collection is an £-nested set.

Lemma 3.3.1 (Main property of a nested collection). If A is an €-nested collection of
open sets and Py and Py are E-pre-images of two elements of A with ord(Py) # ord(P)
then P1 §L> PQ.

Corollary 3.3.1 (Main property of a nested set). If V' is an E-nested set and P, and
P, are E-pre-images of V' then Py < P,. Furthermore,

(1) if PL N Py # () then ord(Py) # ord(Ps);
(2) if P1 Cx Py with ord(Py) < ord(P,) then V is contained in an E-pre-image of

itself with order bigger than zero, fordtr2)=ord(P (/) c v,

3.3.2 Constructing Nested Sets and Collections

Let A be a collection of connected open subsets such that the elements of A are

not contained in any £-pre-image of order bigger than zero of an element of A.

Definition 3.3.5 (Chains of pre-images). A finite sequence K = {Py, Py, ..., P,} of
E-pre-images of A is called a chain of £-pre-images beginning in A € A if

o 0 <ord(Ry) <ord(P) <---<ord(R,);
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.AHPO;
o P 1< P, 1<75<n,
« AP ifiA]

For each A € A define the open set

w-a U Un

(Pj)j€che(A) J

where chg(A) is the set of chains.

Proposition 3.3.1 (An abstract construction of a nested collection). For each A € A
such that A* # 0 choose a connected component A’ of A*. If A = {A"; A € A and A* #

0} is not an empty collection then A’ is an E-nested collection of sets.

3.3.3 Zooming Sets and Measures

For differentiable dynamical systems, hyperbolic times are a powerful tool to obtain
a type of expansion in the context of non-uniform expansion. As it was given in the pre-
vious chapter, it may be generalized for systems considered in a metric space, also with
exponential contractions. The zooming times generalizes it beyond the exponential
context. Details can be seen in [25].

Let f: M — M be a measurable map defined on a connected, compact, separable

metric space M.

Definition 3.3.6 (Zooming contractions). A zooming contraction is a sequence of

functions a,, : [0, 4+00) — [0, +00) such that

e a,(r)<r,VneNVr>0.
o a,(r) <ay(s), if 0<r<s,VneN.

o a0, (1) < apmun(r),Vr>0,VYm,n € N.

o0

e sup Zan(r) < 00.
7"6(0,1) n=1

Let (a,)n be a zooming contraction and 6 > 0.
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Definition 3.3.7 (Zooming times). We say that n € N is an («,d)-zooming time
for p € X if there exists a neighbourhood V,(p) of p such that

o " sends V,(p) homeomorphically onto Bs(f™(p));

o d(f(x), [ (y)) < an—j(d(f"(x), ["(y))) for every x,y € Va(p) and every 0 < j <

n.

We call Bs(f™(p)) a zooming ball and V,(p) a zooming pre-ball.

We denote by Z,(a, 9, f) the set of points in X for which n is an («,d)- zooming

time.

Definition 3.3.8 (Zooming measure) A f-non-singular finite measure pu defined on
the Borel sets of M is called a weak zooming measure if p almost every point has
infinitely many («, §)-zooming times. A weak zooming measure is called a zooming

measure if

1
lim sup ﬁ{l <j<nlzeZ,(ad f)} >0,

n—o0

i almost every x € M.

Definition 3.3.9 (Zooming set) A positively invariant set A C M is called a zooming
set if the above inequality holds for every x € A.

Definition 3.3.10 (Bounded distortion) Given a measure p with a Jacobian J, f, we

say that the measure has bounded distortion if there exists p > 0 such that

IAC)
Juf(2)

for every y, z € V,(z), p-almost everywhere x € M, for every hyperbolic time n of x.

‘ log ‘ < pd(f"(y), £(2))

The map f with an associated zooming measure is called a zooming map.

Let us introduce the following notation.

Notation: We denote by £z = (£z ,,)» the collection of all («, §)-zooming pre-balls,
where (£z ,,)n = {Va(x)|z € Z, (v, d, f)}. Observe that this collection is a dynamically
closed family of pre-images.

With the notation of Corollary [.4.1], let A; be contained in a zooming ball for all
i=0,1,2,..., k. This corollary implies that we have A’ an £z-nested collection, if the

chains are small enough.
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Definition 3.3.11 (Zooming nested collection). We call A" an («, §)-zooming nested

collection.

Definition 3.3.12 (Backward separated map) We say that a map f : M — M s
backward separated if for every finite set F' C M we have

d(F,U'_ [ (F)\F) > 0,Y n > 1.

Observe that if f is continuous and sup{#/f~'(z),z € M} < oo, then f is backward

separated.

3.4 Induced Schemes Respecting Special Holes

In this section, we proceed with the proof of Theorem [B]
We will use the notation and results of the previous sections to prove some prelim-

inaries results. We will follow ideas from [25].

3.4.1 Existence of Nested Collections

The following Lemma is proved in [25] for the case of a collection with one ball as
corollary of Proposition [3.3.1] We prove it here for a collection with finitely many open

sets, pairwise disjoint.

Lemma 3.4.1 (Ezistence of nested collections). Lete € (0,1) and A = { Ao, Ay, As, ..., A}
be a finite collection of pairwise disjoint open sets. Given p; € A;,1=0,1,2,...,k, set

ri =d(p;, 04;),1=0,1,2,... k. If we have
° fn(AZ) gZ Aj,VnZ 1,i,j :0,1,2,...71{3;

e Fvery chain of E-pre-images of A has diameter less than mo = min{er;,i =

0,1,2,....k};

Then the set Ay contains the ball By, 1—¢(pi),i = 0,1,2,..., k. Moreover, setting
Al as the connected component of Ar that contains p;, we have that A" = {Al,i =

0,1,2,...,k} is an E-nested collection.
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PROOF. Since f"(4;) ¢ A;,Vn > 1,4, =0,1,2,...,k, we have that A; is not con-
tained in any E-pre-image of A (with order bigger than zero) ¢ = 0,1,2,...,k. Let

I'4, be the collection of all chains intersecting 0A;. If (P;); € T'4,, then UPJ is a

J
connected open set intersecting 0A; with diameter less than m < er;. So, UP] -

j

B, (04;),¥(P;); € T's,. As a consequence, we obtain A7 = A;\ U LJPJ D
(Pj)j€che(Ai) J

A\Be, (04;) D By,1—¢(pi). Then, A7 O B,,1—¢(p;). Setting A} the connected compo-

nent of AF that contain p;, by the previous proposition we have that A’ is an £-nested

collection. O

3.4.2 Existence of Zooming Nested Collections

The following lemma gives a sufficient condition to guarantee that the chains are
small enough, in order to show that A’ in the previous section is an (a, d)-zooming

nested collection. It is proved in [25] for the case of a nested set.

Lemma 3.4.2 (Ezistence of zooming nested collection). Let € € (0,1) and set My =
max{diam(A4;),i = 0,1,2,...,k} and mg = min{er;,i = 0,1,2,...,k}. Suppose that
diam(A;) > an(diam(A;)), 1,7 =0,1,2,...,k,Vn € N

e [f we have Zn21 an(Mo) < myg, then A} is well defined and A} O Ba_oyr, (i), 1 =
0,1,2,... k.

o If f is backward separated, Sup,.q) > an(r)/T < o0 and My is sufficiently
small, Moe/2 < my, then A is well defined and A7 O Bu_er,(pi),i =0,1,2,... k.

PROOF. Firstly, observe that f"(A4;) ¢ A;,Vn>1,i,57=0,1,2,...,k, since diam(4;) >
ay(diam(A;)),1,7 = 0,1,2,...,k,Vn € N. Moreover, every chain has diameter less
than Y7 - an(ay) for some (am)m € {diam(Ay), diam(A,), diam(Ay), . .., diam(Ag) "
and also, > - an(an) < 375 an(Mo) < mg. By Lemma , the first part is done.
For the second part sup,.q_,s; @n(r)/r < oo, then there exists ng € N such
that > . an(Mo)/My < €/2. 1f f is backward separated, let v > 0 such that
d(FO,U?ilf_j(Fo)\Fo) > v, where Fy = {po,p1,...,pr}. Set r, = %min{e,'y}. Sup-
pose that My < 2r,. Note that if j < ng then A, NP = 0, VP € &z ; (because
PN (U, f(Fy)\Fy) # 0 and diam(P) < diam(A;) < 2r, < v,€, V i). Thus, every
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chain of £z-pre-images of A begins with a pre-image of order bigger than ng. Observe

that the diameter of any chain is smaller than an(My) < Moe/2 < mg < ery,i =

n>ng
0,1,2,...,k and, as a chain intersects the boundary A;, we can conclude that the chain
cannot intersect B(i_¢),, (p;). So, we obtain A} O Bu_ey, (pi)- O

3.4.3 Finding Zooming Returns

Let f : M — M be a zooming map. Since the set of points which has infinitely
many zooming times is full measure, we can consider such points. If a zooming time is
also a return time we call it a zooming return.

In order to prove the theorem we will need the following proposition.

Lemma 3.4.3 Given t < % and x € M with infinitely many zooming times, there is

po € M such that py has infinitely many zooming returns to the ball By(po).

PROOF. Let m; < my < --- < my < ... be the zooming times of z. Since M is
a compact set, there is a convergent subsequence of { " (z)}x. So, there are my, <
My, < -+ < my, <...and y € M such that jli_)rgo f™i(x) =y . It means that, given
t <%, 3 jo € Nsuch that d(f™n (2), ™2 () <t, ¥ ji,j2 > jo. Let py = f"*io(z)
and n; = my; — my,; . We have that n; is a zooming time of py, ¥V j > jo. Then,
YV j > jo,n; is both a zooming time of py and a return time to the ball B;(py). We got

infinitely many zooming returns to By (po). O

Remark 3.4.1 From the proof we observe that f™*i(x),V j > jo has infinitely many

zooming returns to By(po).

3.4.4 Constructing an Induced Scheme

Let r < % such that Ay = B, (po) C Bs(f™(po)), where ng is a zooming return for py
and take A; = B,(p;),i = 1,2, ..., k, a finite pairwise disjoint collection of balls outside
Ap. By considering Ag, Ay, As, ..., Ay with diameters diam(A; = 2r,i =0,1,2,... k,
we can take My = 2r, in the Lemma to obtain a zooming nested collection A" =
{A4p, A, Ay, .. AL} such that Br(p;) C A} C B, (pi). We will construct the induced
full Markov map in Aj, respecting the hole H = U,—; A]. Note that diam(A") < g and
Ui By (pi) € H C UL, B, (py).
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Now, taking t = § < g, we apply the Proposition m to the ball B:(po) to find
infinitely many points in Br(po) that have infinitely many zooming returns to Bz (po).
In particular, there are infinitely many points in A{, that have infinitely many zooming
returns to Aj.

Let £z the collection of zooming pre-balls. Given z € Aj), let Q(z) be the collection
of all £z-pre-images V' of A{ such that z € V.

Let h(x) = {f™(x) | n is a zooming time of x}. The set Q(z) is not empty for every
xr € Aj that has a zooming return to Aj. Indeed, if z € Aj and f™(z) € A, N h(x),
then the ball Bs(f"(z)) = f"(Va(z)) D A (because diameter(A)) < 2). Thus, for each
h-return of a point z € A{j we can associate the £z - pre-image P = f‘;/:“(x) (Ap) of Aj

with z € P.

Definition 3.4.1 The inducing time on A associated to "the first Ez-return to Aj”

is the function R : B.(p) — N given by

Ry = 4 miedordV) [V € Q@)} i () # 0

0 Jif Q) =

Definition 3.4.2 The induced map F associated to “the first Ez-return to A} is the
map given by F(x) = i@ (z), Vo € A},

Since the collection Q(x) is totally ordered by inclusion it follows from the Corollary

[3-3.1]that there is a unique I(z) € Q(z) such that ord(I(z)) = R(z) whenever Q(x) # 0.
Lemma 3.4.4 If Q(z) # 0 # Q(y) then either I(z) N 1(y) =0 or I(x) = I(y)

Definition 3.4.3 The Markov partition associated to “the first Ez-return to A" is
the collection of open sets P given by P = {I(x) | x € A and Q(x) # 0}.

The following corollary guarantees that P is indeed a Markov partition of open sets.

Corollary 3.4.1 Let F,R,P be as above. If P # (), then (F,P) is an induced full
Markov map for f on Aj.

We have an induced full Markov map defined on Aj,. It remains to show that the

induced full Markov map defined on Aj, respects the hole H. In fact, given an element

P € P and 0 < j < R(P) and suppose that we have fI(P) = fi=RP)(A) N H # 0.
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There is i € {1,2,...,k} such that f7(P) = fI=RP)(A})N A, # (. As the collection A’
is nested, we must have f/(P) C A, C H. This holds for all P € P and 0 < j < R(P).
Then, the induced full Markov map respects the hole H. The Theorem is proved.

3.4.5 A Dense Partition

Now, we suppose that M is a differentiable manifold, the zooming set is dense and
the zooming contractions are exponential. We will show that we can find py such that
the partition P can be constructed in such a way that it is dense in Aj. In order to
do it, we will follow ideas of Theorem 7 in [25] by using that the set of points in M
that have infinitely many zooming times is dense. Now, by following the proof of the
theorem, we obtain that there exists a dense set D C Aj{, such that every point in D

has a zooming return. As a consequence, the partition is dense.

Proposition 3.4.1 For r > 0 sufficientely small, there exist py € M and a set D C

Al = B} (po) of points with infinitely many zooming times dense in Aj.

PRrRooOF. Note that

w=OU( U )

Jj=0j2n *zeZy(a,6,f)

is a residual set. Thus, the set of points € W that are transitive w(z) = M is
also a residual set (because the set of transitive points is residual). Choose a transitive
point ¢ € W. As g € W, there are sequences n;, — oo and x, € H,, such that
q € Vo (zx),Vk € N and limy_, f™(2,,) = po, for some py € M. Of course that
x — q, for d(zy, q) < o™ 4, Vk.

Let a = {a, }n, where o, (r) = o™r. As f is backward separated (because # f () <
ooVz € M) and as sup,.q Y, @n(r)/r < 00, we can choose any r > 0 sufficiently
small and consider the zooming nested collection A" = {B}(p;),i =0,1,2,...,k} asin
Lemma [3.4.2]

We claim that there is D C B (pg) dense in B¥(pg) and such that every x € D has
a zooming return to B¥(py). Indeed, for each y € B (py) and v > 0 one can find m € N
such that d(f™(q),y) < /2. Taking k > m big enough so that d(f™(zx), f™(q)) < v/2,
it follows that d(f™(zk,y) <, [ (xr) € Hpy—p and f™ " (xy) € Bl (po). O
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As before, we can take any point in D to construct an element of the partition.

Since the set is dense, we conclude that the partition is also dense.

3.5 Applications

In this section, we give examples of a zooming maps. We begin by defining a

non-flat map.

3.5.1 Hyperbolic Times

The idea of hyperbolic times is a key notion on the study of non-uniformly hyper-
bolic dynamics and it was introduced by Alves et al. This is powerful to get expansion
in the context of non-uniform expansion. Here, we recall the basic definitions and re-
sults on hyperbolic times that we will use later on. We will see that this notion is an
example of a Zooming Time.

In the following, we give definitions taken from [I] and [25].

Definition 3.5.1 Let M be a compact Riemannian manifold of dimension d > 1 and
f: M — M a continuous map defined on M. The map f is called non-flat if it is a
local C* (o > 0) diffeomorphism in the whole manifold except in a non-degenerate
set C C M. We say that C C M is a non-degenarate set if there exist 3, B > 0 such
that the following two conditions hold.

o +d(z,C)’ < D7l < Bi(x, )~ for allv e TyM.

[[]

For every x,y € M\C with d(x,y) < d(x,C)/2 we have
o |log | Df(x)~" || =log [| Df(y) " IS grepd(e,y)-
In the following, we give the definition of a hyperbolic time [3], [25].

Definition 3.5.2 (Hyperbolic times). Let us fix 0 < b = $min{1,1/8} < 3min{1,1/
B}. Given 0 < o < 1 and € > 0, we will say that n is a (o, €)-hyperbolic time
for a point x € M (with respect to the non-flat map f with a 5-non-degenerate criti-
cal/singular set C) if for all 1 < k < n we have

n—1
H |(Df o fi(x)~Y| < " and dist.(f"*(z),C) > o

j=n—~k
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We denote de set of points of M such that n € N is a (o,€)-hyperbolic time by
H,(o,€, f).

Proposition 3.5.1 (Positive frequence). Given A > 0 there exist 0 > 0 and ¢y > 0

such that, for every x € U and € € (0, ¢,
#{1<j<m weHie M e )} >0n,

whenever L 3™ Mog [|(Df(f1(2))) 7|71 > X and L 207 —log dist.(z,C) < 1()5\5

If f is non-uniformly expanding, it follows from the proposition that the points
of U have infinitely many moments with positive frequency of hyperbolic times. In
particular, they have infinitely many hyperbolic times.

The following proposition shows that the hyperbolic times are indeed zooming

times, where the zooming contraction is ay(r) = o*/?r.

Proposition 3.5.2 Given o € (0,1) and € > 0, there is §,p > 0, depending only on o
and € and on the map f, such that if x € Hy(0,¢€, f) then there exists a neighbourhood
V() of  with the following properties:
(1) f™ maps V,(z) diffeomorphically onto the ball Bs(f™(z));
(2) dist(f"(y), [ (2)) < 0/2dist(f(y), f*(2)), Yy, 2 € Va(x) and 1 < j < n.
(3) log Be2EL < pa(fr(y), £(2)).
for ally, z € V,(z).

The sets V,,(z) are called hyperbolic pre-balls and their images f™(V,,(z)) = Bs(f™(x)),
hyperbolic balls.

In the following, we give an example of such a map.

3.5.2 Viana maps

Example 3.5.1 (Viana maps) We recall the definition of the open class of maps with
critical sets in dimension 2, introduced by M. Viana in [34]. We skip the technical

points. It can be generalized for any dimension (See [1]).
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Let ag € (1,2) be such that the critical point x = 0 is pre-periodic for the quadratic
map Q(z) = ag — 2. Let S' =R/Z and b : S* — R a Morse function, for instance
b(0) = sin(270). For fivred small o > 0, consider the map

fo:S'xR— S xR
(0, 2) — (9(0), (0, 2))
where g is the uniformly expanding map of the circle defined by g(0) = df(modZ)
for some d > 16, and q(0,x) = a(f) — x* with a(f) = ag + ab(#). It is easy to check
that for a > 0 small enough there is an interval I C (—2,2) for which fo(S* x I) is
contained in the interior of St x I. Thus, any map f sufficiently close to fy in the
C° topology has S*' x I as a forward invariant region. We consider from here on these
maps [ close to fy restricted to S* x I. Taking into account the expression of fo it is

not difficult to check that for fo (and any map f close to fy in the C* topology) the

critical set s non-degenerate.

The main properties of f in a C? neighbourhood of f that we will use here are

summarized below (See [1], [6], [25]):

(1) fis non-uniformly expanding, that is, there exist A > 0 and a Lebesgue full
measure set H C S' x I such that for all point p = (0,z) € H, the following
holds

n—1
. 1 i1 g —
timsup 3 log || DF(F' ()" |7 < =,
=0

n—o0

(2) Its orbits have slow approximation to the critical set, that is, for every
€ > 0 the exists > 0 such that for every point p = (0,2) € H C S' x I, the
following holds

n—1

1
lim sup — —log dists(p,C) < e.
n_mpn2 g dists(p, C)
where
dist(p,C), if dist(p,C) <9
disty(p.C) = 4 U (p,C), if dist(p,C)

1 if dist(p,C) >0
(3) f is topologically mixing;
(4) f is strongly topologically transitive;

(5) it has a unique ergodic absolutely continuous invariant (thus SRB) measure;
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(6) the density of the SRB measure varies continuously in the L' norm with f.

3.5.3 Benedicks-Carleson Maps

We study a class of non-hyperbolic maps of the interval with the condition of
exponential growth of the derivative at critical values, called Collet- Eckmann Con-
dition. We also ask the map to be C? and topologically mixing and the critical points
to have critical order 2 < o < 00.

Given a critical point ¢ € I, the eritical order of c is a number o, > 0 such that
f(@) = f(e) £ ge(x)

is a neighbourhood of c.

@ Yx € U, where g, is a diffeomorphism g, : U. — g(U,) and U,

Let § > 0 and denote C the set of critical points and Bs = U.ec(c — 9, ¢+ ). Given
x € I, we suppose that

e (Expansion outside Bs). There exists £ > 1 and § > 0 such that, if z; =
f¥(x) € Bs, 0 < k < n—1 then |Df"*(z)] > ré@mx=Defm where apmax =
max{a,, c € C}. Moreover, if zy € f(Bs) or x, € Bs then |Df"(x)| > ke’

e (Collet-Eckmann Condition). There exists A > 0 such that
IDF"(f(e))] = e
e (Slow Recurrence to C). There exists o € (0,A/5) such that

dist(f*(x),C) > e™F.

3.5.4 Rovella Maps

There is a class of non-uniformly expanding maps known as Rovella Maps. They
are derived from the so-called Rovella Attractor, a variation of the Lorenz Attractor.

We proceed with a brief presentation. See [5] for details.

Contracting Lorenz Attractor

The geometric Lorenz attractor is the first example of a robust attractor for a flow
containing a hyperbolic singularity. The attractor is a transitive maximal invariant

set for a flow in three-dimensional space induced by a vector field having a singularity
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at the origin for which the derivative of the vector field at the singularity has real
eigenvalues Ay < A3 < 0 < A; with Ay + A3 > 0. The singularity is accumulated by
regular orbits which prevent the attractor from being hyperbolic.

The geometric construction of the contracting Lorenz attractor (Rovella attractor)
is the same as the geometric Lorenz attractor. The only difference is the condition
(A1)(i) below that gives in particular A; + A3 < 0. The initial smooth vector field X,

in R3 has the following properties:

(A1) Xj has a singularity at 0 for which the eigenvalues Aj, Ao, A3 € R of DX;(0)
satisfy:
(1) O<)\1<—)\3<0<—)\2,
(i) 7> s+ 3, where 7 = =Xy /Ay, 5 = —A3/Aq;
(A2) there is an open set U C R3, which is positively invariant under the flow, con-

taining the cube {(x,y,2) :| x |[< 1,] y |< 1,| 2 |< 1} and supporting the Rovella

attractor

Ao = [ X0(U).

t>0

The top of the cube is a Poincaré section foliated by stable lines {z = const} NX
which are invariant under Poincaré first return map Fy. The invariance of this

foliation uniquely defines a one-dimensional map f; : I\{0} — I for which

f(] Om =TOo P07
where [ is the interval [—1,1] and 7 is the canonical projection (x,y, z) — x;

(A3) there is a small number p > 0 such that the contraction along the invariant

foliation of lines x =const in U is stronger than p.

See [5] for properties of the map fj.

Rovella Parameters

The Rovella attractor is not robust. However, the chaotic attractor persists in

a measure theoretical sense: there exists a one-parameter family of positive Lebesgue
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measure of C® close vector fields to X, which have a transitive non-hyperbolic attractor.
In the proof of that result, Rovella showed that there is a set of parameters E C (0, ag)

(that we call Rovella parameters) with ag close to 0 and 0 a full density point of F, i.e.

E
L 1EN (0|

a—0 a

=1,

such that:
(C1) there is K, Ko > 0 such that for alla € E and z € |
o |2 [7'< fole) < Koy a7

where s = s(a). To simplify, we shall assume s fixed.

(C2) there is A, > 1 such that for all a € E, the points 1 and —1 have Lyapunov

exponents greater than A.:
(fa)(£1) > AL, ¥n > 0;
(C3) there is a > 0 such that for all @ € E the basic assumption holds:
| fa7H£D) > emPhen, Wi > 1;

(C4) the forward orbits of the points +1 under f, are dense in [—1, 1] for all a € E.
Definition 3.5.3 We say that a map f, with a € E is a Rovella Map.

Theorem 3.5.1 (Alves-Soufi [5]) Every Rovella map is non-uniformly expanding.
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