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Abstract

In the first part of this work we give analytic techniques to get an explicit lower bound
for the Lebesgue measure of stochastic parameters for the real quadratic family of one-
dimensional maps. We then find some optimized relations between the constants that are
being used in the mentioned analytic proof of positiveness of the measure of the set of
stochastic parameters. In the second part we consider systems of nonlinear third-order
differential equations depending on a small parameter such that the unperturbed system
has R? as a manifold of periodic solutions. We obtain a displacement function for the
system in two cases. At first case we give some sufficient conditions under which some of
the periodic solutions to persist after small perturbation. At the second case we reduce

the dimension of displacement function to a lower dimension.
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Chapter 1

Introduction

1.0.1 Introduction

The real quadratic family of one-dimensional maps f, : R — R given by
fo(z) =a —2?

where z,a € R, is perhaps one of the most intensively studied family of dynamical systems
which exhibits an incredibly rich variety of dynamical behaviour and a complex pattern
of bifurcations. We remind that a probability measure © on M is invariant under f if
w(f~1(A)) = p(A) for every p - measurable set A C M. And we say that u is ergodic
if there does not exist a measurable set A with f~1(A) = A and p(A) € (0,1) In other
words, any fully invariant set A, i.e. a set for which f~!(A) = A , has either zero or full
measure. The measure p is absolutely continuous with respect to m if m(A) = 0 implies

p(A) = 0 for every measurable set A C M.

Definition 1.0.1. For a € [—1/4,2], we say that f, exhibits regular dynamics if there

1



exists a unique periodic orbit which attracts Lebesgue almost every x € 1.

Definition 1.0.2. We say that f, exhibits stochastic dynamics if it admits a unique
ergodic invariant probabilily measure p which s absolutely continuous with respect to

Lebesgue.

While lots of questions remain open, it is known that for Lebesgue almost every
parameter a € R, the dynamics is either regular or stochastic [24] . Moreover it was proved
that the set of parameters corresponding to regular dynamics is open and dense |13, 23|,
whereas that corresponding to stochastic dynamics is nowhere dense and contained in the

interval

0 :=1[1.4,2].

In particular, all parameters outside €2 are regular. We let

OF :={a € Q: f,is stochastic} and Q :={a€Q: f,is regular}

denote the set of stochastic and regular parameters in 2. For the first time Ulam and
von Neumann showed that the parameter a = 2, exhibits stochastic behaviour and so the
set of stochastic parameters is not empty. So far this is still the only explicit parameter
known to be stochastic. Moreover, later Jakobson proved that the set of parameters
corresponding to stochastic dynamics has positive measure in parameter space. Since the
set of regular parameters is open it also has positive measure and so a natural question,
which has been open for more than thirty years, regards the relative probability of the
sets QT and Q™.

This has turned out to be a very difficult problem and there seems to be no heuristic

arguments to even take any kind of educated guess. Numerical calculations performed



rigorously in [39], and showing remarkable agreement with much earlier non-rigorous cal-
culations of [33], have proved that for the logistic family regular parameters account for at
least 10% of the corresponding relevant parameter interval. It seems likely that analogous
calculations should lead to an explicit lower bound of the same order of magnitude. Let
| - | denote Lebesgue measure.

In a recent work by Golmakani, Luzzatto and Pilarczyke [5] they could find a formula
that gives a lower bound 7 for the proportion of stochastic parameters in every small
parameter interval {2 C [1.4,2]. This formula outputs 7 as a function of a number of con-
stants which depend on the parameter interval under consideration. These constants can
be rigorously computed and are required to satisfy a certain number of formal constraints
for the formula to work.

In this work we find some relations for the constants that are used to find the formula
which has been gotten in their work. Indeed to find this formula they used a set of con-
stants and conditions to prove that the set of stochastic parameters has positive measure.
However to apply this formula for every subset of parameters inside € it is necessary to
get an optimistic relation between these constants and conditions.

Before we end this section we give some more explanations about the stochastic dynam-
ics and also mention some recent works regarding the explicit lower bound of stochastic

dynamics in the real quadratic family.

1.0.2 Stochastic Dynamics

It is known that a sufficient condition for f, to be stochastic is that its derivative along
the critical orbit tends to infinity. In this work we shall construct a set Q* C 2 with the

property that

(7Y (co)| >

3



for some constant A, 3 > 0 and all n > 1, where ¢y = co(a) = f.(c) denotes the critical
value for f,. In particular, all parameters in Q* are stochastic, i.e. Q* C Q. We shall

then estimate the measure of 2* in terms of certain computable quantities related to the

family {f.}acq-

In spite of the fact that regular dynamics is “typical” from a topological point of view,
it turns out that €2~ does not have full measure in €2 and thus its complement is not
negligible. More recently Lyubich [24] proved that Lebesgue almost every a € R is either

regular or stochastic.

Jakobson’s Theorem that stochastic parameters have positive Lebesgue measure is, on
the other hand, much more “robust”, and over the years, this remarkable result has been
extended and generalised a number of times to more general families, including families of
maps with discontinuities, infinite derivatives or even an infinite number of critical points
6, 8, 12, 16, 21, 29, 31, 32, 35, 37]. We emphasize however that Jakobson’s original The-
orem and its generalizations mentioned above are based on a “perturbative” argument,
showing that a sufficiently small neighbourhood of a “particularly good” stochastic param-
eter value itself must contain a positive Lebesgue measure of stochastic parameters. None
of these papers give any quantitative estimates on the size of the neighbourhood or on
the specific Lebesgue measure of the set of stochastic parameters, though most of them
yield asymptotic estimates which show that the chosen good parameter is a Lebesgue
density point of stochastic parameters and, in the case of [37]|, even some estimate on
the asymptotic rate of convergence of the measure to full measure as the neighbourhood

shrinks.



1.0.3 Explicit estimates for the probability of stochastic dynamics

It may seem that leading to explicit bounds for the measure of stochastic parameters, is
simply a technical question of keeping track of the constants, this is in fact not at all the
case.

First of all there is the key issue of assuming the existence of a “good” parameter
value in the chosen parameter interval 2. Apart from the very exceptional case of the
parameter value a = 2 there are so far no other explicitly known stochastic parameter
values. Certain similarly exceptional parameters in which the critical point is pre-periodic
with low period could in principle also be calculated explicitly |30], but in general it is
essentially undecidable, both from a practical as well as a theoretical point of view [1], if
a given parameter is stochastic or even if a given interval of parameter values €2 contains
a stochastic parameter.

Secondly, even assuming the existence of a good parameter value, explicit estimates
such as the size of the neighbourhood €2 in which the “parameter exclusion” argument
can be carried out and the final estimate on the proportion of stochastic parameters,
depend, as we shall below, on several quite non trivial quantitative characteristics which
are required to hold uniformly in €2. Knowing the values of these characteristics for a
reference parameter in €2 is not necessarily sufficient to estimate the size of the parameter
neighbourhood in which they would continue to hold.

These observations indicate that, while the basic structure of an inductive parameter
exclusion argument, which is common to all the versions of these results, can still be ap-
plied, new ideas need to be developed in order to apply the argument to general parameter
intervals and to obtain explicit measure bounds. We give here a very brief overview of
these ideas and discuss them more in detail at relevant parts of the proof.

The first paper to set up an explicit “quantitative” parameter exclusion argument is



Jakobsons paper [15]. The first explicit lower bound for the probability of stochastic
parameters was obtained in [22] where it was proved that [Q2F] > 107°°. More recently
this estimate has been improved in two as yet unpublished works: [14] where an estimate
of |0%] > 1072% was obtained, and in [34] where an estimate of Q| > 3.89 x 107° was
obtained. The present work is the first that approaches the problem with a systematic
combination of analytic and numerical techniques in order to achieve some good global

bounds.



Chapter 2

Preliminary

2.0.1 Preliminary

As we introduced in previous chapter, we consider the real quadratic family of one-

dimensional maps f, : R — R given by
fo(z) =a —2?

where x,a € R .
To motivate and provide a context for our results, in this part , we give a brief

description of some well known properties of this map.

2.0.2 Dynamic of Quadratic family

—1+v1+4x2 —1—v1+4x2
2 2

It is clear that the map f, has two fixed points, ¢ = q, = >p,=p=
(which coincide for a« = —1/4 and are distinct for all @ > —1/4), and letting I = [p, —p]

(notice that p < 0 for all @ > —1/4). We remark first of all that the dynamics outside the
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parameter interval [—1/4, 2] is particularly “simple”. Indeed, it is quite easy to see that
for a < —1/4 we have f,(x) - —oo for all x € R, and less trivial but well known, that
for a > 2 we have that f,(x) — —oo for all x € R except for a zero Lebesgue measure
Cantor set of points on which f, is topologically conjugate to a full shift on two symbols,
see e.g. [11].

On the other hand, for every a € [—1/4,2] there exists an interval I = I, such that
fo(I) C I and such that f,(z) — —oo for all x ¢ I. As mensioned abow this interval
can be given quite explicitly by noticing that for all @ > —1/4 the map f, has two fixed
q=Gs > DPa=0D,and letting I = I, = [p, —p] (notice that p < 0 for all @ > —1/4). Thus,
for parameters a € [—1/4,2], non trivial dynamics may occur in the interval I. From
now on we restrict our attention to this range of parameters and for simplicity, when
discussing the dynamics of the map f,, we will always implicity refer to f, restricted to
the corresponding interval /. In this range of parameters we can give the following formal

definition.

So by definition of Regular parameters every a € [—1/4,3/4) is clearly periodic since
we have [(f.)'(¢)] < 1 and thus the fixed point ¢ is attracting, and, it is easy to show
that f"(z) — ¢ for all x € I. At a = a1 = 3/4, the family exhibits the first period
doubling bifurcation where the fixed point ¢ loses its stability and thus becomes a repelling
fixed point, since |(f.)'(¢)] > 1 for all @ > 3/4 and a new global attractor appears as
a new attracting periodic orbit of period 2 which attracts every x € [ except for the
preimages of the two repelling fixed points p,q. A second period doubling bifurcation
occurs at as = 5/4 where this periodic orbit loses its stability and a new attracting
periodic orbit of period 4 appears, and attracts every point in the interval I except
for the preimages of the repelling fixed and periodic orbits. Further period doubling

bifurcations occur at parameter values a3 =~ 1.368..., ay = 1.394..., a5 =~ 1.399..., giving



rise to the so-called infinite cascade of period doubling bifurcations aq, as, as.... which was
first systematically studied by Feigenbaum in the 1970’s. This sequence of parameters
has some remarkable properties, many of which were initially conjectured by Feigenbaum,
we refer the interested reader to [11, 10| for further information. For our purposes we
just mention that the sequence of period doubling bifurcations a,, is monotone increasing
and bounded above and satisfies lim,,_ o @, = ao, =~ 1.4011... This discussion implies
that all parameters a ¢ € := [1.4, 2] are regular parameters and it is therefore sufficient
to restrict our attention to the interval 2. Simple numerical studies produce the so-
called bifurcation diagram which shows (a numerical approximation of) the “asymptotic”

distribution in phase space of some chosen initial condition, see Figure 2.0.2. This clearly

0 0.5 1 1.5 2

Figure 2.1: Bifurcation diagram for the quadratic family

shows the existence of a unique fixed point for smaller values of the parameter a, and the
first few period doubling bifurcations as a is increased. As a approaches the limiting value
Gso the limited resolution of the picture makes it hard to identify the attracting periodic
orbit which has very high period. Similarly, apart from a small number of parameter

“windows” in ) in which an attracting periodic orbit of low period is clearly visible, it is



essentially impossible to establish in any immediate or naive way the precise dynamics of
any given parameter value. Indeed, numerical simulations for most parameter values in
Q) indicate a very unpredictable or random-like behaviour, also sometimes referred to as
chaotic behaviour, which has led to referring to the parameter a., as the onset of chaos.
The situation is in fact even more complicated and subtle that it first appears due to
the remarkable fact 2~ is open and dense in €. [13, 23], i.e. that periodic behaviour is
typical from a topological point of view. More recently several extensions of this result
have appeared showing that in fact regular dynamics is open and dense in essentially
any reasonable topology in the space of all sufficiently smooth one-dimensional dynamical

systems [17, 18, 19|

10



Chapter 3

Constants and conditions

3.1 Constants and conditions

We introduce and formulate now series of constants and conditions for the family of
maps {f,}, in terms of the primitive constants stated above. Before to continue we first

introduce some constants, notations and definitions.

3.1.1 Some Constants

We assume that the set of independent variables
V={Q,6,0"apB,v,7}

is fixed (we include the choice of the dynamical parameter interval ) and satisfies the

following property

1
O<v<a<p<l, 76[5,1). (P1)

11



We also assume that we have a set of primitive positive constants
C = {NO7 Nv Fa )\7 5\7 7317 PQa Ba {71}?21}

Let
= (1 —1) Lhs+ = (l —1 ) "'=1+ int t f(—2)
: n : n ) Z2 mteger part o
/’1/5 (5 ) (5+ 5 9 g p V

o~
Q=

and

il

= (1 s

n = exp(—( (3.1.1)

We assume without loss of generality that us, us+ are integers and note that n € (0,1). We
define below dynamical hypotheses H based on dynamics of { f,}, and a formal conditions

JF on the elements of V and C.

3.1.2 Notations

For a given parameter a and point x € (=d,6"), we let g = zo(a) = fu(x), z, =

zp(a) = fM(xy). We shall define for n € N U {0}, a map
Cn = [-2,2]

by
cn(a) == f(co).
where ¢ is the critical value. Also, for a parameter interval w C Q, we let w, = ¢, (w) =
{cn(a);a € w}. Then we consider
Af(a) = fL{(Af (a)) = £ (AT) and |AS| := the length of the interval A}.

12



Whereas most of the constants are not exactly computable, but they are required to satisfy
some lower and upper bounds, we use the notations ” :> 7 and ” :<”. The notation :>
is used to denote the fact that the constant on the left is required to be an upper bound

for the expression on the right. Similarly for :<.

3.1.3 Dynamical hypothesis

We treat maps characterized by the following dynamically hypotheses. An important
observation is that the hypotheses below are at all, at least in principle, rigorously verifi-
able by computational methods and algorithms. Another way of saying this is that they
are essentially "computable". We start by assuming some uniform expansivity estimates

outside the critical neighborhood A, i.e.:

Hypothesis 3.1.1. For all a € Q,z € I and n > 1 with x, fo(z),..., [7"(z) ¢ A we

have:
Ler if fr(x) € At
U@z | , (H1)
e’ if fi(x) € A and/or if x € f,(AT)
Our first assumption says that some uniform expansivity estimates hold for a suffi-
ciently large region of the phase space for all parameter values. It is not immediately

obvious that this assumption can be even in theory verified in a finite time, but it is

indeed the case.

Hypothesis 3.1.2.

FAYNA=0 YaeQ, Vk< Ny and |en(Q) > 6T (H2)

ci(a)| > min{d, e}  for all a € Q and for alli =0, ..., Ny; (3.1.2)

13



Hypothesis 3.1.3.

o0

P < 1nf mm{ mln {|1+Z |} |1+Z fl Z((j—#l)b—jb)(i;\)j} (H3)

m

Hypothesis 3.1.4.

Py > supmax{ max {\1+Z |} ]1+Z H_Z (j4+1)0—3%)

1<k<

(&

(5} (Ha)

We observe, directly from the previous two hypotheses, that P, > P;. We note that

choosing N large makes the ratio 2L close to 1 which is useful as this ratio enters the

P2

distortion constant and estimating the excluded parameter set.

Hypothesis 3.1.5.

> |Ai+(a)\ ; 0<i N,
Vi 2 SUPacq o) if 0<1< N

Y =%, if 1> No

We shall see that this sequence is used to define binding period.

Hypothesis 3.1.6.

No—1
Al (a)| +ei(a)], 1, 1
B > exp(sup log(— + = +
D P IR e

1
No

~))

(H5)

(H6)

The constant B bounds the distortion of |(f¥)'(x)| for the times k during binding

period of x, see Lemma 6.1.2.

14



3.1.4 Formal conditions

An important part of the assumptions of our main Theorem is that the primitive constants

used to formulate the hypotheses stated above, should satisfy some formal constraints.

Condition 3.1.1.

§ 23475

<1, 0<A<——m5A (F1)
o+ 20475

. B
We note that here A\ < M)\ will be useful in the argument of Lemma 7.1.3.
a+2B41-8

Condition 3.1.2. i
(N() — 1)26_)‘

— > 1. F2

2B - (F2)

This is a very soft condition which will be used in the proof of lemma 6.1.3. Indeed,
choosing small values of 0T leads to have big values for Ny and then this condition become

true.

Condition 3.1.3.

(B=a)(5-1) A2

fg > 2 (3)7. (F3)

[u—
|

2

>

This condition appears in the proof of lemmas 6.1.3, 7.1.1 and 7.1.3.

Condition 3.1.4.

o2

2c0
a ,u(si >

Vg — 5 In g5+ — (

ey

) In(=). (F4)

> Do

> Do
™| N

(F'4) used in the argument of the proof of lemma 6.1.4.

Condition 3.1.5.

2 1 e
(1= 7pge +1Inpsae = Musr + ( )P pge +1)7 + Mty —InT > 0. (F5)



This condition is used in the argument of the proof of Lemma 7.1.1.

Condition 3.1.6.
~ 2
g = 1§ = s +1)7 +1In 22 >0, (F6)

This condition is used in the proof of Lemma 7.1.3.

Condition 3.1.7.
2 B a
e (%)2 < e(l—v)uﬁ (F7)

Condition 3.1.8.
34+ v(l—=)us — ol = y)ps < . (F8)

This condition is used in the argument of the proof of Proposition 4.1.2. This condition
gives us By > 1 which is used in the proof of Lemmas 8.1.4 and 9.1.2.

The statement of the last two formal conditions requires defining a principle constant
D which is called bounded uniform distortion. But to do this we need to define some

auxiliary constants as follows. First of all, we let

2 P

B, = 61(7)1, P, B, v, Oé) > 20 (W)Q(I_W)M?Jr, (313)
P1
Bg = Bg(Pl,PQ,Bl) > 77281 (314)

which appears in the statement of Proposition 6.1.1. In the following, the constants D;,

1 <1 <7, are fixed which are usable in the context of Section 8.1. The first one is

Dl == Dl(DQ, DS) = DQ + D3 (315)

16



where D, and D5 are defined as:

67)2
Dy = Dy(P1,Po, \) = —————, 3.1.6
2 2(P1, P2, A) Pl — ) ( )
B2 N A 1 1
Ds =D, B,{v}) =4 — —)). 3.1.7
V= DR B ) = A (Y T ) 640
The next two are
82 L
D4 = D4(BQ) = B 1 and D5 = D5<O&) = 2(6 — ].), (318)
Y —
which both appear in the context of Lemma 8.1.4. The last two are
1 1 1
D =Dg(6) := = — 3.1.9
o= Do) 2M6+_1+M6+ (3.19)
D7 = D7(D1, D4, D5, Dﬁ) = D1D4D5D6 (3110)

used in the proof of Lemma 8.1.5. At the end of Section 8.1 we will see that all these

constants lead to the definition of the principle constant

e—)\—l

D = D(P,, Py, T, Dy, Dr, A) = % exp(Dy + D), (3.1.11)

2

where D is the global distortion bound, see proposition 8.1.1. Finally we formulate the

last two formal conditions as following.

Condition 3.1.9.

v

6t — 8 > 2De Hs TUMKE, (F9)
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(F9) gives a relation between § and 0% which appears in the argument of Lemma

9.1.2.
Condition 3.1.10.

'D€2a PQB

e

In( )?) + (v = Vg + (3 =) Inpis + (1 =)z <0. (F10)

which is used to complete the proof of Proposition 4.1.2.
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Chapter 4

Combinatorics and strategy of the proof

4.1 Combinatorics and strategy of the proof

The proof of main theorem is a probabilistic argument which consists of a combinatorial
construction on which we carry out some analytic estimates. In this section we give the
complete combinatorial construction and state precisely the required analytic estimates
by them our main theorem followed. The remaining sections are devoted to the analytic

estimates.

4.1.1 Partition of the critical neighborhood
For all integers o > 0 the intervals

I=[e" e D% and I,=-I,.
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are defined. Without loss of generality let

A={0}u |J I, and A*={0}u ] I.

|| >pes || >pg+

We further subdivide each I, into p? subintervals I,,,,, for m = 1, ..., 2, of equal length

@

e—(u—l)”‘ — e H

— "

l,:

This defines partitions Z, Z+ of A and A" consisting of intervals of the form I,,,,. We
also let

T L R
Lim =1, Ulm U1,

where [ /fm and [ fjm are the left and right adjacent elements to I, ,, respectively. If I, ,,

happens to be far left or far right subintervals of Z", then we put

,Pgef)‘ ’Pgei/\
Ir = (=6t — d,—6* d IF =[0"6"+—==d
o, m ( Plr ? ] an My [ Y + PIF )
respectively, where d is used as short writing and defined as following;:
d :> 2De Hs =K (4.1.1)
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4.1.2 The binding period

For a given parameter value a € Q and point x € AT, we define the binding period!
p(z) == po(x) := max{k : |c; — x| < ||/ V1<i<k-—1}. (4.1.2)
For any given integer pu > s+ we can compute
pu = min{p,(e" " V") 1 a € Q}.

Notice that e~#~D" ig the boundary point of I,, furthest from the critical point and so
has the shortest binding period of any point in I, and therefore for any a € €2 and any
x € I, with pt > ps+ we have p,(x) > p,. Moreover, p, — oo monotonically as p — oo.

For an interval J C AT\ {0}, w C Q, and a € w we let

pa(J) = min{p,()}  po(J) := min{p,(J)}
and for an interval w C © and an integer k& > 0 such that w, C A*, we let

pleox) = min{p(ce(a))} (4.1.3)

Notice that for p = p(z) we have |c, — z,| > Y|yl

!The notion of binding period was introduced and systematically exploited by Benedicks and Carleson
in [6].
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4.1.3 Inductive assumptions

We fix once and for all some positive integer n > 1 and assume that there exists a nested

sequence of sets

QD C..Cc QM) = =00 =

and a corresponding sequence
Pt <. < plo) — ... = PO — 1O}

where for each 0 < k <n —1, PH) is a partition of Q%) into subintervals and < means
that P®* is a refinement of P~V in the sense that for every w®) € P®) there exists
an w1V ¢ PE=1 guch that w® C w*=D. Moreover, there exists s = s(w®) > 0, a

sequence of return times {r;}5_, with
ro:=0<pus < No<ri<..<ry;<k (4.1.4)

and corresponding sequences of return depths {(u;,m;)}5—,, binding times {p;}3_,, with
po = —land, for j=1,...;s p, = p(wﬁf)), see (4.1.3), binding periods [r; + 1,7; + pjl,

(k)

such that r; +p; <741 forevery j =0,...,s — 1, wp;” C fuj,mj and

i 2 g > gt (4.1.5)

for every j =1,..., s, and wi(k) NA =0 forall i¢J;_[rj,r;+p;]. Thisis the inductive

description of the combinatorial structure.
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4.1.4 General inductive step

We now explain how to construct the set Q20 and the corresponding partition P,
The inductive assumption on the combinatorial structure at time n will be an automatic
consequence of the construction, whereas the other conditions are non trivial consequences
and will be proved in later sections. We will carry out the construction on each element
w = w1 € PV independently. Recall that w, = {c,(a) : a € w} is the “image” of w

in phase space at time n. We distinguish two cases.

Case 1 (non-chopping time):

We say that n is a non-chopping time for w = w™ Y if one of the following situations

occur:
1. n<ry+ps,
2. n>r,+ps and w, NAT =0,
3. n>rs+ ps and w, N AT # () but w,, does not contain a full interval I, ,,, € Z.

If n is a non-chopping time for w = w™ Y, then we let w C Q™ i.e. we do not exclude
any parameter in w, and we let w = w™ € P™ ie. we do not refine this particular
element of the partition P™1. Also, w = w™ inherits the sequence of returns, return
depths and binding times of w = w™ V. In cases 1 and 2 no additional return times or
return depths or binding times are associated to w so that n is not a return time for w.

In case 3, we distinguish two further sub cases.
(3a) w, \ AT £,
(3b) w, C AT.
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Case (3a) means that w, is not completely contained in A" and thus, combined with the
assumption that w, does not contain a full interval I, ,, € Z it means that w,, only "just"
intersects A1 in one of the two extreme subintervals of Z in A'. In this case, we also
do not regard w as having had a return, and do not add the iterate n to the sequence
of returns. On the other hand, in case (3b) we do add the iterate n to the sequence of
returns, so that w now has a new sequence of return times Ny <173 < -+ <71y <Tsi1:=n
where the first s returns are those associated to w = w®™™ 1 € PV and r,,; = n is the
new return time representing the fact that w, returns to A* at time n. By assumption
wy, does not contain a full interval I, ,, and therefore is necessarily contained in the union
I u.m Of three (in fact two) adjacent such intervals. We therefore add the index (ft541, m41)
corresponding to one of these two intervals (it doesn’t matter which one) to the list of

~

return depths and we thus have w, = w,_ , C [

pss1,mesr- Finally we define the associated

binding time as py1 = p(wy,,, ).

Case 2 (chopping time):

We say that n is a chopping time for w = w™V if
(4) n>rs+ps and w, N AT # () and w,, contains at least a full interval I,,,, € Z.

If n is a chopping time for w = w1V then we proceed as follows. Chop w (or more
precisely ¢! (w, \{c}) if w, intersects the critical point) into a possibly countable collection

of disjoint subintervals:

w=w"U U wtm Y ot (4.1.6)
(n,m)

such that w? are components of w, \ A" with |wF| > 6+ (if such components exist) and

{(p, m)} is some collection of indices corresponding to intervals I, ,,, € T (with |p| > ps+)
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such that for each such (u, m) we have
Lim Cwi™™ C I, .

Notice that one or both components w* of w, \ AT may of course not satisfy the condition
|wE| > 6F. In this case we “glue” them to their adjacent interval and continue to denote

this enlarged interval by w®™™ with p = g+ .

All intervals inherit the sequence of returns, return depths and binding periods associ-
ated to the “parent interval” w. For intervals of the form w™ or w™ no new combinatorial
information is added and in particular they are not considered to have a "return" at
time n. On the other hand, for the intervals of the form w®™ we define a new return
time 7,47 = n, a new return depth (usi1,ms11) = (u,m), and a new binding period

pss1 = plwil™),

Parameter exclusions

On the basis of the various cases mentioned above, we are now ready to decide which
parameters to exclude at step n of the construction. More formally, as mentioned above,
if n is a non-chopping time for w, then we do not exclude any parameters and simply let
w C QM and P™|, = {w}. If n is instead a chopping time, we carry out the subdivision
procedure described above and exclude all parameters which intersect the prohibited

neighborhood of the critical point. More formally, we let

Q(n)‘w = w UwT U {& = w(/LJ)’L) with w(mm) A (—@_n
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and let

@

P(”)]w ={w tu{wt}u {w(“’m) s ™) A (—e ™™, e™) =0}

Repeating the construction above for each w1V, distinguishing whether n is a chopping
or non-chopping time for w1, we obtain the full set Q™ and the corresponding partition

P This completes the construction of Q™ and P™.

4.1.5 The set QF

Now we define a set * C () as
Q =", (4.1.8)

where ... C QM C Q=D C ... C QO = Q is a nested sequence of subsets of the chosen
parameter interval 2. We will then prove, by two separate argument that every a € *

is stochastic and that |Q*| > n|Q2|. More precisely, we will prove the following two results

Proposition 4.1.1. For any n > 1 and any a € Q™ we have

nB
() (fale))] = e
To give the statement of the second proposition we introduce the following sequence.

0, ifn < pus
ap = ay(v) = (4.1.9)
V, if n > s

Indeed, this defines an upper bound on the excluded parameters mentioned in the previous

part.
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Proposition 4.1.2. For alln > 1 we have

|Q(n—1) \Q(n)| < an|Q(”—1)|‘

Proof of Theorem 7?7 assuming Propositions 4.1.1 and 4.1.2. Proposition 4.1.1 together with
the nesting property of the Qs implies that for every a € Q* we have |(f7)(f.(c))| >
e for all n > 1. By standard results this implies that f, admits an ergodic invariant
absolutely continuous invariant probability measure and this results that a € Q. By

Proposition 4.1.2 we have

] 1N, Q0|
= el

Hl—an

n n

A straightforward calculation then shows that:

ln(Hl ay)) Zlnl Q) = Zlnl—i— —Oz>2_21—a 1_1 Zan

where in the last inequality we used the fact that o, = 0 for n < ps and o, < o, for

—1)n¥

n > . Substituting a,, = e in the right hand side of previous formula, we get:

ln(H(l —ay)) = 1 __(11 Z e(l—lv)n”

" 5 1> s

v
|
|

v
|
[CER N
<
~




and therefore we get the statement of theorem. W

4.1.6 Overview of the work

We have now reduced the proof of Theorem to the proofs of Proposition (4.1.1) ( to
ensure that all parameters in Q* have an absolutely continuous invariant measure) and
Proposition (4.1.2) ( to guarantee that Q* has positive Lebesgue measure). The statement
of first proposition also plays an important role in the proof of the second proposition.
The proof of Proposition (4.1.1) is given in Section 7.1. Tts proof relies on several
estimates about binding period which are gained in Section 6.1. Proposition (4.1.2) will
be proved in Section 9.1 based on the distortion bound founded in Section 8.1.First of
all in Section 5.1 we find a general estimate which is useful repeatedly in the sequel and
relates derivatives with respect to space variable with derivatives with respect to the

parameter.
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Chapter 5

Parameter dependence

5.1 Parameter dependence

In this section we prove a relatively straightforward but crucial estimate concerning the
parameter dependence of iterates of the critical point. In fact, the following main lemma
of this section states that the parameter and space derivatives are comparable. Before

that let we introduce the shorthand (®),, as following:
|(f2) (fal))] = exp(AE") Yk < n (®)n

Lemma 5.1.1. Suppose (P),, holds for the parameter a € Q). Then, for every k < n we

have
ci(a)
Pl S |(f(§;)/(co)| S PQ (511)

Proof. By differentiating recursively and using the fact that cx(a) = fu(cx_1(a)) = —c3_,(a)+
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a we get
c(a) = (=2)%ci_1...crco + (=2)  ep_rocr + o+ (=2)cpy + 1,
On the other hand chain rule gives us
(fa)'(co) = falcr-1)---faler) faleo)-

So dividing (5.1.2) by (5.1.3) and putting f.(¢;) = —2¢;, we have

(5.1.2)

(5.1.3)

If n < N, then the hypotheses (3.1.3) and (3.1.4) immediately gives the statement of the

Lemma. Otherwise, using the condition (®),, one can write

e '”im+i G
< \1+gm!+i§1m
= ‘“é(f;;w’*i; &
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And notice that

[e.o]

1 1 1 1
> ST TS o ——— .
(&

b : b
M A(N+1) eAMN+1) eAN+ki+1)

=

where N + k; +1 = (m +4)°. So a simple calculation shows that

=1 (m+1)°—=mb  (m+2)°—(m+1)° > I
Y — < E + => ((G+1)" =4 ( 5)
ZB m m
e o eA(m+1) —
Hence

|(,}) |_|1+Z |+Zy+1 - <P

And by a similar calculation for £ > N we can write

| c,(a) |

() = '”Z '; e

N (o)

1 1
> |1 +; ( é)'(co)‘ o ';1 e;\iﬁ
> 11+;%\—Z<o+nb—j%<€%>ﬂ‘zﬂ-
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Chapter 6

Binding Period

6.1 Binding Period

As we mentioned already, binding period is part of the combinatorial information used in
the construction of 2*. In this section we obtain various analytic estimates regarding this

concept. We collect the features of the binding period to get the following proposition.

Proposition 6.1.1. Let w = w® € P®) and (@), be valid for each a € w. Assume that
r <k is a return time for w with w, C ]AH’m for some 1, € I". If p is the corresponding

binding period of w,, then

2 P

|wr+p+1| Z EPQBQ 6(1_"/)Mo‘ 2 Bl|w7“|

In particular, if r < r’" < k are two consecutive returns for w with w, C _fmm and w, C

f%m/ for some Iy and Iy my in IT, then

|wpr| > Ba|wy].
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This result will be applied in the arguments of the proof of two main Propositions. A

sequence of lemmas in the following subsections is given to prove this.

6.1.1 Bounded distortion during the binding period

We start by obtaining an estimate which guarantees that there is no big difference between
the derivatives of iterates of f' during the binding period. In fact by the following lemma

we obtain a bound on the distortion of f'.

Lemma 6.1.2. Let p = p(x) be the binding period of an arbitrary point x. Then for all

k <p and y with ly| < |z|, we have
<B (6.1.1)

where B defined in ((HE)).

Proof. If K < Ny then we can write

k—

k\/ k_l
o LV _ g T 5 b < St sl o

=

From the definition of binding period we have |y; — ¢;| < |A;|, and so we get

’(ff)/(co)\ = p(;lg( 1 »SB,

which is the statement of Lemma. Otherwise when k > Ny, using the definition of binding
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period , one may write

5 o)l =y el + Jyi — il
log Rla/ AT ELT 5y by (6.1.2
I el = Z e ) Y (612
- N“Zj (|cz|+rA+ VoS logl |cz|+zzrcz|)
N —0 o8 |Cz N |Cz
1= 1= 0
No—1 k—1
|cz| + wy 1 . 1 1
< Zl )+Zz_2 (smcelog(l—i—i—2)§i—2)
i=Np
No—1
’Cz’ + ’A ’ 1
< Z log(————") + Z ]
i=Np
Nop—1 00
|cz| + |A+| 1 1 1
= log -
Z )+212(z—1 @+1)
No—1
|cz| + ]Aﬂ 1 1 1
— ] _ _
Z |Cz )+2(N0—1+N0)
and therefore we obtain:
No
|(f5) (o) A (a)] +|ei(a)], 1, 1 1
5 S ex 10 L —(— 4+ —
(o)) = P2 s ) T a1 T &)

which completes the proof. W

6.1.2 Length of binding period

The definition of binding period implies that p,(z) > Ny for each z € A. The following
lemma gives us an upper bound for the length of binding period in terms of the distance

|z| of the point x from the critical point.
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Lemma 6.1.3. Let a € Q be a parameter for which (®), holds with p > max{No, ps+}.

Then, for all x € I with |x| > e *" we have

> N
-
=

|2
VAN
=

p(z) < (

Proof. In order to use the assumption (®), we let p = min{p, u}. Then the definition of

binding period implies that

|51 — cpo1] < Ypoilepa] < (‘since |cp1| < 2). (6.1.3)

(h—1)?

On the other hand the Mean value theorem gives us some &, € [z, ¢o] for which we have

R p—1Y/ A(p—1)~ .
frpms — pal = 1) @)l — o) 2 TN e 5> C0 e (g1

B
where the second inequality comes from lemma 6.1.2 and in the third inequality we use
the assumptions of Lemma. Comparing (6.1.3) and (6.1.4) and also since (p—1)% > p°—1,

we get i
- A 1N2,—A
A < (p—1)% o < 2

- 2B

in which the first inequality comes from (F'2) and the fact that p = min{p, u} > Ny. Thus

Now if we can show that

2 1 [
(K)ME <p (6.1.5)



then we have p=p < (%)%u% < p. Recalling condition (F'3) we can write

2\
A1 =)

)i > )i >

> N

2
Bl

Therefore (6.1.5) followed and we obtain the statement of Lemma. R

6.1.3 Expansion during the binding period

We turn now to the proof of the main proposition of this section. Before the demonstration

we formulate two technical lemmas as following.

Lemma 6.1.4. Suppose p satisfies p < ( )%p% Then for each p > us+ we have

2
A

> e (6.1.6)

[

Proof. We get (6.1.6), regarding the fact that p < (%)Bu%, if we able to show that

M

[e3

2 log( )iuT < pe (6.1.7)
We define the function M;(p) = yp® — (%)?,u7 — 2F‘”log,u - %log%, and then (6.1.7)
is equivalent to Mj(u) > 0. Observing condition (F3) results that M;(us+) > 0, and

it is therefore sufficient to prove that M is monotone increasing with u for p > us+.

Differentiating M (u) with respect to p, we get My(p) = 5 Ma(p), where Ma(p) = yp® —

o (12
2)5 5 — 2. In the rest of the proof we recall again (F3) and show that M, (u) is positive
N T H 3
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2

for p1 > ps+. Indeed, to do this multiplying (F£'3) by %ng we can write

a—% 1 2.« 2 2
pse T2 ;(X)B + — (alog s+ + log K)
VB
> 1(2)% ( since arl +1 2>O)
— = mn a 10 0og =
= 3 g s+ g)\_
1 (0% 2 2 a
> —(=)(=)f bya<p
~(57(3)

2 2

which results Mj(u) > 0 for p > ps+. Also since (%)%u% + %O‘ log pu > (%)(%)%,u? then
(F'4) results that

[

Jiu > Zlog(5) >

ST
> b

This proves that M(u) and so Mj(u) are positive for p > ps+. Therefore we could show
that M (p) is positive. W

Lemma 6.1.5. Let w € P® be chosen and r < k be a return time of w with w, C f%m

for some I,y € ZT. Then letting p = p(w,) we have
(p,m)

/ 2 _ «
() (er(a))] = e

Proof. The definition of binding period and applying Lemma 6.1.2 implies that

Wlepl < 2y — e = 1(f2) (Co)l|2]* < B[(fE) (o)l

for some (o € (0, o), and so using bounded distortion Lemma 6.1.2 we have

(2 )| > DL (6.18)



If we put = = ¢,(a) in (6.1.8), then |(f2)(fu(cr(a)))] > 22, and so

%ler(a)??

(o1

1Y/ o P\ 29p| ¢y 2e7P o)
2 o] = 2@ () Galer)] 2 ol > 27

Hence the result follows from the previous lemma and the fact that (u — 2)* > pu® — 2%,
|

[Proof of Proposition 6.1.1] Let w = w®) € P®) and r < k be a return time for w with

w, C f%m. Then

(om0 @] = [(erspm 06 Y(Clir]  for some ¢ €
/
= CWZ%;)(G)WA with a = ¢, 1(¢)

P (fa*7+1) (co)

> wy| by Lemma 5.1.1
Pl (o)l
P1
= S 1) (er(@))lwr
2
2 a
> %6—72162(16(1_7)“ lw,| by Lemma 6.1.5
and therefore we get
_ 2P e
|wWrips1] = [(Cripsr 0 ¢ ) (wr)| > 7723—2162“6(1 P | 2 By || (6.1.9)

In particular if » < r" are two consecutive returns less than &k then, by a similar argument
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as above, for w, = (¢ 0 cr_ij)(prH) one may write

Pul(fy)' (co)

lwp | > . |wripr1| for some b € w
Pal(f; ") (o)l
7Dl r'—(r 1
> D, Y () |
2
P /
> DA, | by hypothesis (H1)

P

and since A\(r’ — (r +p+1)) > 0 then

P 2, Py
| 2> '~ T Z =50

)26(14{)“a|w?‘| > Bs|wr|

and hence the proof of the main proposition of this section is completed.
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Chapter 7

Derivative growth

7.1 Derivative growth

We are now ready to prove Proposition 4.1.1. First of all choosing an arbitrary parameter
value @ € QU for some fixed n, implied the existence of some interval w™ & P
such that a € w™. Let {r fg be a sequence of returns corresponded to Q™ with
0<r <ry<..<nr<n<rgy. Notice that if Q™ does not have any return then

t = 0. Let us introduce the shorthand:
() (col@))| = €5 and  |(f)(cola)| = € for i <1, (),

In accordance of condition (F1), we know A > X and so ((1:))” coincides with (®),, except

at the return times for them we have a slightly stronger estimate. We shall prove a € Q™

implies (®),,,, which in particular implies (®),,,, and so Proposition 4.1.1. The proof of

this followed by the results of the next two subsections.
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7.1.1 Derivative growth at the returns

This subsection is devoted to show that if we have |(f#)'(co)| > e’ then at the subsequent
return time r;;; we have |(fa"™") (co)| > M. This is the statement of Lemma 7.1.2,

which comes after the following supplementary lemma.

Lemma 7.1.1. Assume that w,, C I, for some I,.,, € It and p = p(c,,) is the binding

period of c,.. Then for each a € Q™ we have

1
(7Y (er(@))] 2 qerreme?=xrs (7.1.1)

Proof. First we prove that
+1\/ 1 Apu+p+1)P—ApP
((f7) (er(a))] =2 g™ ’ (7.1.2)

For this applying Lemma 6.1.4 results that |(f?*!)(c,,(a))| > z2=e™"" and so to

- B2e2%

obtain (7.1.2) it is enough to have

(1 —~)u™ + log —Mp+p+1P+ 2% —In(I) >0, (7.1.3)

B2e2”

-

However to get this, regarding p < (%)ﬁp% , it is sufficient to show that

1 +1)% + A’ — In()

~—
|

M3(p) = (1 —y)u® + log B

is a positive function. Condition (F'5) implies that Mjs(us+) is positive and so we get the
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result if M5 is monotone increasing with p for p > ps+. We have

1
201 (2)B
A8+ 06(};7) AB + %
Mi(p) = £ — L (7.1.4)
3 1-8 o\ L @
H (h+ ()Pp? +1)1F
Now recalling condition (F'3) we obtain
1
Sie gayion A 210 a(l—y)  aA3)P
0 S Oé(l - ’Y),U«(H g (/'L5+ ? - 1—<T)ﬁ) - —a - é
-7 A Mg 0’
5t

which clearly implies M4(u) > 0 for pn > ps+ and so (7.1.2) is followed. We now show
that (7.1.1) is true. For this we observe that the function s(x) = Mz +p + 1)? + \a” is
decreasing for fixed p, since

A8 A8 1 1

/ — _ :)\ _
0= o M e T i

) <0

and therefore because of the fact that r; > u, the proof of Lemma is followed. W

)\rf

Lemma 7.1.2. Suppose that at a return time r; we have |(fI1) (co)| > i, where a

belongs to some w® with r; < k. Then for the subsequent return time r;.1 we have

|(f7) (co)| > eMiva.

Proof. Let p = p(c,,) be the corresponding binding period of ¢, (a). If frit?Tl(cy) & A,
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then one can write

[(fo) (cola)] = [(fa =Y (£ (@) (f2 7Y (cola)]

> DeMriti—(ritp+1)) | (fri+p+1)’(00(a))|

a

where the inequality comes from hypothesis (H1) and using the fact that f3(cq) ¢ A for
ri+p+1<s<ryy Since f <1 by (F1) then

(1) (co(a))] > DA =ratp )| (ritetdy (¢ (a))] (7.1.5)
On the other hand we have

[(f2 ) (o] = (A7) (er ()| (£2) (co(a))]
(f&) (er, (a)]

B
> €>\Ti

and then substituting the result of previous lemma gives us

a

|(fri+p+1)/(00(a))| > %eA(rH-p—irl)B > Alritp+1)P (7.1.6)

where the second inequality used the fact that I' < 1. Thus the result of Lemma, in
this case, gained by combining (7.1.5) and (7.1.6). Otherwise if fPTl(¢)) € A, ie.,

riv1 =1; +p+ 1 then
1
[(fa+t) (col@))] = [(f777H) (co(a))| > fek(”ﬂm)ﬁ > M

where the third inequality followed by 7.1.6. This completes the proof. W
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7.1.2 Derivative growth between the returns

Now we consider two consecutive returns r; < r;;1 and assume that (CiD)T holds for a € Q®)
with & > r;. In this subsection we shall consider various times s between r; and r;,; and
show that (®), is valid. Notice that immediately by relation 7.1.6, (®),, 1,41 is true when
p = p(c,(a)) and so we give two separate arguments. We start by the following lemma

for the times before r; + p+ 1

Lemma 7.1.3. Let (®),. be valid and 0 < s < p — 1 where p = p(c(r;)). Then for each

a € QF with k > r; we have:
(£ ()| = Xt (7.1.7)

Proof. By the chain rule and applying Lemma (6.1.2) we can write:

I (cola))] = 1Y ()| (o)
> 2N |(£2) (faler)len (a)
> 26)\7‘56;\35677“?

- B

in which we used the assumption of (®),. and the fact that a € Q® C Q9. Thus to
have (7.1.7) it is enough to show that

9 . -
r? r + logE > Nr;+ s+ 1)5 —\s?

i J—

for all 0 < s < p— 1. But we know that the expansion 5\(7"z +s5+1)° - \s? with respect
to s is decreasing, so

Ari+ 1P > M + 5+ 1)% = As”
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and hence to get the result it is sufficient to conclude that the following function is positive
for r > ps+.

2 .
r(r) = Arf — 1%+ log B Ar +1)° (7.1.8)

First we observe that condition (F'6) implies that r(us+) > 0 Now differentiating r(r)

with respect to r we have
r(r) = BArP Tt —ar ™t = NB(r + )P > 2 (B = AP — a).
Again we recall condition (F3) and for r > us+ write:

)T =

(I=7)" A
2 -
> 4%(:) since A < A and —— > 2
A -
Z [0 _ by 5\ S 2ﬁ41_ﬁ
BA=A) o + 23477

This implies that 7/(r) > 0 and so the proof of Lemma concluded. W

We notice that here if 7,11 < r;4+p+2, then by Lemmas (7.1.3) and (7.1.2), (®),,,, is
valid. Nevertheless if 7;,1 > r; + p+ 2 then we let 7 be the last time for which ¢, (a) € A™

with r; <7 <r; + p and give the following lemma.

Lemma 7.1.4. Assume that (®),, holds for a € Q¥ with k > r; and p+1 < 5 <

Tip1 — i — 2 where p = p(cy,(a)). Then for each a € Q%) we have

T: TS ) Ti T8 B
() ()] 2 vt (7.1.9)
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Proof. We know that f,(c.(a)) € fo(AT) and then hypothesize (H1) and applying chain

rule implies that

[(f2 ) (o) (2T (o o)1 (fa ) (o)

A(rits—7) A(T+1)7 by (H1) and lemma (7.1.3)

Vv

e

Arits =D AT (gince A > X and § < 1)

v

A(rs+s+1)8

v

(&

7.1.3 Proof of Proposition (4.1.1)

We are turn now to the proof of Proposition (4.1.1).

Proof of Proposition (4.1.1). Suppose that n is given and a € QM arbitrary is chosen.

Then there exists w™ € P" such that a € w™. If w™ have not experienced any return

then obviously hypothesize(H1) results the Proposition. So we may assume that {r;}!]

is the sequence of returns with r < ... <7, < n < ryy. First of all using hypothesize

(H1) we obtain (®),,. Indeed, we have

() (cofa))] = ™ amd  |(f2) (coa))] = & for i <.

a

Now an application of Lemma 7.1.2 gives |(f72)'(co)| > M . Also we apply Lemmas 7.1.3,

i3

7.1.4 and relation 7.1.6 to get |(f1)(co)| = €™’ for r1 < i < ry. Then (®),, is true and

then similar arguments shows that (®),,,, is valid. This in particular implies (®),, , and

Tt41
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therefore (®), i.e,

1(f2) (co(a))] > e for i < n.
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Chapter 8

Uniform Bounded Distortion

8.1 Uniform Bounded Distortion

We consider an arbitrary subset w = w®™™ Y € P~ and let n be a return time for w.
Note that this assumption is not an issue that looses the generality here since the actual
application of bounded distortion is at the time of returns. Associated to w we have an
increasing sequence {r; fii of returns and a corresponding sequence {p; ZI% of binding

periods. In particular we assume that for each 1 <17 <t, w,, C fum for some p; and m;.

The following proposition brings us the main objective of this section.

Proposition 8.1.1. There exists a constant D such that for allw € PV, each a,b € w,
we have

<D forallk<nri+p +1

where ;18 the last return less than n and p; is its corresponding binding period. Moreover,
the same estimate holds also for all k < n restricted to the parameter interval @ C w where

W, € AL
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Notice that when n = ry is the first return time then we put ro = 0. The proof of this

proposition is obtained after some abstract calculation which is giving in the following.

8.1.1 Abstract distortion calculation

We choose an arbitrary w € P"~Y and so Proposition 4.1.1 implies that (®),_; holds for
each a € w. Beside of that since n is the subsequent return after r,, then the arguments
of the previous section and in particular Lemma 7.1.2 results (®),, is true for each a € w.
So as we mentioned in Lemma (5.1.1) the rate of growth of ¢},(a) and (f¥)'(co) is the same

for k < n. Indeed, for each a,b € w and all £ < n we have

/
@] Py () s
| (0)] =7, () (co)|
and therefore it is sufficient to find an upper bound for I(;(’l“; E Ik A standard argument,
b
using log |1 + z| < |z], leads to:
kfl ke— k—
|(fa)'(co)] (a) CJ b)|
log ————= =1o og | g log\ —|—1| (8.1.2)
Gl ~ 1L ) Z Z rcj

Now our strategy is to find an upper bound for the summation S = Z”ﬂ' ¢ % which
in particular is an upper bound for the last term of 8.1.2 with £ < r; 4+ p; + 1. For this

we shall subdivide the sum into

S = z:: ZIH éﬁ)’)' (8.1.3)

which, for notational convenience, we put ro + pg + 1 = 0. Note that we have divided

the sum S into a finite number of blocks corresponding to pieces of itinerary starting
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immediately after a binding period and going through to the end of the subsequent binding

period. In the next lemma we find a bound for the sum over each individual block.

Lemma 8.1.2. Let w € P V. For each a,b € Q and all s < pi — 1 we have:

|cs(a)]
|cs(0)]

<2 Va,bew.

Proof. Let a,b € w be chosen arbitrary and we write:

les(@)] = les(D)] < Jws| < Jwpia] < o,

< |wp,|

where the second inequality comes from (®),, the third inequality because of the fact
that p; < p; by Lemma 6.1.3 and in the last inequality we used the fact that r; is the last

return before n. So |cs(a)| < |cs(b)| + |wy,|, and then we have:

\ z R
L B P T R
et Hi

|cs(a)]
|cs(0)] ()]

<2 for py > psgr > 2

Lemma 8.1.3. Suppose that b € w is given and (®),, holds for b. Then for all i =1, ...t

we have
Ti+Dpi

3 il o ent: | (8.1.4)
T 1

Ti—1+Pi—

where Dy is defined in (3.1.5).

Proof. First of all we subdivide the left hand side of (8.1.4) into two summations as

follows.
DI N I I o 7] 515)
e 0| R~ O] A O]
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We shall estimate each of the two terms in separate arguments. In the first summation

for ri_y +pic1 +1 < j <r; we have

jwr | = (er, 0 ;) (wi)l = (er, 0¢;7) (Ollwy|  for some ¢ € w;
|7, (@) -
= @) w;| - for a = ¢;1(¢)

EMM; by Lemma 5.1.1
P2 [(f2) (co)l

Pl Ti—I\!( £J
= Doy el

and applying condition (H1), implies that

(8.1.6)

P. ‘
oy < e,
1

A

Also since w,, C I, for some I, ,,, € ZT and so in particular |¢;(b)] > ¢, (D) >

— . «@ .
e~ (Wt we can write

Ty

|(,(}| T 7)2 e—/\(ri—j) 7)2 Ti i .
>l SO = B 3 e,

D, —(pi+1
Ti—1+pi—1+1 |Cj <b)’ Ti—1+pi-1+1 Pretv b itpisil
P — e
< Qe eV,
P <
7=0
and so the definition of D, in (3.1.6) results that:

jwil
> I < Dylw,, e (8.1.7)

ri—1t+pi-1+1 |C](b)‘ -

For the second summation of the right hand of (8.1.5), or in other words for r; +1 < j <
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i + p;, using the auxiliary index s = j — (r; + 1), we can write

|wj| = |wrgst1] = [(cripst1 0 C;il)(wm)l = |(cri4st1 0 Cﬁil)'(C)HwM for some ¢ € wy,

Thus letting @ = ¢;'(¢) € w, for all 0 < s < p; — 1, we get:

P
P

2Py
P

jwr, | =

(fa*) (er,)

(f2) (faler D (e @) eor, | (8.1.8)

wj| = |wr,4s41] <

To find a bound for |(f2)'(fa(cr,))| we put x = ¢,,(a) and apply the definition of binding

period to obtain

[z5(@) — es(@)] = [(f7) (So)llz0(@) — co@)] < ysles(a)]

for some &, € (zo(a), co(a)) and now Lemma (6.1.2) implies that:

8273|CS(C_L)| :BQ%|CS(&>|
[zo(@) —co(@)]  en (@)

|(f2) (Faler )] < B(f3) (60)| <

Then substituting this last inequality in (8.1.8) gives us

(8.1.9)

Wr,

2P B% v, |cs (@)
Writst1]| < —
| ++1‘ Pl ’C”(CLN ‘

Also to estimate the dominator of the summation, i.e. |c;(b)| we proceed as following.

First we let y = ¢,,(b) and so one can write

|Cs<b>| - |ys(b)| < |Cs(b) - ys(b)| < '75|Cs(b)|
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which results

i (0)] = lerrss1 (O] = 7 (e (0) = lys(0)] > (1 = 75)les (b)) (8.1.10)

Now considering (8.1.9) and (8.1.10) we can write

7;71 iil =
£ ’wri+s+1| < (pz: 2P282 Vs ‘Cs(a)| )|w I
@) T 5 Pro L= slen(@)]es(0)]7
2P 82 R s S a o &
< 2B 5 e 6l i | since fe, (@) 2 et
Py 0 1 — 5 |es(0)]
< AP, (mzl s )elti D%, | by Lemma 8.1.2
N 7)1 0 1 Vs " B

4PQB2 NOil f)/s > 1 (/”/ +1)a
0

IN

by (H6)

(8.1.11)

We recall (8.1.5) and write

Ti+p; T

|wj| |wj] |wj|

— —_|_ - J

Z o5 0)] Z o5 0)] Z o5 0)]
< Dyett |w,,| + Dse’? |w,,| by (8.1.11) and (8.1.11)

= (DQ + Dg)@“?

wr, |

= Die'|w,,| by definition of Dy in (3.1.5)
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Substituting (8.1.4) in (8.1.3) we obtain

Titpi

5=y %

=1 rj_1+pi—1+1

|,

t
<D W,
oo <12

e (8.1.12)

Note that in the sum of the right-hand side of the last relation it may happen pu,, = p for

a lot of i’s and so we subdivide it as follows.

t

D olwr et = >0 e N (8.1.13)

i=1 we{pr; } Bir; =p

In the next lemma we estimate the total contribution of returns corresponding to a fixed

L.

1
)

Lemma 8.1.4. For any p > (log 5r)

@

e_/'b
> lwn| < DiD; "

Ly =fh

where D, and Dj; defined in (3.1.8).

Proof. Let {r; }5_; C {r:} be the increasing subsequence of returns for which wr, C Lim

for some m. Using Proposition (6.1.1) implies that |w,, | > (Bg)kﬂ'|wnj , where 0 = kg <

ks_1 < ... < ki and so one can write

S S

1= o, | < 3G lan, | < (O (5 e,

. - - 2
Uy, = 7=1 7j=1 J
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and since By > 1 by (F'7), then the definition of D, implies

Z |wm| < D4|w7'is

Ly =p

(8.1.14)

But to find the length of |w,, | we recall the procedure of construction P® and w® which

implies that |w,, | < 2|1 |+ [{u—1,m| and so

| e~ (u=1)% _ e—u°‘) e~ (=2)% _ o=(p—1)*
Wri, | =< +
‘ w2 (b —1)2
— 9 (et —(p=1* _ 1)+ ——— (e —(r=2)* _ on=(u=1) )
It (n—1)
- —(p=1* _ P N2 (o= (=) op = (k1)
= T 1) (e )
7,LLQ
< ¢ 5 (2(e*~=2% _ 1)) since ( 1)2 <2 forpu>4
1 =
—,U,a
< © (2(e*" — 1)
= e

and therefor the proof of Lemma follows by definition of D5 and (8.1.14). N

Now we summarize the results of this subsection in the following lemma which intro-

duces an upper bound for the summation S.

Lemma 8.1.5. Consider the summation S =3 > %, then

S <D;

in which D7 was given by (3.1.9)
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Proof. As we have seen, by (8.1.12) and (8.1.13) we have

ri+p;

s-y Y

=1 ri—1+pi—1+1

b enSn ¥ oYk

J pe{pr,; } Uiy =p
We apply now Lemma 8.1.4 and get
1
S S D1D4D5 Z —2 == D1D4D5D6
W2 phs+

where D is given by (3.1.9). Therefore the definition of D; completes the proof of Lemma.
|

8.1.2 Bounding the distortion
We turn now to the proof of the main result of this section.

Proof of Proposition 8.1.1. For k < r; + p; + 1, recalling the definition of S and (8.1.1),

8.1.2 we can write

o)l _

(fF) (co)| 7’15 P oD
) = =p° =P

(fF) (co)| — 7)2 =P,

P1|(fa) (o)l
P2 |(f,

where the last two inequalities come from Lemma 8.1.5 and the definition of D. However
if £ > r, 4+ p; + 1, then we restrict ourselves to some subinterval @ C w with w, C A. A

similar argument as like as in (8.1.2), we write

| (a)] < P Z”m clu]l)ﬁzmlpt“%
@] = P
||
< Pl S+ 'rt+Pt+1 e 210 since ]@j| < ‘Wj|
P,
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k-1 |5
re+pe+1 |c; (D)

But to compute
and (D7) we have:

_ 1P gy - 1P e
lw;| <T 1Ee AR=D| G| < T lﬂe A=) g

and since w; N A = () implies |¢;(b)| > ¢, then

k—1 _ k—1 )

=1 1 P20 ~A(k—j Py —Xi
> LRl S e Py
r+pe+1 |cj (b)l Pl 0 ri+pe+1 Plr i=1
and so the definition of D, gives us
§ @il e 'D;
e =TT
Therefore by the definition of D we get
(@] o ProseZpZe o o
(D) — Po -
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Chapter 9

Parameter exclusion estimates

9.1 Parameter exclusion estimates

In this section we prove proposition 4.1.2 which gives a bound the proportion of excluded
parameters at each step n. Clearly it is sufficient to show that for every w € P~ and

letting
W =w\ (wnQ™)

we have

W < anlwl.

Our strategy is to compare the sizes of the images w/ and w, of these intervals and
then use the bounded distortion to show that the ratio between the size of the images is
uniformly comparable to the ratio between the intervals themselves. Surely no exclusions
are required if n is not a return time. We may therefore assume that n is a return time.
We associate to w a maximal sequence r < ro < ... < 1, < n = ry;1 of returns, and an

associated sequence pi, po, ..., p; of binding periods.
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Lemma 9.1.1. Let w € Q™Y and n be the return time for w. If W' = w\ (wNQM),
then:

|w! | < 2e=(=D7

Proof. We recall the construction of P and Q™ from section 4.1. More precisely, w/, is
exactly at most the union of interval (—e™"",e™"") and two intervals of length [,. This

gives the statement of Lemma. N

However to estimate |w,| we look to immediate parent interval w which at some time
k < n, w was born. We need to distinguish two cases which requires distinct arguments.
In the first case it might happen that, 1, ,,, C w,, C fmm for some I,,,, € Z% and r; < ry.

For the second case w is a subset of it’s parent interval @ such that at time k landed

outside AT with |wg| > Pﬁ;: d. Tndeed in this case w € {w*} and k > ;.

Lemma 9.1.2. Let n be a return time for w € Q=Y. Then:

2
|wy| > min{d, i

e?(@)%(lfv)(nfl)alnfl}

Proof. First we consider the case which [, ,, C w,, C fmm with r; < ;. Proposition 6.1.1

implies that

2 o
onl 2 (e ey when k=t 41—
2 o
> E(%)Qe(l_”“ |wy,|  since By >1 by (F7)
2 ,Pl 2 _ [
> 2 (2
- eQa(PQB) € 124

On the other hand the function L(p) = e*="#"], is a decreasing function with respect to
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i, and since p < r; <n — 1, then

2 P

lwn| = = (5 )% (9.1.1)
2

For the remaining case which there exists some k with r, < k£ < n such that w; landed

outside of A", we proceed as following:

lwa| = |(cnoc) (G)l|wk|  for some ¢, € wy,

P1|(/f7) (o)

> By (/5 ()] lwg|  with @ = ¢ ' () € w
= Y (el

and if w,, € AT then the fact that |wy| > %e"\d
Pia e P
Wyl > —Te MR | > LTeMw| > d
fonl 2 2Ty > Phredfu >

But if w, does not fully contained in AT and w, N (—e ™", e ") # () then condition (F'9)
gives us

lwn| > 01 =8 >d,

We note that when w, N (—e™", ™) = () then «,, = 0 and nothing remains to proof.

This concludes the proof of Lemma. R

9.1.1 Proof of Proposition 4.1.2

Before turning to the detailed proof of the proposition, two supplementary lemmas are

given as following.
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Lemma 9.1.3. For each n > 2 we have

ae "

l, >

n3704

Proof. By Mean Value Theorem there exists some ¢ € (n — 1,n) such that

e — e | —a¢* e ((n — 1) — n)] - an®le ™™ aqe™

n2 n2 - n2 n3—a

[, =

Lemma 9.1.4. For each n > 1+ us, we have

DGQa PQB

( > )Q(TL— 1)37046(771)(7171)0‘ < o
« 1

Proof. We recall the definition of «,, and for n > 1 + us let:

D62a PQB

N(n) = In(— (?1)2) +B-a)hm -1+ -Dhn-1)"=(y=-1)(n-1)"

To prove the Lemma it is sufficient to show that N(n) is negative for n > 1 + us. Differ-

entiating of N(n) with respect to n we have

N'(n) = nil(?)—oz—a(l—7)(n—1)a+u(1—7)(n—1)”) <0

where in the last inequality we used condition (£'8) and the fact that its left hand term
is decreasing with n and ps < n — 1. To achieve that N(n) is negative and then complete

the proof we recall condition (F#'0) which implies N(us) and so N(n) is negative. W
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L]
||

Proof of Proposition 4.1.2. It is enough to show that for each w € P"~! we have < a,
where |w'| is the portion of |w| which excluded at time n. A straightforward application

of Mean Value Theorem gives us

for some a € W' and b € w,

jwnl — len (0] w]

n

and so using Proposition 8.1.1 we get ] < plenl By Lemma 9.1.1 we know that

o] lwn|*

|w! | < 2=~V Observing Lemma 9.1.2 one may consider two cases. In the first case it

happens that |w,| > Zr(£5)%e! V%, ) and then for n — 1> s we can write:
N N T s
Wl T wnl T e ()20,

De** PoB., e (D=1

- Q P e(1=7)(n—1)® o —(n—1)> by Lemma 9.1.3
De* PaB., .

< D222, (=)= () _ 13-

< %) (n—1)

< «a, by Lemma 9.1.4

For the second case where |w,| > d, applying definition of d one can write:

i

|w < D|w;| 2De~(n—1* < 2De~(—1)* < e~ (=1° -
W = o =T d S 2De 0 = ey = On

where the third inequality uses the fact that the function N3(n) = —n® + (1 — y)n” is

monotone decreasing with n and n —1> pus. R
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Chapter 10

Computation of number

10.1 Computation of number

In this section we find an explicit estimate of the set of stochastic parameters for the
quadratic family f,(x) = —2?+a. Indeed, we take advantage of being closed to parameter

value a = 2 in parameter space to be able to obtain a lower bound for 2*.

10.1.1 Preliminary dynamical facts

This part is devoted to give some preliminary facts about the dynamic of the quadratic
family which helps us to choice the constants explicitly in such a way that dynamical
hypotheses hold. We start by a supplementary lemma that is applied in the subsequent

lemma.

Lemma 10.1.1. Let a € [VA — e,v/A] in which VA =2 — o and o satisfies

oc(2—0—¢) >4 (10.1.1)
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then
(a) 2a > a*+ 6>
(b) If |z > 8, then | fu(w)| < VA =6
Proof. We can write
20—a*=a(2—a)> (VA—e)2—VA) =c(2—0—¢)

and then part (a) follows from (10.1.1). For the proof of part (b), first since |z| > J, then
we have f,(z) = —2> +a < VA — 6% On the other hand using the fact that |z| < a

implies that —2? + a > —a® + a, and so by part (a) we get
folz) = —224+a> —a+0>> —(VA— )

Therefor the proof is completed. W

Lemma 10.1.2. Suppose that VA =2 — o where o = 0 or satisfies in (10.1.1). Assume

that for any a € [VA — e, v/A|:
[fi(@)| =6, j=0,..n—1

Then, we have

— (fo(x 0%(2v/A - 82) "
A 52 52+5\/ (2—0) + 62(2VA - 52)> (10.1.2)



Proof. We let y = fi(z) for some 7 with 0 <47 < n — 1 and then by using expression

— v A — (faly))? A— (fF1(y))? -
)2\/A—(f3(y))2"'\/ A= (e VA (fe()? =1

write

()W = [29l12fa@)]-- 12627 ()]

A 2 kl 2
= = r\/ e W AT

To simplify the argument we put B(z) = 2|z| ﬁ where z = fI(y),j = 0,..., k,
and so we have

A—(fa(y))?

(£ (9)] = Ay B(y)B(fa(y)).-B(f¥ ' () (10.1.3)

In order to find a lower bound for B(z), we substitute f,(z) = —2z2 + @ in the definition
of B(z). So we get Also substituting f,(z) = —2% + a in B(z), implies that

B(:) = 20vA - 2 9 VA=
\/\/_ fa(z \/\/_-l-fa VVA—a+2V/VA+a— 2
22| VA= 22

VVA —a+22V/2VA - 22

where in the second inequality we used the assumption a < v/A. Now first we observe

that if 0 = 0 then for z with |z| > 0 one may write

— .2
B(2) > 2|z Vi —z S 2|7| S 20

1 2 10.1.4
TV2—a+22VA—22 T er 2] T e 44 ( )
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in which we used the facts that |2 —a| < ¢ and —— | ‘ is monotone increasing in|z|.
5?+z

Therefore putting y =,k = n in (10.1.3) and using (10.1.4) we have

(el = A

This concludes the proof of Lemma for ¢ = 0. In the rest of proof we assume o # 0 and
satisfies in (10.1.1), i.e.; 0(2 — 0 — ) > 6. For this, depending on the location of = we
need to consider two distinct cases which requires different arguments as follows.

Case 1. § < [z] < =% + a.

Let z = fi(x),i =0,...,n — 1. Part (b) of Lemma 10.1.1 implies that |2| < v/A — §? and

1— ;:g__;; is decreasing in |z|, we can write: we get

since

VA=2 | 2/A-A %_ 20/A— A \/ 52(2V/A — 62)
2JA— 2 A2 2VA — (VA - 822\ 2VA - A+ 52(2VA - 52)

Then, recalling the above argument for B(z) and using the facts that VA —a < e and

% is increasing in |z| we get
B(2) > 22| VA= 22 S 20 52(2V/A — 62) (10.1.5)
TVVA—atr2VoJA— 2 P40 0(2—0) + 82(2VA - §?) .

Therefor, letting y = z,2z = fi(z) for i = 0,...,n — 1 and k = n, applying (10.1.3) and

(10.1.4) lead to:
S JAZ Ui PEVA-2)
A - 52 1/2+5 o(2—0) 4 62(2VA — 82)
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Case 2. —0* +a < |z| < a.
We let y = f.(x) in (10.1.3) and then a similar argument, like the previous case, for
z = fi(y) with i = 0,,n — 2 results that

|(fn 1 fn \/ 2\/_ 52) )n—l
V A - 52 1/2+5 (2 — o) + 2(2v/A — 62)

On the other hand due to the fact that |z| > —62 4+ a > 1, it follows that

2 W
e 32> 26 02(2V A — 62)
e+ 0\ 0(2—0) + 62(2VA — §?)

and therefore we get

2 @)l =2l '€ = Afn52 51/2+5 24:/;2? 52))n

This concludes the proof of Lemma. N

Note that observing dynamical hypothesize (H1), the statement of previous lemma

allows us to assume that

v N T B ST
A — 2 ’ el/2 1§ 0—(2 — O') + 52(2\/2_ 52)

1/2

It is also necessary, at least, to require €'/¢ < ¢§ in order to get positive values of . So we

fix here the length of ) as

e = 52+%
In our knowledge in the literature related to the quadratic family the previous lemma

67



is stated based on the conjugacy of tent map and the quadratic family for a = 2. But,
we don’t use it which permits us to study the parameter intervals not necessarily of the
form [a,,2]. In fact we can consider Q = [a,,a*], in which a* = /A = 2 — 0. However,

since the calculations all here are analytic , we should study the values of A for which

\/0(2755)(?6/5(2_2752) > 2. A simple calculation then shows that we may consider those

values of A =2 — ¢ in which 62 < o < 562.

We emphasize that the calculations are all completely analytic in this work. It should
be noted, however, that the constants I' and A, using a rigorous computational method,

can be estimated for all parameter values.

Lemma 10.1.3. Let Q) = [a,,a*] be an interval of parameters. For each a € Q, we have

2—V24+12

1
log 4 °8 |2+ a, — a2 + 0%(2a, — 52)|]

fHAYNA =0 forall 1<n<Ny=2+]

Indeed, f(A) located in the left of the point x = —\/a + /a.

Proof. Let p = =1=yltia ”21“‘“ be the fixed point of f, located in [—2,0]. We let also J; =
[p. fa(fa(9))] = [p, fa(0)] and Jpy1 = f"(J1). Since f, is increasing on [—2,0], then

considering those values of m for them .J,, is still remained in [—2, 0], implies that

Ims1 = [ 7fa:n:1(50)] = [pa 6m+1] 2 f:l+1<ftl<A))'

Thus we get the result by finding the values of m which J,,.1 C [p,—+/a + +/a], or in

particular satisfies

| Tl < | =2+ 1/a+Va| (10.1.6)
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In fact, this shows that J,,,; and subsequently f7"2 remains in the left of z = —y/a + +/a.
On the other hand a straightforward application of Mean Value Theorem, using the facts

(fa) (@) <4,V €[-2,2] and |Ji| <[[=2, fu(do)]| = |2+ a — a® + 6%(2a — &%),

gives

| Ta | = |f7(J)| < 4™ 1] < 4™2 4 a — a® + 6*(2a — 6°)] (10.1.7)

So, to conclude the proof, in according of relations 10.1.6, 10.1.7 and the fact that |2 —
Va+al >2—+v2+ V2 for a < 21t is enough to choose m in such a way that satisfies

A2+ a—a? 4+ 0%(2a — 0%)| < |2 — /2 + V2

We now observe that the left hand of the previous inequality is decreasing in a and

therefore f™2(A) for a € [a., a*] is suited in the left of z = —y/a + 1/a, if

1 2—V24+2
m< —1In
Ind 124 a, —a? + 62(2a, — 6?)|

which concludes the statement of Lemma. N

10.1.2 Primitive constants and dynamical hypotheses

First we fix

1 14
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The result of the previous subsection and considering the formal conditions lead us to

choose the primitive constants as are stated in the statement of the next proposition.

Proposition 10.1.4. hypotheses (H1) — (HT7) are satisfied with constants

) ~0.685, A= 0.6,

—52 ) ( %
No = [i557 log P aV§ ey ~ 137, N =120
P =1— L(l (2\/1 9410 =" ) — (e~ _)m(2m+1:5275‘(2m71))) ~0.63
38\ 1——— W (1—e—*)2
= 4 L Q"I*i-fp st .76, B =277,

+
i > SUDgeq "'((C;fl if 0<1< Ny

if >N,

Proof. Letting A =4,0 =0 and ¢ = 6271 in Lemma 10.1.2, we get

n\/ 4 — (fc?(x)>2 20 n __ n
2f @z Sy po

457
f™(x) € A then we have I' ~ 1. Also if fI'(x) € 6T, then substituting 6 and 6%, we get

where I' = (/2=UL@)® apg A = In( 1+1 +5)' If |fr(x)] < |z|, eg. if x € f,(AT), or

>/t (5+) ~ 1. Furthermore, we can write

A= ln(%—(s) = In(

5t 4§ 620 + 1

) >In2—In(l+62)>1n2— §= ~ 0.686.
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Hence, we have (H1). The first part of (H2) is satisfied by

1 2—V24++2
Nog=144 <2+ —1n
0 TV 124 a, — a2 + 62(2a, — 02)|

(10.1.8)

which comes from Lemma 10.1.3 and considering a, =2 —¢ = 2 — §2+10. To verify the
second part of (H2) we look for a natural number N; < Ny such that |cy, (2)] > 6T For
this since N1 < Ny and so (®)y, is true for all @ € €2, then by Mean Value Theorem there

exists a parameter a € () which we can write

leny ()] = [ely, (@121 > Prl(f2") (o) 1€ (10.1.9)

Because N; < Ny, Lemma 10.1.2 and relation 10.1.8 implies that for all ¢ with ¢ < Ny,

we have | fi(co)| > va+va > \/a. + a. > /1.9 + /1.9 ~ 1.8. In the other words, by
chain rule |(fM) (co)| > (3.6)N1 and so using (10.1.9), we get |en, ()] > Py(3.6)M16% 10.

Therefore to find N; it is enough to solve
P1(3.6)N 6% 15 > 5t

Now, since the length |c,(€2)] is increasing at least for Ny < n < Ny, we have (H2). Now

we let b = 2, m = 11 and then we write

1+ XN: S . !
— (fi)'(co) falco) — filco) faler) falco)-- falen—-1)
B (1+ Lo ! )
a fa(co) faler) 7 filen)- falen-1)
= 1+ L(1 P ! )
—2a faler) 7 fulen)- falen—1)
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Since N < Ny , then by lemma 10.1.3 we have —2 < ¢; < —/a, + /a, for all a € Q2 and
i < N. A straightforward computation for a € [a., a*] C [1.9, 2] shows that:

X —( 1 )120 120
0.636 ~ 1 — — (— 2V 19VI9 +Z 5 g 3
3871 -2v/1.9+ 1.9 f 4

On the other hand to estimate the infinite summation appeared in (H3), using a simple

calculation gives us

S+ 1 = PGy = ot ey - R I oy

m m

Clearly (H3) is satisfied and moreover

A = RN
;gsf)mm{ mln {|1+Z fl +;m|—;((]+l)b—]b)(§)}
120 i~
|1_|_Z Z(2j+1)(1)3>0636 0.007 > 0.62 = Py,
11
al 1
sup mac{ ma {]1 +Z } 11+ Z |+Z ((G+1)° -4 (5}
a€ i=1 a

3
=777 < 1 +0.007 < 0.76 = P,

So we have (H4) and (H5). Automatically (H6) is satisfied. Finally to verify the valida-

tion of (H7) we can write

Af (@) = |fo(AT)| = (6%)* and  [Af(a)] = [fa(AL )] < 4°(57)°
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So using the fact that |¢;(a)] > \/a+ v/a > \/a, + /a., for i < Ny we get

A ()] +]ei(a)|

(52 4(5+)?
(@) ) <In(1+ <

In 1
( N Uy

and therefore we obtain:

& A @) F lela)], 1,1 1

exp(su log( + (= + =
pae}iz_; A TR LA A

LT s 11
exp(—m=——e Z4+2(143_ )

<
N Vs +/ay, 144
< 157=28

This ends the proof of Proposition. B

Auxiliary constants and formal conditions

By explicit computations we then get

By = 1.953269467 x 10>*  and B, = 1.300050448 * 102

We now recall the constants which used to find the bounded distortion. First

67)2 > i 67)2
Dy=—2 = — 2 _~gl1
2 ’Pl ¢ 731(1 —67)‘)

=0
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and to find D5 we first observe that

[ee] /y No—l ,y o 1
Zl—vs T < 1—vs+zos2—1
No—1
1 1 1 1
= %:H—y;_ 5@%—1 3%)
No—1
1 1 1 1
< Z(l 4s(61)2 1) §(N0_1 FO)
0
a*+\/a
and so
D3 ~29

Easily we find

Dy~11, Dy~1 Ds~457 Dg~1%x10""° D; ~5x107",

which all of these constants gives us

D~ 248
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Chapter 11

Persistence of Periodic Solutions at

Resonance of a Third Order Oscillator

11.1 Introduction

Oscillations play an important role in many physical and biological systems. The equation
i+ wii =0 (11.1.1)

is a linear third-order equation of an oscillator which discusses the motion of an object
on an ellipse in a three dimensional manifold. One of the most important problems is to
determine if any of the periodic solutions of the system (11.1.1) persist when subjected to
a small external periodic perturbation. These kinds of equations arise in problems related
to energy, acceleration and fluid mechanics [56|, electric circuits theory [55], nonlinear
vibrations [46] and mathematical biology [45, 47, 56]. So existence of the periodic solution

for these kind of systems is of great importance. Mehri and Niksirat in [49] considered
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the nonlinear autonomous equation
i+ wii = pF(z, &, %) (11.1.2)

and obtained some conditions under them the system (11.1.2) has periodic solution. Then
Rabiei and Afsharnejad in [51] studied the equation (11.1.2) and let f(x,2) be C" (r > 3)

and

F(z,2,%) = fo(z, )T + fi(x, )2

They showed that if f,;(0,0) # 0, then (11.1.2) has many periodic solutions. Later in [52]
they extended the concept of [51] for the following non-autonomous third-order differential
equation

&+ Wi = pF(z, &, &, t,¢) (11.1.3)

and showed that if
F(z,&,%,t,e) = Hy(z,2,t,e)t + Hy(x,%,t, €)% + He(z, 2,1, €)

where, H(x,%,t,e) = f(x,%) +eg(x, 2, t) then (11.1.3) has many periodic solutions. Also
Afsharnejad and Golmakani in [54] studied the equation

i+ wii = pF(z, i, i, ) (11.1.4)

where ¢ is a real parameter characterizing the strength of the external driving force and

obtained some conditions for the existence of periodic solutions of the system (11.1.4).
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They assumed that if there exists a C” - function f(x,4,e) such that
F(x,&,%,¢) = 2fp(x,&,e) + & fi(x, T, )

and f;(xo, Zo,e0) # 0, then (11.1.4) has many periodic solutions. On the other hand

Chicone [41, 42, 43| considered the family of differential equations
g=1[f(y) +egly.t,e) yeR €20 (11.1.5)

and proved a continuation theorem for periodic orbits at resonance under some conditions
for the system (11.1.5). Also Z.Zhang and Z.Wang in [57] and P.Amster, P.De Napoli and
M.C.Mariani in [40] have been worked on the existence of periodic solutions for third-order

differential equations by using continuation theorem of the coincidence degree.

The concept of dimension reduction for ordinary differential equations is recently the
matter of much researches. In what follows we consider the three dimensional perturbed

linear oscillator
i+ wii = pF(z, @@, t,p) (r,4,7) R, peR (11.1.6)

where F' is periodic map in ¢t with period T" > 0. We moreover assume that 7' is at

resonance with the period of oscillation.
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11.2 Preliminaries

We here in the first subsection remind some preliminaries and facts in order to get the
displacement function of desired equation. Second subsedtion is devoted to explain about
the Lyapunov- Schmidt Reduction method that will being used as our main technic to

resolve our question.

11.2.1 Resonance Condition

Rewriting the system (11.1.6) as

i=y, §=z i=-wy+uF(zy 2t pn (11.2.1)

that X = (z,v, 2) € R3, then we get

X = f(X) + pg(X,t, ) (11.2.2)
in which
Y 0
f(X) = z ;o 9(Xtp) = 0
—w2y F(xayvzﬂtmu)

We assume that the unperturbed system
X = f(X) (11.2.3)

has R? as a periodic manifold with period 27 /w. Indeed all of the solutions of the un-

pertebed system are periodic with period 27w /w. We moreover suppose that the map
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g(t, X, ) is periodic with period

M2
T = T(u) = FUT Y hutO(?), (M,N)=1. (11.2.4)

This last assumption on the map ¢(X, ¢, ) implise that the periodic solutions of the
unperturbed system (11.2.3) are in (M : N) resonance with the force term g(X, ¢, u) for
which NT'(0) = M2n/w is the resonance relation.

11.2.2 Fundamental Matrix

For v € R? suppose that, function ¢ — X (v, ¢, ) denote the solution of the unperturbed
system (11.2.3) such that X (v,0,u) = v and let ®(v,t) be the principal fundamental

matriz at time ¢t = 0 of the first variational equation
W = Df(X(v,t,0)W. (11.2.5)

we remind that, the principal fundamental matrizsolution is just the partial derivative of

the solution of the original unperturbed differential equation with respect to v, i.e
O(v,t) = X, (v,t,0).

A simple calculation shows that the first variational equation (11.2.5) has a fudamental

matrix of the following form

1 lsinwt —5(1—coswt)
Q(v,t)=| 0 coswt Lsinwt . (11.2.6)

0 —wsinwt cos wt
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We have the following theorem.

Theorem 11.2.1. (Variation of Constants Formula) Consider the initial value problem
T = A(t)x + g(t,x), x(tg) = xo and t — ®(t) be a fundamental matriz solution for the
homogeneous system @ = A(t)x that is defined on some interval Jy containing ty. If
t — ¢(t) is the solution of the initial value problem defined on some subinterval of Jy,

then
o(t) = (1) (to)ro + B(1) / 1 ()g(s, 6(s))ds.

Proof. see[42, Sec.2.3] N

11.2.3 Continuation of Initial Condition

For v € R? we say that the unperturbed periodic orbit X (v,t,0) of unperturbed system
(11.2.3) persists if there is some pg > 0 and a continuous function 3 : (—uq, o) — R?
such that (0) = v and X (5(pn), NT, ) — () = 0. In this case the curve p — B(u)
is called a continuation of initial condition for the periodic solution. We note that the
resonance condition (11.2.4) and in particular the fact that NT'(0) = M27/w implies that
the periodic solutions ¢ — X (v, t,0) of the system (11.2.3) are also periodic with period
NT for each v € R3.

11.2.4 Displacement Function
It is obvious that the periodic solutions of (11.2.2) with period NT corresponds to zeros
of X (v, NT, u) — v. The function

o(v,t,pn) = X(v,t,pu) —v (11.2.7)
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is called the displacement function of (11.2.2). Let o(vg,t, o) = 0, we call o nondegen-

erate at (vo,t, po) if rank (do) vy ue) = 3, otherwise o is called degenerate at (vo,t, o).

11.2.5 Lyapunov-Schmidt Reduction

Here we indicate the Lyapunov - Schmidt procedure from [44] which be used for reducing
of the displacement function o. This method is explained in detail in [48]. Putting

L = (do)(t,u0,0) by decomposition theorems in linear algebra we have
R'=K®K" R'=R"®R (11.2.8)

where K = kerL, and K+ denotes a complement of K in R” with dimK = k > 0,
dimK+ = n — k. By linear algebra linear transformation L has rangeR, dimR =n — k
and suppose that Rt is a complement of R in R" with dimR* = k. We let 7 : R* — R
denote the linear projection onto the range and 7+ : R® — R' the complementary

projection namely 7+ = I — m. We define now
U:KxK"xR—R

Uk, K p)=mo(k, k' t,u)

The fact that dim K+ = dim R = n — k result that its partial derivative

W (kos kg, 0)|xee : K~ — R
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at (ko, k) = vo is an isomorphism. Using the Implicit Function Theorem there exists a

function o : K x R — K=+ such that
U(k,a(k,p),n) =0, alk,0) =k,

for sufficiently small |k — ko| and |p|. The Lyapunov - Schmidt reduced function is defined
as the complementary function

¢: K xR— R*

ok, 1) = mra(k, alk, p), t, 1), ko, 0) =0

If there is a curve p — [(p) in K such that 4(0) = 0 and «(B(u), ) = 0 then
(ko, kj)) is a zero of o with the required curve of zero u — ~(u) in K x K+ given by
v(p) = (B(u),a(B(p), ). Of course, we will not be able to determine the existence
of the curve 8 by a direct application of the Implicit Function Theorem because L has
a nontrivial kernel but we may be able to apply it after a further reduction. In [44] is
indicated a reduction can be made when the displacement function has maximal rank. In
the following theorem, we suppose maximal rank of the unperturbed function is n — k,

we obtain of the curve 8 by using of the Implicit Function Theorem directly.

Theorem 11.2.2. we consider the displacement function o and let rank (do),.0) e
n — k, then the zeros of the equation o(v,t, ) =0 are in one to one correspondence with

the zeros of the function

B:K — R+
B(ko) = WLUM(]{?(), k'[/],t,O)

Proof. We consider the corresponding above the kernel K and range R of L together with
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their complements K+ and R*, the mappings 7 : R = R, 7+ : R® — R*. we define
U:KxK"xR—=R

Uk, k' p) =mo(k, K t, @)

then, for each ky € K can result that Wy (ko, k), 0)|r : K+ — R at (ko, k) = vp is
an isomorphism. Now by using the Implicit Function Theorem there exists a function

a: K xR — K* such that
U(k, ok, 1), p) =0, alko,0) = ky
for sufficiently small |k — ko| and |u]. Now we define
o: K xR— R*

ok, p) = ok, alk, p),t, 1),  ¢(ko,0) =0,

Thus, by Taylor’s Theorem, we have

ok, 1) = p(pu(k,0) + O(u))

where

0u(k,0) = o (ko, k), t,0) (Ko, 0) + 70, (ko, kg, £, 0)

But, the range of oy (ko, k{,t,0) is R, so the first term of the last formula vanishes and
we define the reduced function

B:K — R"
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B(k’o) = WLUM(]{?(), k?[/), t, O)

By the above reduction, if there is a curve u — [(p) in K such that ¢o(8(u),n) = 0
and u — ~(p) is the curve in K x K+ defined by v(u) = (B(u), o(B(1), 1)), then
o(y(u), ;) = 0 and v(0) = (5(0),0) in K x K+ is a zero of 0. Therefore we can result
if kg € K is a zero of the function B such that B(kg) = 0 and DB(ky) : K — Rt is an

isomorphism, then (ko, k) € K x K+ is a zero of . W

11.3 Nondegenerate Case

In order to desire continuation in the Nondegenerate Case, we obtain a general formula
for the displacement function by using Tylor series expansion in powers of p and find the
bifurcation function then we use the Implicit Function Theorem to reduce the problem of
the persistence of resonant unperturbed periodic solutions to finding simple zeros of the

bifurcation function. We recall that a zero of the equation
o(v,NT,u) = X(v,NT,u) —v (11.3.1)
corresponds to a periodic solution of the system (11.2.2) with period NT.

Lemma 11.3.1. Suppose that o(v, NT ) is the displacement function for system (11.2.2).
Then
NT
o(v, NT, j1) = u®(v, NT) / O~ (v,8)9(X (v, 5,0), 5,0)ds + O(n?)
0

Proof. We write the Taylor expansion (MC Lourant), at u = 0, of the right hand expres-
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sion of (11.3.1) as following
X(v,NT, ) —v = (X(v,NT,0) —v) + uX,(v, NT,0) + O(1)

where, X, is the derivative of X with respect to p. So the fact X (v, NT,0) = v implies
that
o(v, NT, ) = uX,(v, NT,0) + O(u?) (11.3.2)

On the other hand differentiating (11.2.2) with respect to u, gives us

. 9
X, = Df(X(v,t,0))X,, + g(v,t, 1) + u(Dxg(v, t, ). X, + a—Z(U, £ )

and so by putting i = 0 in the above formula we get

X, (0,£,0) = DF(X (v,£,0))X,(0,£,0) + g(X (0,1, 0),£,0)
so the function ¢t — X, (v, t,0) is the solution of the variation equation
i = DF(X (v, 8,0))w + (X (0,£,0),£,0) , w(0) =0
By theorem (11.2.1), the solution of this equation is
t
X, (v,1,0) = D(v, t)/ B (v, 5)g(X (v, 5,0), 5, 0)ds (11.3.3)
0

and now substituting (11.3.3) in (11.3.2) and putting ¢t = NT we get the statement. N

Corollary 11.3.2. By definition of displacement function (11.2.7) we know that the zeros

of o(v, NT, ) are correspond to the periodic solutions of (11.1.5). So a straightforward
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application of Lemma 11.3.1 and plugging ®(v,t) and ®~(v,t) from (11.2.6) we have

1 NT(l — cos(wt))F(X (v,t,0),t,0)dt

w? JO

o(v,NT, p) = pi L[ sin(wt) F(X (v, t,0),t,0)dt +O(p?)
[V cos(wt)F(X (v,,0),,0)dt

Theorem 11.3.3. Suppose that in the system (11.1.6), the term F(x, &, %,t, 1) is periodic

in t and satisfies the resonance condition (11.2.4). If the bifurcation function
v — X,(v,NT,0) (11.3.4)

has a simple zero at vy € R, then X (vo,t,0) persists. In particular this implies that

X (vo, t, p) is a periodic solution of (11.1.6) for small p # 0.

Proof. we define the function

U:R*xR—R?
(v,p) = X,(v, NT,0)

let vy be a simple zero of X, (v, NT,0), then ¥(vg,0) = 0 and det(4%],,) # 0. There-

fore by the Implicit Function Theorem there is a function g — v(u) defined for u in a
neighborhood of 1 = 0 such that ¥(v(u), u) = 0 and v(0) = vy and completes the proof.
|

Example 11.3.4. We consider the equation
i+ i = p(2? + zsint) (11.3.5)

A simple computation shows that all the orbits of (11.3.5) are periodic with period 27,
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and the solution of the unperturbed system at an initial point £ = (x,y, 2) is as following:
X(&,t,0) = (—zcost +ysint +x + z,zsint + ycost, zcost — ysint)

We observe that the function F(xz,,%,t, 1) = (2% 4+ zsint) is also periodic with period
2m. This in particular implies that it is at resonance with the unperturbed system and
M = N = 1. A simple calculation, using the definition of X,(v, NT,0) in (11.4.3), gives

us
X, (€,2m,0) = (220 + y + 9 + 622 + 52, —x — 22y — 2 — 2yz, —2(7z + 27))
So, differentiating it we get

m(de+6z) 7w(1+2y) w(6x+ 102)
DX,(&,2m,0) = | —7(1+2y) —7m(2x+22) —n(1+2y)
—27z 0 —2m(x + 22)

and then a straightforward calculation results that det DX, (&, 27, 0) = =23z + 167323 —
Smixy — 8mixy? — 2wz + 4873z — 8miyz — 8m3yPz + 40m3w2? + 87323, Letting & =

(%0, Yo, 20) = (\/g, —%,0) we have

4 0 6

1
Xu(£0727r70) - 0 ’ DX#(§0727T7 0) - 71-\/g 0 -2 0
0 0O 0 =2

Thus & is a simple zero of X, (v, 27,0) since DX, (&, 2w,0) = 7/4/2 # 0. Therefore by
applying Theorem 11.3.3 the equation (11.3.5), for |u| small enough, has a one-parameter
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family of periodic solutions around &.

11.4 Degenerate case

We suppose here that rank(do).,0) = 2 and so as like as previous section we can not use
the Implicit Function Theorem directly. By [41] we can obtain the bifurcation equation
for degenerate case by helping an extension of the bifurcation equations for nondegenerate
case and use the Lyapanov-Schmidt procedure to finding the bifurcation function, thus
the first we will find a new formula for the displacement function. To simplify the notation

we let
Y(0,5) = 0} (v, $)[D2F(X (v,,0)) X2(0,1,0)

+2(Dxg(X(v,s,0),s,0).X,(v,s,0) + S—Z(X(U, 5,0),t,0))] (11.4.1)
Lemma 11.4.1. Suppose that we have the displacement function o defined in section 2,
then

NT
o(v, NT, ) = pb(v, NT) / o1 (5)g(X (0, 5,0), 5,0)ds
0

2

+%(I>(U,NT)/O Y (s)ds + O(i®)

that

Proof. The Taylor series of o(v, NT, ) at =0 is

o(v, NT, ) = (X(v,NT,0) —v) + pX,(v, NT,0) (11.4.2)

2
+%XW(U, NT,0) + O()
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By differentiating from the equation (11.2.2) with respect to the parameter p, we have
Xu(v,t, 1) = DF(X (0, t, 1) X (v, t, 1) + g(X (0, 1), £, 1)

99 (X (0.t 1), 1, 1))

+u(Dxg(X (v, t, p), t, 1) Xp(v, t, 1) + o

and twice differentiating from the equation (11.2.2) with respect to the parameter p,

gives us
Xuu(0,t.10) = DF(X (0., 1) X (0,8, ) + D F(X (0., 1)) X3 (0, 8, )
+Dxg(X (0,8, 1) 1) X, 0t ) + 52X (0,8, 0.1 1)
+Dxg(X (v, t, 1), t, p). Xp(v,t, 1) + S—Z(X(v,t ()t p) + pt,
in which

Now putting pu = 0,
XﬂM<U7 ta O) = Df(X<U7 tv O))X,U/J(U7 tv O)+D2f(X(U7 t? 0>)X5<U7 t7 0)

+2(Dxg(X (v,,0),,0).X,(v,t,0) + S—Z<X(U, t,0),t,0))

so the function ¢t — X, (v,t,0) is the solution of the variation equation
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w = Df(X(v,t,0))w+ D*f(X(v,t,0))X7%(v,t,0)

+2(Dxg(X(v,t,0),t,0).X,(v,t,0) + %(X(U,t, 0),t,0))

1

and w(0) = 0, hence we can write
t
Xoul0,1,0) = () [ 070, 9) D (X (0,8,0)X2(0:£.0)
0

dg

+2(Dxg(X(v,s,0),5,0).X,(v,s,0) + Em
v

(X(v,s,0),t,0))]ds)

Therefore by replacing X, and X, in (11.4.2) the proof is completed.
[ |

Theorem 11.4.2. Suppose that in the system (11.1.6), the term F(x, &, %,t, 1) is periodic

in t and satisfies the resonance condition (11.2.4). If the bifurcation function
1wﬁﬂﬂXAuAﬂﬂn+gXﬁﬁgNTﬁ» (11.4.3)

has a simple zero at vy € R3, then X (vy,t,0) persists.

Proof. we define the function
U:R*x R — R*
(QM—H%MMuNﬂm+g&MuNﬂ®)

let vy be a simple zero of X, (v, NT, 0)+4X,,,(v, NT,0), then ¥(vg, 0) = 0 and det(Z%|,,) #
0. Therefore by the implicit function theorem there is a function p — v(p) defined for p
in a neighborhood of p = 0 such that W(v(u), ) = 0 and v(0) = vy and completes the
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proof. N

Example 11.4.3. : Consider the system

i+ i = p(—2® + @ cost) (11.4.4)

Here F(t,x,4,%,u) = (=2 + @ cost) is periodic with period 27, and the solution of

the unperturbed system is

—zcost+ysint+x+ 2
zsint + ycost

zcost —ysint

which is periodic with period 27, so M = N = 1. By direct computation we have

—m(22% — y + y? + bxz + 52°)

Xu(2m, z,y,2,0) = 2m(zy + yz)
271 (xz + 22)
So
—m(dx +62) —w(—1+2y) —m(6x+ 102)
DX, (2m,x,y,2,0) = 21y 27(x + 2) 27y
272 0 27 (z + 22)
We see that
0
XM(QW,E,%,——,O): 0
0
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and

™ 0 27

1
DXM(27T,—,—,—§,O)= T 0 =
-7 0 —7

Then rank(DX, (27, %, 1, —1,0)) =2, and

472 (423 4+ 18222 + 3y?z + 1523 — 3zy + 2zy® + 28722 — 4y2)
Xy = 4r2(—22%y + y* — y3 — 6zyz — Hyz?)
A (=222 + yz — 2y* — 6222 — 523 + 1Y + Y2)

So

T Y z

DX, (2m,2,y,2,0) = ( 0X}, 0XR, 0X3, )

42 (1222 — 3y + 292 + 3622 + 2822)

ox!
TW = 4 (—4zy — 6yz)
42 (—4az — 622 +y)
42 (—=3z + 4y — 4z + 62y)
0X:,
” = | 4r?(—22% + 2y — 3y* — 622 — 52?)

4 (z — 22y + + 2)
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42 (182% + 56z — 4y + 3y* + 4522)

0X},
P 472 (—6xy — 10y2)
A3 (=22% +y —y* — 1222 — 152 + )
thus
0 0 27°
11

DXMM(2W7 27 Ea ) ) - 2772 0 47T2

0 0 —272

then rank(DX,,(2m, 1,1, —1,0)) = 2 and we have

192999 9

11 1

k(Do(2m, =, =, —=
ran ( O—( 7r72727 270))

=2

Since 22(3,1,—1,2m,0) # 0, 2(3,1,—1,27,0) # 0 and g_;(g,g,_g,%,()) = 0, then
by using the Implicit Function theorem we have z = hy(y,pu) and z = ho(y,p) in a
sufficiently small neighborhood of the point(%,%,——%,2W,0)such,that% :ihq<%,0),——%::

ha(3,0) and o(hy(y, ), y, haly, p)2m, , 1) = 0.
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