


 
 
 
 
 
 
 
 
 
 
 
 

Apresentação 
 
 

 
O objetivo principal desta resolução do Banco de Questões (extraído das 

avaliações escritas de turmas de Cálculo Unificado da Universidade Federal de Alagoas 

- UFAL) é auxiliar no desempenho dos estudantes da disciplina Cálculo 1, que durante 

o processo de conhecimento começam a inserir-se no aprendizado, mostrando-lhes uma 

noção de como resolver questões das provas realizadas, visando sempre a clareza e 

objetividade na obtenção dos resultados e suas implicações referentes ao quesito de 

modo a melhorar seu desempenho acadêmico na disciplina.  

Esse Volume 1 contém as avaliações aplicadas durante os semestres letivos 

2015.1 e 2015.2, bem como as resoluções das mesmas, divididos em dois capítulos (14 

e 15), respectivamente aos semestres letivos citados. Os registros anteriores estão 

disponíveis no site do Instituto de Matemática da UFAL, os quais consistem no Banco 

de Questões organizado pelas docentes Natália Pinheiro e Viviane Oliveira, dividido em 

sete capítulos sendo o capítulo 7 destinado às provas do semestre letivo 2011.2.   

As provas dos semestres subsequentes de 2012.1 a 2014.2 não foram incluídas 

no banco de questões. Esse material é fruto de uma iniciativa própria do autor em dar 

continuidade ao trabalho das docentes Natália e Viviane, durante o tempo em que o 

mesmo foi monitor efetivo da disciplina Cálculo 1. 
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Capítulo 14  

2015.1 

 

1.1 1ª Prova – 10 de Abril de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→8

√𝑥
3 − 2

𝑥 − 8
. 

 
𝑏) 𝑆𝑒𝑗𝑎 𝑓  𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑓(𝑥) = 𝑥|𝑥 − 1|.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 3. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2+
sen𝑥

𝑥
. 

 

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √1− 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,0). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 
 

𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) =
√1+ 𝑥 − 1

𝑥
; 𝑥 ≠ 0.𝐷𝑒𝑓𝑖𝑛𝑎 𝑓(0) 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 tg 𝑥 = 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
 

𝑓(𝑥) = {
2(𝑥+2) ,               𝑥 ≤ 0
log10 𝑥

2 ,   0 < 𝑥 < 2

log104 ,             𝑥 ≥ 2

 

𝑒𝑚 ℝ. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 𝑂 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 (𝑒𝑚 𝑚𝑒𝑡𝑟𝑜𝑠) 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑚𝑜𝑣𝑒𝑛𝑑𝑜-𝑠𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 
𝑑𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑠 = 𝑡2 −10𝑡 + 18,𝑒𝑚 𝑞𝑢𝑒 𝑡 é 𝑚𝑒𝑑𝑖𝑑𝑜 𝑒𝑚 

𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠. 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑚é𝑑𝑖𝑎 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [3,4]. 

 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑡 = 4.   
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏. 
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→8

√𝑥
3 − 2

𝑥 − 8
. 

lim
𝑥→8

√𝑥
3 − 2

𝑥 − 8
= lim
𝑥→8

√𝑥
3 − 2

(√𝑥
3 )

3
− (2)3

 

                      = lim
𝑥→8

√𝑥
3 − 2

(√𝑥
3 − 2)(√𝑥2

3
+ 2√𝑥

3 +4)
 ;  
𝑆𝑒 √𝑥

3 → 2 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 → 8.

𝑒𝑛𝑡ã𝑜 (√𝑥
3 − 2) ≠ 0

 

                      = lim
𝑥→8

1

√𝑥2
3

+2√𝑥
3 +4

 

                      =
lim
𝑥→8
1

√lim
𝑥→8
𝑥23 + 2√lim

𝑥→8
𝑥3 + lim

𝑥→8
4

 

                      =
1

√64
3 + 2√8

3 + 4
 

                      =
1

4 + 4+ 4
 

                      =
1

12
.  

 
𝑏) 𝑆𝑒𝑗𝑎 𝑓  𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑓(𝑥) = 𝑥|𝑥 − 1|.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 3. 
 
𝑃𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 3 ∶    𝑓(3) = 3|3 − 1| = 3|2| = 6.   𝑃𝑜𝑛𝑡𝑜 (3,6). 
 

𝑓(𝑥) = {
𝑥2 −𝑥,          𝑥 ≥ 1

−(𝑥2 − 𝑥),   𝑥 < 1
 

 
𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (3,6): 

 

𝑚 = 𝑓 ′(3) = lim
ℎ→0

𝑓(3 + ℎ) − 𝑓(3)

ℎ
 

                     = lim
ℎ→0

(3 + ℎ)2 − (3 + ℎ) − 6

ℎ
 

                     = lim
ℎ→0

9 + 6ℎ+ ℎ2 −3 − ℎ − 6

ℎ
 

                     = lim
ℎ→0

5ℎ + ℎ2

ℎ
 

                     = lim
ℎ→0

ℎ(5 + ℎ)

ℎ
 ;    ℎ ≠ 0 

                     = lim
ℎ→0
(5 + ℎ) 

                     = 5. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (3,6): 

 
𝑦 − 6 = 5(𝑥 − 3) 
𝑦 = 5𝑥 − 9 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2+
sen𝑥

𝑥
. 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 
𝑓 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, lim

𝑥→∞
𝑓(𝑥) = 𝐿    𝑜𝑢    lim

𝑥→−∞
𝑓(𝑥) = 𝐿. 

 
𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑥, 𝑡𝑒𝑚𝑜𝑠 

 
−1 ≤ sen𝑥 ≤ 1 

𝑃𝑎𝑟𝑎 𝑥 > 0, 𝑡𝑒𝑚𝑜𝑠 
 

−
1

𝑥
≤
sen𝑥

𝑥
≤
1

𝑥
 

 

𝐶𝑜𝑚𝑜 lim
𝑥→∞

−
1

𝑥
= lim
𝑥→∞

1

𝑥
= 0, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜 lim

𝑥→∞

sen𝑥

𝑥
= 0. 

 
𝐴𝑛𝑎𝑙𝑜𝑔𝑎𝑚𝑒𝑛𝑡𝑒, 𝑝𝑎𝑟𝑎 𝑥 < 0, 𝑡𝑒𝑚𝑜𝑠: 

 
1

𝑥
≤
sen𝑥

𝑥
≤ −

1

𝑥
 

 

𝐶𝑜𝑚𝑜 lim
𝑥→−∞

1

𝑥
= lim
𝑥→−∞

−
1

𝑥
= 0,𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜 lim

𝑥→−∞

sen𝑥

𝑥
= 0. 

 

𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑜𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑑𝑜𝑠 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟𝑒𝑠 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2+
sen𝑥

𝑥
: 

 

lim
𝑥→∞

𝑦 = lim
𝑥→∞

(2 +
sen𝑥

𝑥
) = lim

𝑥→∞
2 + lim

𝑥→∞

sen 𝑥

𝑥
= 2 + 0 = 2. 

 

lim
𝑥→−∞

𝑦 = lim
𝑥→−∞

(2 +
sen𝑥

𝑥
) = lim

𝑥→−∞
2 + lim

𝑥→−∞

sen 𝑥

𝑥
= 2 + 0 = 2. 

 

𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 2 é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2+
sen𝑥

𝑥
.  

 

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √1− 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,0). 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑. 

 

𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) =
√1+ 𝑥 − 1

𝑥
; 𝑥 ≠ 0.𝐷𝑒𝑓𝑖𝑛𝑎 𝑓(0) 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 0, 𝑝𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒, 
 

 𝑓(0) = lim
𝑥→0

𝑓(𝑥). 
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lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

√1+ 𝑥 − 1

𝑥
 

                 = lim
𝑥→0

√1+ 𝑥 − 1

𝑥
.
√1 + 𝑥 + 1

√1+ 𝑥 + 1
 

                 = lim
𝑥→0

(1 + 𝑥) − 1

𝑥. (√1 + 𝑥 + 1)
 

                 = lim
𝑥→0

𝑥

𝑥(√1 + 𝑥 + 1)
 ;     𝑆𝑒 𝑥 → 0, 𝑒𝑛𝑡ã𝑜 𝑥 ≠ 0 

                 = lim
𝑥→0

1

√1+ 𝑥 + 1
 

                 =
lim
𝑥→0

1

√lim
𝑥→0

1 + lim
𝑥→0

𝑥 + lim
𝑥→0
1

 

                 =
1

√1+ 0+ 1
 

                 =
1

2
. 

 

𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 0,𝑑𝑒𝑓𝑖𝑛𝑖𝑚𝑜𝑠 𝑓(0) =
1

2
.  

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 tg 𝑥 = 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙. 

 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = tg 𝑥 − 𝑥.  𝐴 𝑓𝑢𝑛çã𝑜 é 𝑓 é 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑒𝑙𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛ç𝑎 
𝑒𝑛𝑡𝑟𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 𝑠𝑒𝑢𝑠 𝑑𝑜𝑚í𝑛𝑖𝑜𝑠 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑠𝑒𝑢 

𝑑𝑜𝑚í𝑛𝑖𝑜. 𝐿𝑜𝑔𝑜, 

 

𝐷(𝑓) = {𝑥 ∈ ℝ | 𝑥 ≠
𝜋

2
+ 𝑘𝜋,   𝑐𝑜𝑚 𝑘 ∈ ℤ} 

 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−
𝜋

4
,
𝜋

4
] . 𝑁𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜, 𝑡𝑒𝑚𝑜𝑠: 

 

𝑓 (−
𝜋

4
) = tg (−

𝜋

4
) − (−

𝜋

4
) = −1+

𝜋

4
∴   𝑓 (−

𝜋

4
) < 0. 

 

𝑓 (
𝜋

4
) = tg (

𝜋

4
) − (

𝜋

4
) = 1 −

𝜋

4
∴ 𝑓 (

𝜋

4
) > 0. 

 

𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−
𝜋

4
,
𝜋

4
]  𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 

𝑒𝑛𝑡𝑟𝑒 𝑓 (−
𝜋

4
)  𝑒 𝑓(

𝜋

4
) , 𝑒𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 

𝑛ú𝑚𝑒𝑟𝑜 𝑥 ∈ (−
𝜋

4
,
𝜋

4
)  𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑥) = 0. 𝐷𝑒 𝑡𝑎𝑙 𝑚𝑜𝑑𝑜, 

 
𝑓(𝑥) = 0⟹ tg 𝑥 = 𝑥  

 
𝐿𝑜𝑔𝑜, 𝑎 𝑒𝑞𝑢𝑎çã𝑜 tg 𝑥 = 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒.𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
 

𝑓(𝑥) = {
2(𝑥+2) ,               𝑥 ≤ 0

log10 𝑥
2 ,   0 < 𝑥 < 2

log104 ,             𝑥 ≥ 2

 

𝑒𝑚 ℝ. 
 
𝐴 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑝𝑎𝑟𝑡𝑒𝑠, 𝑒𝑠𝑡𝑎𝑠 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑑𝑎𝑠 𝑝𝑜𝑟 
𝑓𝑢𝑛çõ𝑒𝑠 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙, 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒,𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒 . 𝐸𝑠𝑠𝑎𝑠 
𝑓𝑢𝑛çõ𝑒𝑠 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 𝑠𝑒𝑢𝑠 𝑑𝑜𝑚í𝑛𝑖𝑜𝑠, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑝𝑎𝑟𝑎 𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 
𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒, 𝑒𝑠𝑡𝑎𝑠 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ 𝑒,𝑒𝑚 𝑐𝑜𝑛𝑡𝑟𝑎𝑝𝑎𝑟𝑡𝑖𝑑𝑎, 
𝑎 𝑓𝑢𝑛çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 > 0. 
 
𝐶𝑜𝑚 𝑏𝑎𝑠𝑒 𝑛𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 
(−∞,0) ∪ (0,2)∪ (2,∞). 𝑃𝑎𝑟𝑎 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 

𝑓𝑎𝑙𝑡𝑎 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 0 𝑒 𝑒𝑚 𝑥 = 2. 
 
 𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 0, 
 

𝑓(0) = lim
𝑥→0

𝑓(𝑥)  ⇔ {

𝑓(0) = lim
𝑥→0−

𝑓(𝑥)

𝑒
𝑓(0) = lim

𝑥→0+
𝑓(𝑥)

 

 

𝑓(0) = 2(0+2) = 22 = 4. 
 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

2(𝑥+2) = 2
lim
𝑥→0−

(𝑥+2)
= 2(0+2) = 22 = 4. 

 
lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

[log10 𝑥
2] = −∞. 

 
𝐶𝑜𝑚𝑜 lim

𝑥→0+
𝑓(𝑥)  𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 0. 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 2  

𝑓(2) = lim
𝑥→0

𝑓(2)  ⇔ {

𝑓(2) = lim
𝑥→2−

𝑓(𝑥)

𝑒
𝑓(2) = lim

𝑥→2+
𝑓(𝑥)

 

 
𝑓(2) = log10 4 

 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

[log10 𝑥
2] = log10 [ lim

𝑥→2−
𝑥2] = log102

2 = log10 4 

 
lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

[log104] = log10 4. 

 
𝐶𝑜𝑚𝑜 𝑓(2) = lim

𝑥→2−
𝑓(𝑥) = lim

𝑥→2+
𝑓(𝑥) , 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 2 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑚 

𝑎𝑠 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟𝑒𝑠, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖-𝑠𝑒 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,0) ∪ (0,∞).  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓.𝑂 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 (𝑒𝑚 𝑚𝑒𝑡𝑟𝑜𝑠) 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑚𝑜𝑣𝑒𝑛𝑑𝑜-𝑠𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 
𝑑𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑠 = 𝑡2 −10𝑡 + 18,𝑒𝑚 𝑞𝑢𝑒 𝑡 é 𝑚𝑒𝑑𝑖𝑑𝑜 𝑒𝑚 

𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠. 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑚é𝑑𝑖𝑎 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [3,4]. 

 
𝐴 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑚é𝑑𝑖𝑎 (𝑉𝑚) é 𝑎 𝑟𝑎𝑧ã𝑜 𝑒𝑛𝑡𝑟𝑒 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑝𝑒𝑟𝑐𝑜𝑟𝑟𝑖𝑑𝑎 𝑝𝑒𝑙𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 

𝑒 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜 𝑑𝑒𝑐𝑜𝑟𝑟𝑖𝑑𝑜 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑡𝑒 𝑎𝑜 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜. 𝑁𝑒𝑠𝑡𝑒 𝑐𝑎𝑠𝑜, 

 

𝑉𝑚 =
𝑠(4) − 𝑠(3)

4 − 3
 

 

      =
42 − 10 × 4+ 18− (32 −10 × 3+ 18)

1
 

 
      = 16 − 40 + 18− 9+ 30− 18 
 
       = −3𝑚 𝑠⁄   
 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑡 = 4. 
 
𝐴 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑎 é 𝑑𝑎𝑑𝑎 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑒𝑙𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 
𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 𝑛𝑢𝑚 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑡. 𝐿𝑜𝑔𝑜, 

 

𝑉4 = lim
ℎ→0

𝑠(4 + ℎ) − 𝑠(4)

ℎ
 

 

     = lim
ℎ→0

(4 + ℎ)2 − 10(4+ ℎ) + 18− (−6)

ℎ
 

 

     = lim
ℎ→0

16 + 8ℎ+ ℎ2 −40 − 10ℎ + 18+ 6

ℎ
 

 

     = lim
ℎ→0

ℎ2 − 2ℎ

ℎ
 

 

     = lim
ℎ→0

ℎ(ℎ − 2)

ℎ
 

 
     = lim

ℎ→0
(ℎ − 2) 

 
     = −2𝑚 𝑠⁄ .  
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1.2 1ª Prova – 11 de Abril de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→2−

√4− 𝑥2

𝑥 − 2
. 

 
𝑏) 𝐴𝑐ℎ𝑒 𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑓(𝑥) = 𝑓 ′(𝑥),𝑜𝑛𝑑𝑒 𝑓(𝑥) = 𝑥2 + 3𝑥 + 1. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 , 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚,𝑑𝑒 𝑓(𝑥) =
|𝑥|2 − |𝑥| + 6

|𝑥2 − 𝑥 + 6|
. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 
𝑛ú𝑚𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 𝑞𝑢𝑒 é 𝑖𝑔𝑢𝑎𝑙 𝑎𝑜 𝑑𝑜𝑏𝑟𝑜 𝑑𝑜 𝑠𝑒𝑢 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜. 
 

𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥3. sen(
1

𝑥
) , 𝑥 ≠ 0. 

 
𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim

𝑥→0
𝑓(𝑥). 

 
𝑏) 𝑆𝑒𝑗𝑎 𝑔(𝑥) = 1 − 𝑓(𝑥).𝐷𝑒𝑓𝑖𝑛𝑎 𝑔(0) 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑔 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 

𝑥 = 0, 𝑜𝑛𝑑𝑒 𝑓 é 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑜 𝑖𝑡𝑒𝑚 (𝑎). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4.  𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 
 

𝑓(𝑥) = {
cos(𝜋𝑥) ,   𝑥 < 1                  

𝑚𝑥2 +3𝑥 + 𝑛,   1 ≤ 𝑥 < 2
𝑚𝑥 + 𝑛,   𝑥 ≥ 2                    

 

 
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚 𝑒 𝑛 𝑝𝑎𝑟𝑎 𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 𝑆𝑒 𝑢𝑚𝑎 𝑏𝑜𝑙𝑎 𝑓𝑜𝑟 𝑒𝑚𝑝𝑢𝑟𝑟𝑎𝑑𝑎 𝑙𝑎𝑑𝑒𝑖𝑟𝑎 𝑎𝑏𝑎𝑖𝑥𝑜,𝑠𝑜𝑏𝑟𝑒 𝑢𝑚 𝑝𝑙𝑎𝑛𝑜 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑑𝑜, 
𝑎 𝑢𝑚𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑑𝑒 5 𝑚 𝑠⁄  , 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑞𝑢𝑒 𝑒𝑙𝑎 𝑡𝑒𝑟á 𝑟𝑜𝑙𝑎𝑑𝑜,𝑎𝑝ó𝑠 𝑡 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠 
𝑠𝑒𝑟á 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝑠 = 5𝑡 + 3𝑡2. 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑢𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑝ó𝑠 2𝑠. 

 
𝑏) 𝑄𝑢ã𝑜 𝑙𝑜𝑛𝑔𝑒 𝑒𝑙𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑝𝑎𝑟𝑡𝑖𝑑𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑡𝑖𝑛𝑔𝑖𝑟 
35𝑚 𝑠⁄ ?  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏. 
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→2−

√4− 𝑥2

𝑥 − 2
 ; 

 

lim
𝑥→2−

√4− 𝑥2

𝑥 − 2
= lim
𝑥→2−

(
√4− 𝑥2

𝑥 − 2
.
√4 − 𝑥2

√4− 𝑥2
) = lim

𝑥→2−

4 − 𝑥2

(𝑥 − 2)√4− 𝑥2
= 

lim
𝑥→2−

(2 − 𝑥)(2 + 𝑥)

(𝑥 − 2)√4− 𝑥2
= lim
𝑥→2−

−(𝑥 − 2)(𝑥 + 2)

(𝑥 − 2)√4− 𝑥2
;   
𝑆𝑒 𝑥 → 2− , 𝑒𝑛𝑡ã𝑜 𝑥 < 2.
𝐿𝑜𝑔𝑜, (𝑥 − 2) < 0

 

lim
𝑥→2−

−(𝑥 + 2)

√4 − 𝑥2
; 

 

 
∗ 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟,𝑡𝑒𝑚𝑜𝑠: 

 
𝑆𝑒 𝑥 → 2− , 𝑒𝑛𝑡ã𝑜 4 − 𝑥2 → 0+ .𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

lim
𝑥→2−

−(𝑥 + 2)⏞      

−4
↑

√4− 𝑥2⏟    
↓
0+

= −∞ ,𝑝𝑜𝑟 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜, lim
𝑥→2−

√4− 𝑥2

𝑥 − 2
 ∄. 

 

 
 
𝑏) 𝐴𝑐ℎ𝑒 𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑓(𝑥) = 𝑓 ′(𝑥),𝑜𝑛𝑑𝑒 𝑓(𝑥) = 𝑥2 + 3𝑥 + 1. 

 
∗ 𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓 ′(𝑥) = lim
∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
 

            = lim
∆𝑥→0

(𝑥 + ∆𝑥)2 +3(𝑥 + ∆𝑥) + 1 − (𝑥2 +3𝑥 + 1)

∆𝑥
 

 

            = lim
∆𝑥→0

𝑥2 +2𝑥∆𝑥 + ∆𝑥2 +3𝑥 + 3∆𝑥 + 1 − 𝑥2 − 3𝑥 − 1

∆𝑥
 

            = lim
∆𝑥→0

2𝑥∆𝑥 + ∆𝑥2 +3∆𝑥

∆𝑥
 

            = lim
∆𝑥→0

∆𝑥(2𝑥 + 3 + ∆𝑥)

∆𝑥
 

            = lim
∆𝑥→0

(2𝑥 + 3+ ∆𝑥) 

            = lim
∆𝑥→0

2𝑥 + lim
∆𝑥→0

3 + lim
∆𝑥→0

∆𝑥 

            = 2𝑥 + 3. 
 
∴ 𝑓 ′(𝑥) = 2𝑥 + 3. 

 
𝑅𝑒𝑠𝑜𝑙𝑣𝑒𝑛𝑑𝑜 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑖𝑛𝑖𝑐𝑖𝑎𝑙𝑚𝑒𝑛𝑡𝑒, 𝑡𝑒𝑚𝑜𝑠: 
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𝑓(𝑥) = 𝑓 ′(𝑥) 
𝑥2 +3𝑥 + 1 = 2𝑥 + 3 
𝑥2 + 𝑥 − 2 = 0 
∆= 1 + 8 = 9 

𝑥 =
−1 ± 3

2
∴ 𝑥1 = −2 𝑒 𝑥2 = 1 

 
∗ 𝐿𝑜𝑔𝑜,𝑥 = −2 𝑒 𝑥 = 1 𝑠ã𝑜 𝑠𝑜𝑙𝑢çõ𝑒𝑠 𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑓(𝑥) = 𝑓 ′(𝑥).𝐶𝑜𝑚𝑝𝑟𝑜𝑣𝑎𝑛𝑑𝑜… 

 
𝑓(−2) = (−2)2 + 3(−2)+ 1 = 4 − 6 + 1 = −1 

𝑓 ′(−2) = 2(−2) + 3 = −4+ 3 = −1 

  
𝑓(1) = 12 +3.1 + 1 = 1 + 3+ 1 = 5 

𝑓 ′(1) = 2.1 + 3 = 2 + 3 = 5 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 , 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚,𝑑𝑒 𝑓(𝑥) =
|𝑥|2 − |𝑥| + 6

|𝑥2 − 𝑥 + 6|
 ; 

∗ 𝑂𝑏𝑠: |𝑥|2 = |𝑥2| = 𝑥2 ;  |𝑥| = {
𝑥,   𝑠𝑒 𝑥 ≥ 0
−𝑥,   𝑠𝑒 𝑥 < 0

. 

→ 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
  

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥2 − 𝑥 + 6 ≠ 0} 
 
𝑥2 − 𝑥 + 6 = 0 

∆= 1− 24 = −23 ∴ ∆< 0 ⇒ 𝑥2 − 𝑥 + 6 ≠ 0 ∀𝑥 ∈ ℝ 

𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 𝑎 𝑓𝑢𝑛çã𝑜 𝑥2 − 𝑥 + 6 é 𝑒𝑠𝑡𝑟𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎 𝑜𝑢 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑎. 
𝑈𝑠𝑎𝑛𝑑𝑜 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑥 = 0 𝑐𝑜𝑚𝑜 𝑟𝑒𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥2 − 𝑥 + 6 > 0, ∀𝑥 ∈ ℝ.  
 
→ 𝐿𝑜𝑔𝑜, |𝑥2 −𝑥 + 6| = 𝑥2 − 𝑥 + 6 ,𝑒 𝑎𝑖𝑛𝑑𝑎, 𝐷(𝑓) = ℝ. 

 

𝑓(𝑥) =
𝑥2 − |𝑥| + 6

𝑥2 − 𝑥 + 6
  ; 𝑓(𝑥) =

{
 

 
𝑥2 − 𝑥 + 6

𝑥2 − 𝑥 + 6
,   𝑠𝑒 𝑥 ≥ 0

𝑥2 + 𝑥 + 6

𝑥2 − 𝑥 + 6
,   𝑠𝑒 𝑥 < 0

⇒ 𝑓(𝑥) = {

1,    𝑥 ≥ 0

𝑥2 + 𝑥 + 6

𝑥2 − 𝑥 + 6
, 𝑥 < 0

 

 
1) 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, 
  

lim
𝑥→+∞

𝑓(𝑥) = 𝐿     𝑜𝑢     lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 
lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

1 = 1 ;𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙! 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑥2 + 𝑥 + 6

𝑥2 − 𝑥 + 6
= lim
𝑥→−∞

𝑥2 (1 +
1
𝑥
+
6
𝑥2
)

𝑥2 (1 −
1
𝑥
+
6
𝑥2
)
= lim
𝑥→−∞

1 +
1
𝑥
+
6
𝑥2

1 −
1
𝑥
+
6
𝑥2

= 
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lim
𝑥→−∞

1 + lim
𝑥→−∞

1
𝑥 + lim

𝑥→−∞

6
𝑥2

lim
𝑥→−∞

1 − lim
𝑥→−∞

1
𝑥 + lim

𝑥→−∞

6
𝑥2

=
1+ 0+ 0

1− 0+ 0
=
1

1
= 1 ; 

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 é 𝑎 ú𝑛𝑖𝑐𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 
2) 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 
𝑎𝑏𝑎𝑖𝑥𝑜: 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞    𝑜𝑢      lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
∗ 𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠  
𝑞𝑢𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜, 
𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒, lim

𝑥→𝑎
𝑓(𝑥)∄. 

 
→ 𝐴 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒 
𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙. 𝐴 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑓𝑢𝑛çã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 (0,+∞) 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 é 𝑣á𝑙𝑖𝑑𝑎.𝐴𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑖𝑠 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑜𝑛𝑑𝑒  
𝑒𝑠𝑡ã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎𝑠, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑒𝑚 𝑠𝑒𝑢𝑠 𝑑𝑜𝑚í𝑛𝑖𝑜𝑠. 𝐶𝑜𝑚𝑜 𝑗á 𝑓𝑜𝑖 𝑐𝑜𝑛𝑠𝑡𝑎𝑡𝑎𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑡𝑒𝑟𝑚𝑜 
𝑥2 − 𝑥 + 6 > 0, ∀𝑥 ∈ ℝ 𝑒 𝑜 𝑛𝑢𝑚𝑒𝑟𝑎𝑑𝑜𝑟 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙, 𝑒𝑛𝑡ã𝑜 𝑒𝑠𝑠𝑎 

𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,0). 
 
∗ 𝐷𝑒𝑠𝑠𝑎 𝑓𝑜𝑟𝑚𝑎, 𝑠ó 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑎 𝑒𝑥𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑒𝑚 
𝑥 = 0 (ú𝑛𝑖𝑐𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑜𝑛𝑑𝑒 𝑛ã𝑜 𝑔𝑎𝑟𝑎𝑛𝑡𝑖𝑚𝑜𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒) 
 
lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

1 = 1; 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

𝑥2 +𝑥 + 6

𝑥2 −𝑥 + 6
=
lim
𝑥→0−

(𝑥2+ 𝑥 + 6)

lim
𝑥→0−

(𝑥2− 𝑥 + 6)
=
lim
𝑥→0−

𝑥2 + lim
𝑥→0−

𝑥 + lim
𝑥→0−

6

lim
𝑥→0−

𝑥2 − lim
𝑥→0−

𝑥 + lim
𝑥→0−

6
=
6

6
= 1 

∗ 𝑂𝑏𝑠: 𝐶𝑜𝑚𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒 𝑑𝑒 𝑧𝑒𝑟𝑜,𝑒𝑛𝑡ã𝑜 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑢𝑠𝑎𝑟 
𝑎 𝑝𝑟𝑜𝑝𝑟𝑖𝑒𝑑𝑎𝑑𝑒 𝑑𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑞𝑢𝑜𝑐𝑖𝑒𝑛𝑡𝑒! 

 
∗ 𝐶𝑜𝑚𝑜 lim

𝑥→0−
𝑓(𝑥) = lim

𝑥→0+
𝑓(𝑥)  𝑒𝑛𝑡ã𝑜 lim

𝑥→0
𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 

𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 

𝑛ú𝑚𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 𝑞𝑢𝑒 é 𝑖𝑔𝑢𝑎𝑙 𝑎𝑜 𝑑𝑜𝑏𝑟𝑜 𝑑𝑜 𝑠𝑒𝑢 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜. 
 
∗ 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ ℝ, 𝑐𝑜𝑚 𝑥 > 0, 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑥 = 2𝑥2. 
 
∗ 𝑆𝑒𝑗𝑎 𝑓(𝑥) = 2𝑥2 − 𝑥 , 𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑚𝑜𝑠 𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓: 
 

𝑓 (
1

4
) = 2. (

1

4
)
2

−
1

4
= 2.

1

16
−
1

4
=
1

8
−
1

4
= −

1

4
 ;    𝑓 (

1

4
) = −

1

4
 

 
𝑓(1) = 2. (1)2 −1 = 2 − 1 = 1 ;                                    𝑓(1) = 1   
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 ∗ 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [
1

4
, 1]  𝑒 𝑓(

1

4
) < 0 < 𝑓(1).𝐸𝑛𝑡ã𝑜, 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 

𝑐 ∈ (
1

4
, 1)  𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑐) = 0. 

 
𝑓(𝑐) = 0 ⇒ 2𝑐2 − 𝑐 = 0 → 2𝑐2 = 𝑐 ;𝐿𝑜𝑔𝑜,𝑐 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 𝑐𝑢𝑗𝑜  
 𝑣𝑎𝑙𝑜𝑟 é 𝑖𝑔𝑢𝑎𝑙 𝑎𝑜 𝑑𝑜𝑏𝑟𝑜 𝑑𝑜 𝑠𝑒𝑢 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜! 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑.𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥3. sen(
1

𝑥
) , 𝑥 ≠ 0. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→0

𝑓(𝑥) ; 

 
∗ ∀𝑥 ∈ ℝ, 𝑐𝑜𝑚 𝑥 ≠ 0, 𝑡𝑒𝑚𝑜𝑠: 

 

−1 ≤ sen(
1

𝑥
) ≤ 1 

                         −𝑥3 ≤ 𝑥3 sen(
1

𝑥
) ≤ 𝑥3  ;    𝑝𝑎𝑟𝑎 𝑥 > 0 

𝑆𝑒𝑗𝑎 𝑔(𝑥) = −𝑥3 𝑒 ℎ(𝑥) = 𝑥3. 𝐿𝑜𝑔𝑜, 𝑔(𝑥) ≤ 𝑓(𝑥) ≤ ℎ(𝑥) 𝑒 𝑎𝑖𝑛𝑑𝑎, lim
𝑥→0+

𝑔(𝑥) = 

lim
𝑥→0+

ℎ(𝑥) = 0, 𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim
𝑥→0+

𝑓(𝑥) = 0. 

 
→ 𝐴𝑛𝑎𝑙𝑜𝑔𝑎𝑚𝑒𝑛𝑡𝑒 … 

−1 ≤ sen(
1

𝑥
) ≤ 1  

                       −𝑥3 ≥ 𝑥3 sen (
1

𝑥
) ≥ 𝑥3  ;    𝑝𝑎𝑟𝑎 𝑥 < 0 

  

𝑆𝑒𝑗𝑎 𝑔(𝑥) = −𝑥3 𝑒 ℎ(𝑥) = 𝑥3. 𝐿𝑜𝑔𝑜, ℎ(𝑥) ≤ 𝑓(𝑥) ≤ 𝑔(𝑥) 𝑒 𝑎𝑖𝑛𝑑𝑎, lim
𝑥→0−

𝑔(𝑥) = 

lim
𝑥→0−

ℎ(𝑥) = 0, 𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim
𝑥→0−

𝑓(𝑥) = 0. 

 
∗ 𝐶𝑜𝑚𝑜 lim

𝑥→0−
𝑓(𝑥) = lim

𝑥→0+
𝑓(𝑥) , 𝑒𝑛𝑡ã𝑜 lim

𝑥→0
𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim

𝑥→0
𝑓(𝑥) = 0. 

 
𝑏) 𝑆𝑒𝑗𝑎 𝑔(𝑥) = 1 − 𝑓(𝑥).𝐷𝑒𝑓𝑖𝑛𝑎 𝑔(0) 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑔 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 

𝑥 = 0, 𝑜𝑛𝑑𝑒 𝑓 é 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑜 𝑖𝑡𝑒𝑚 (𝑎). 
 
𝐷𝑒𝑓𝑖𝑛𝑖çã𝑜: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑎 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, 

𝑓(𝑎) = lim
𝑥→𝑎

𝑓(𝑥) 

 
∗ 𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑔 𝑒𝑚 𝑥 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝑎 𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 

 
𝑔(0) = lim

𝑥→0
𝑔(𝑥) 

= lim
𝑥→0
[1 − 𝑓(𝑥)] 

     = lim
𝑥→0

1 − lim
𝑥→0
𝑓(𝑥) 
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∗ 𝑂𝑏𝑠: 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑟𝑒𝑣𝑒𝑟𝑡𝑒𝑟 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛ç𝑎 𝑑𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑝𝑜𝑟𝑞𝑢𝑒 
𝑒𝑠𝑠𝑒𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚! 

 
𝑔(0) = 1 − 0 = 1. 

𝐿𝑜𝑔𝑜, 𝑎 𝑓𝑢𝑛çã𝑜 𝑔 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑑𝑎 𝑛𝑎 𝑓𝑜𝑟𝑚𝑎 𝑔(𝑥) = {
1 − 𝑓(𝑥),   𝑥 ≠ 0

1,   𝑥 = 0
. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒.𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 

 

𝑓(𝑥) = {

cos(𝜋𝑥) ,   𝑥 < 1                  

𝑚𝑥2 +3𝑥 + 𝑛,   1 ≤ 𝑥 < 2
𝑚𝑥 + 𝑛,   𝑥 ≥ 2                    

 

 
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚 𝑒 𝑛 𝑝𝑎𝑟𝑎 𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 

 
∗ 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑒 𝑠𝑒𝑟á 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑜𝑛𝑑𝑒 𝑎𝑠 𝑠𝑢𝑎𝑠 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎𝑠  

𝑓𝑜𝑟𝑒𝑚 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑝𝑟𝑒𝑑𝑜𝑚𝑖𝑛𝑎𝑚. 

 
𝐴 𝑓𝑢𝑛çã𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 cos(𝜋𝑥)  é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, cos(𝜋𝑥)  é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ,𝑝𝑜𝑟é𝑚, 𝑒𝑙𝑎 𝑝𝑟𝑒𝑑𝑜𝑚𝑖𝑛𝑎 𝑎𝑝𝑒𝑛𝑎𝑠 
𝑝𝑎𝑟𝑎 𝑥 < 1. 𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,1). 

 
𝐴 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑒 𝑡𝑒𝑟𝑐𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎𝑠 𝑠ã𝑜 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑖𝑠 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠  

𝑒𝑚 ℝ.𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜𝑛𝑑𝑒 𝑒𝑠𝑠𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑟𝑒𝑑𝑜𝑚𝑖𝑛𝑎𝑚, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 
𝑒𝑚 (1,2)∪ (2, +∞) 

 
𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,1) ∪ (1,2)∪ (2,+∞).  
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑏𝑎𝑠𝑡𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟𝑚𝑜𝑠 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑖𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚 𝑒 
𝑛 𝑡𝑜𝑟𝑛𝑎𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 1 𝑒 𝑒𝑚 𝑥 = 2 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑎𝑚𝑒𝑛𝑡𝑒. 

 
∗ 𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑛𝑢𝑚 𝑝𝑜𝑛𝑡𝑜,𝑡𝑒𝑚𝑜𝑠 𝑓(𝑎) = lim

𝑥→𝑎
𝑓(𝑥) ; 

−𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 1 ∶ 
                               1) 𝑓(1) = 𝑚 +𝑛 + 3 

                               2) lim
𝑥→1

𝑓(𝑥) ; 

                                    lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

(𝑚𝑥2 + 3𝑥 + 𝑛) = 𝑚 + 𝑛 + 3 

                                    lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

cos(𝜋𝑥) = cos𝜋 = −1 

 
∗ 𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 lim

𝑥→1
𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑎, lim

𝑥→1−
𝑓(𝑥) = lim

𝑥→1+
𝑓(𝑥) , 𝑙𝑜𝑔𝑜…  

𝑚+𝑛 + 3 = −1 

  𝑚+ 𝑛 = −4     (𝐼)  
 
−𝐴𝑛𝑎𝑙𝑜𝑔𝑎𝑚𝑒𝑛𝑡𝑒, 𝑝𝑎𝑟𝑎 𝑥 = 2 ∶ 
                             1) 𝑓(2) = 2𝑚 +𝑛  
                             2) lim

𝑥→2
𝑓(𝑥) ; 

                                  lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

(𝑚𝑥 + 𝑛) = 2𝑚 + 𝑛 

                                  lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

(𝑚𝑥2 + 3𝑥 + 𝑛) = 4𝑚 +𝑛 + 6 
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∗ 𝑃𝑎𝑟𝑎 𝑞𝑢𝑒  lim
𝑥→2

𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑎, lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2−

𝑓(𝑥) , 𝑙𝑜𝑔𝑜… 

2𝑚 + 𝑛 = 4𝑚 + 𝑛 + 6 
2𝑚 = −6 
𝑚 = −3 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑝𝑎𝑟𝑎 𝑚 = −3, lim

𝑥→2
𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim

𝑥→2
𝑓(𝑥) = −6+ 𝑛 𝑒 𝑓(2) = −6 + 𝑛 

∗ 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 2 𝑝𝑎𝑟𝑎 𝑚 = −3; 

 
→ 𝑉𝑜𝑙𝑡𝑎𝑛𝑑𝑜 à 𝑒𝑞𝑢𝑎çã𝑜 (𝐼),𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝑛 = −4 −𝑚 ∴ 𝑛 = −1. 𝑃𝑎𝑟𝑎 𝑒𝑠𝑡𝑒 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑛 
lim
𝑥→1

𝑓(𝑥) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim
𝑥→1

𝑓(𝑥) = −1 𝑒 𝑓(1) = −1. 

 
∗ 𝐶𝑜𝑛𝑐𝑙𝑢𝑠ã𝑜: 𝑝𝑎𝑟𝑎 𝑚 = −3 𝑒 𝑛 = −1 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 1, 𝑥 = 2 𝑒, 
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑖𝑛𝑖𝑐𝑖𝑎𝑙𝑚𝑒𝑛𝑡𝑒, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,+∞),  
𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓.𝑆𝑒 𝑢𝑚𝑎 𝑏𝑜𝑙𝑎 𝑓𝑜𝑟 𝑒𝑚𝑝𝑢𝑟𝑟𝑎𝑑𝑎 𝑙𝑎𝑑𝑒𝑖𝑟𝑎 𝑎𝑏𝑎𝑖𝑥𝑜,𝑠𝑜𝑏𝑟𝑒 𝑢𝑚 𝑝𝑙𝑎𝑛𝑜 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑑𝑜, 
𝑎 𝑢𝑚𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑑𝑒 5 𝑚 𝑠⁄  , 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑞𝑢𝑒 𝑒𝑙𝑎 𝑡𝑒𝑟á 𝑟𝑜𝑙𝑎𝑑𝑜,𝑎𝑝ó𝑠 𝑡 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠 
𝑠𝑒𝑟á 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝑠 = 5𝑡 + 3𝑡2. 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑢𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑝ó𝑠 2𝑠. 

 
𝐷𝑜 𝐶á𝑙𝑐𝑢𝑙𝑜 1,𝑎 𝑖𝑛𝑡𝑒𝑟𝑝𝑟𝑒𝑡𝑎çã𝑜 𝑐𝑖𝑛𝑒𝑚á𝑡𝑖𝑐𝑎 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑐𝑜𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜 

𝑑𝑒 𝑐𝑜𝑟𝑝𝑜𝑠, 𝑛𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎 𝑞𝑢𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑡 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 

𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑠𝑖çã𝑜 × 𝑡𝑒𝑚𝑝𝑜, 𝑜𝑢 𝑠𝑒𝑗𝑎, 

 

𝑣(𝑡) = 𝑠′(𝑡) = lim
∆𝑡→0

𝑠(𝑡 + ∆𝑡) − 𝑠(𝑡)

∆𝑡
 

                         = lim
∆𝑡→0

5(𝑡 + ∆𝑡) + 3(𝑡 + ∆𝑡)2 − (5𝑡 + 3𝑡2)

∆𝑡
 

                         = lim
∆𝑡→0

5𝑡 + 5∆𝑡 + 3𝑡2 +6𝑡∆𝑡 + 3∆𝑡2 −5𝑡 − 3𝑡2

∆𝑡
 

                         = lim
∆𝑡→0

5∆𝑡 + 6𝑡∆𝑡 + 3∆𝑡2

∆𝑡
 

                         = lim
∆𝑡→0

∆𝑡(5 + 6𝑡 + ∆𝑡)

∆𝑡
 

                         = lim
∆𝑡→0

(5 + 6𝑡 + ∆𝑡) 

               𝑣(𝑡) = 6𝑡 + 5 

 
∗ 𝐸𝑚 𝑡 = 2𝑠, 𝑡𝑒𝑚𝑜𝑠 𝑣(2) = 6(2) + 5 = 12+ 5 = 17𝑚 𝑠⁄  

 
𝑏) 𝑄𝑢ã𝑜 𝑙𝑜𝑛𝑔𝑒 𝑒𝑙𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑝𝑎𝑟𝑡𝑖𝑑𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑡𝑖𝑛𝑔𝑖𝑟 
35𝑚 𝑠⁄ ? 

𝑣(𝑡) = 35 ⇒ 6𝑡 + 5 = 35 → 6𝑡 = 30 ∴ 𝑡 = 5𝑠 
𝑠(5) = 5(5)+ 3(5)2 = 25+ 75 = 100𝑚. 

 
∗ 𝐴 𝑏𝑜𝑙𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑎 100𝑚 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑝𝑎𝑟𝑡𝑖𝑑𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑡𝑖𝑛𝑔𝑖𝑟  
35𝑚 𝑠⁄ .    
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1.3 2ª Prova – 08 de Maio de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝐴𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑦 = 𝑥 + 𝑎𝑥 + 𝑏   𝑒 𝑦 = 𝑐𝑥 − 𝑥2 𝑡ê𝑚 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑐𝑜𝑚𝑢𝑚 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,0),𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎, 𝑏 𝑒 𝑐. 
 

𝑏) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑓(𝑥 − 1) = 𝑔(ℎ(𝑥2 −1)), 𝑞𝑢𝑒 ℎ(15) = 0, ℎ′(15) = 1 𝑒 𝑞𝑢𝑒  
𝑔′(0) = 2. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′(3). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 

 

𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔,𝑒𝑛𝑡ã𝑜 𝑠𝑒 𝑡𝑒𝑚 𝑔′(𝑥) =
1

𝑓 ′(𝑦)
 

𝑆𝑒𝑗𝑎 𝑦 = 𝑔(𝑥),𝑒 𝑔−1(𝑥) = 𝑓(𝑥) ,𝑒𝑛𝑡ã𝑜 𝑓(𝑔(𝑥)) = 𝑥. 

 
𝑏) 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑒 𝑓−1 𝑠𝑒𝑗𝑎𝑚 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠,𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 

𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏) 𝑛𝑢𝑛𝑐𝑎 é 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 à 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓−1(𝑥) 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑏,𝑎). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑚, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚, 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑥2+ 4𝑦2 = 36 
𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎𝑚 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (12,3). 
 

𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 lim
𝑥→0

sen(𝑥5)

(1 − 𝑒𝑥)𝑥4
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 

 

𝑎) 𝑆𝑒 𝑓(𝑥) =
1

𝜋 + (arctg𝑥)2
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 

𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 1. 
 
𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦. tg(𝑥 + 𝑦) = 4 𝑛ã𝑜 𝑎𝑑𝑚𝑖𝑡𝑒 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 
 

𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒
𝑑

𝑑𝑥
[sen4(𝑥) + cos4 𝑥] = cos (4𝑥 +

𝜋

2
). 

 

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑠𝑒 𝑓(𝑥) = arcsec𝑥 , 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) =
1

𝑥√𝑥2 − 1
; 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
(𝑎) 𝐴𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑦 = 𝑥 + 𝑎𝑥 + 𝑏   𝑒 𝑦 = 𝑐𝑥 − 𝑥2 𝑡ê𝑚 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑐𝑜𝑚𝑢𝑚 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,0),𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎, 𝑏 𝑒 𝑐. 
 
∗ 𝑆𝑒 𝑎𝑚𝑏𝑎𝑠 𝑎𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑝𝑜𝑠𝑠𝑢𝑒𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,0) 𝑖𝑚𝑝𝑙𝑖𝑐𝑎 
𝑑𝑖𝑧𝑒𝑟 𝑞𝑢𝑒 𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑒 𝑞𝑢𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 é 𝑖𝑔𝑢𝑎𝑙  
𝑝𝑎𝑟𝑎 𝑎𝑚𝑏𝑎𝑠. 𝐿𝑜𝑔𝑜, 

 
1) 𝐶𝑜𝑛𝑑𝑖çã𝑜 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 = (1,0) 𝑝𝑒𝑟𝑡𝑒𝑛ç𝑎 à𝑠 𝑐𝑢𝑟𝑣𝑎𝑠: 

 
𝑦1 = 𝑥 + 𝑎𝑥 + 𝑏                          𝑦2 = 𝑐𝑥 − 𝑥

2 
  0 = 1+ 𝑎 + 𝑏                              0 =  𝑐 − 1 

𝑎 + 𝑏 = −1                                     𝑐 = 1             →       𝑦2 = 𝑥 − 𝑥
2 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑐 = 1 𝑒 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑎 + 𝑏 = −1 (𝑒𝑞. 1) 
 
2) 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑐𝑟𝑖𝑡é𝑟𝑖𝑜: 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 𝑠ã𝑜 𝑖𝑔𝑢𝑎𝑖𝑠 𝑝𝑎𝑟𝑎 
𝑎𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑑𝑎𝑑𝑎𝑠. 

 

𝑦′
1
= 1 + 𝑎                                𝑦′

2
= 1− 2𝑥 

𝑦′
1
(1) = 1 + 𝑎                         𝑦′

2
(1) = 1 − 2 = −1 

 
𝐶𝑜𝑚𝑜 𝑦′

1
(1) = 𝑦′

2
(1) ⇒ 1 + 𝑎 = −1 ∴ 𝑎 = −2 . 

𝑉𝑜𝑙𝑡𝑎𝑛𝑑𝑜 à 𝑒𝑞.1, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝑎 + 𝑏 = −1 → −2+ 𝑏 = −1 ∴ 𝑏 = 1 

 
𝑦1 = 𝑥 − 2𝑥 + 1                        𝑦2 = 𝑥 − 𝑥

2 

𝑦1 = −𝑥 + 1  
 
(𝑏) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑓(𝑥− 1) = 𝑔(ℎ(𝑥2− 1)), 𝑞𝑢𝑒 ℎ(15) = 0, ℎ′(15) = 1 𝑒 𝑞𝑢𝑒  
𝑔′(0) = 2. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′(3). 

 
∗ 𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑚𝑒𝑚𝑏𝑟𝑜𝑠 𝑑𝑎 𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑝𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎,𝑜𝑏𝑡𝑒𝑚𝑜𝑠:  

 
𝑑

𝑑𝑥
[𝑓(𝑥 − 1)] =

𝑑

𝑑𝑥
[𝑔(ℎ(𝑥2 −1))] 

[𝑓 ′(𝑥 − 1)].
𝑑

𝑑𝑥
(𝑥 − 1) = [𝑔′(ℎ(𝑥2 −1))].

𝑑

𝑑𝑥
[ℎ(𝑥2 − 1)] 

𝑓 ′(𝑥 − 1) = 𝑔′(ℎ(𝑥2 −1)). ℎ′(𝑥2 −1).
𝑑

𝑑𝑥
(𝑥2− 1) 

𝑓 ′(𝑥 − 1) = 𝑔′(ℎ(𝑥2 −1)). ℎ′(𝑥2 −1). [2𝑥] 

 
𝑓 ′(𝑥 − 1) = 𝑓 ′(3) ⇒ 𝑥 − 1 = 3 ∴ 𝑥 = 4 .𝐿𝑜𝑔𝑜, 

 
𝑓 ′(3) = 𝑔′(ℎ(42 −1)). ℎ′(42 − 1).[2.4] 

𝑓 ′(3) = 𝑔′(ℎ(16− 1)). ℎ′(16− 1).8 

𝑓 ′(3) = 𝑔′(ℎ(15)).ℎ′(15).8 

𝑓 ′(3) = 𝑔′(0).1.8 

𝑓 ′(3) = 2.8 = 16 



18 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 

(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔, 𝑒𝑛𝑡ã𝑜 𝑠𝑒 𝑡𝑒𝑚 𝑔′(𝑥) =
1

𝑓 ′(𝑦)
 

𝑆𝑒𝑗𝑎 𝑦 = 𝑔(𝑥),𝑒 𝑔−1(𝑥) = 𝑓(𝑥) ,𝑒𝑛𝑡ã𝑜 𝑓(𝑔(𝑥)) = 𝑥. 

 
 

𝑓(𝑔(𝑥)) = 𝑥  

𝑑

𝑑𝑥
[𝑓(𝑔(𝑥))] =

𝑑

𝑑𝑥
[𝑥] 

𝑓 ′(𝑔(𝑥)). 𝑔′(𝑥) = 1 

𝑔′(𝑥) =
1

𝑓 ′(𝑔(𝑥))
 

∗ 𝐶𝑜𝑚𝑜 𝑦 = 𝑔(𝑥), 𝑒𝑛𝑡ã𝑜… 

                         𝑔′(𝑥) =
1

𝑓 ′(𝑦)
 , 𝑐𝑜𝑚 𝑓 ′(𝑦) ≠ 0  

 
(𝑏)𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑒 𝑓−1 𝑠𝑒𝑗𝑎𝑚 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠,𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏) 𝑛𝑢𝑛𝑐𝑎 é 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 à 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓−1(𝑥) 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑏,𝑎). 

 
∗ 𝐴 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 
𝑚 = 𝑓 ′(𝑎) 𝑒 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

𝑦 − 𝑏 = 𝑓 ′(𝑎).(𝑥 − 𝑎) 
∗ 𝐶𝑜𝑚 𝑏𝑎𝑠𝑒 𝑛𝑜 𝑖𝑡𝑒𝑚 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟,𝑠𝑒 𝑦 = 𝑓(𝑥)  𝑒  𝑔(𝑥) = 𝑓−1(𝑥), 𝑒𝑛𝑡ã𝑜, 

𝑔′(𝑥) =
1

𝑓 ′(𝑦)
 

𝐿𝑜𝑔𝑜, 

                              𝑔′(𝑏) =
1

𝑓 ′(𝑎)
 , 𝑐𝑜𝑚 𝑓 ′(𝑎) ≠ 0 

∗ 𝐴 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓−1(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑏,𝑎) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 

𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 =
1

𝑓 ′(𝑎)
 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

𝑦 − 𝑎 =
1

𝑓 ′(𝑎)
(𝑥 − 𝑏) 

∗ 𝐷𝑢𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑠ã𝑜 𝑑𝑖𝑡𝑎𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟𝑒𝑠 𝑠𝑒 𝑚1 𝑒 𝑚2 , 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒𝑠 𝑎𝑛𝑔𝑢𝑙𝑎𝑟𝑒𝑠 
𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑜𝑏𝑒𝑑𝑒𝑐𝑒𝑚 𝑎 𝑟𝑒𝑙𝑎çã𝑜 𝑚1.𝑚2 = −1. 
 

𝑁𝑒𝑠𝑡𝑒 𝑐𝑎𝑠𝑜,𝑚1 = 𝑓
′(𝑎)  𝑒 𝑚2 =

1

𝑓 ′(𝑎)
 . 𝐿𝑜𝑔𝑜,𝑚1.𝑚2 = 1 .𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 

à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏) 𝑛𝑢𝑛𝑐𝑎 é 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 à 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 𝑓−1(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑏, 𝑎). 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑. 

 
(𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑚, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚, 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑥2 + 4𝑦2 = 36 

𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎𝑚 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (12,3). 
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∗ 𝐴 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (12,3) 𝑒 𝑝𝑜𝑠𝑠𝑢𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 

é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

 
𝑦 − 3 = 𝑚(𝑥 − 12)  

 
𝑂𝑛𝑑𝑒 𝑚 = 𝑦′é 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑖𝑚𝑝𝑙𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 
𝑥2 + 4𝑦2 = 36. 

 
∗ 𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 , 𝑡𝑒𝑚𝑜𝑠: 

𝑑

𝑑𝑥
(𝑥2) +

𝑑

𝑑𝑥
(4𝑦2) =

𝑑

𝑑𝑥
(36) 

2𝑥 + 8𝑦𝑦′ = 0 

𝑦′ = −
𝑥

4𝑦
 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎: 

𝑦− 3 = −
𝑥

4𝑦
(𝑥 − 12) 

4𝑦2 −12𝑦 = −𝑥2 + 12𝑥 
𝑥2 +4𝑦2 = 12𝑥 + 12𝑦 

∗ 𝑆𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎,𝑒𝑛𝑡ã𝑜 𝑜 𝑡𝑒𝑟𝑚𝑜 𝑒𝑚 𝑑𝑒𝑠𝑡𝑎𝑞𝑢𝑒 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 
𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎. 𝐿𝑜𝑔𝑜, 

36 = 12𝑥 + 12𝑦 
       3 = 𝑥 + 𝑦   (𝑒𝑞.1) 

∗ 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃 = (𝑥, 𝑦) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑥 + 𝑦 = 3. 𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎: 

 
𝑥2 +4(3 − 𝑥)2 = 36 

𝑥2 + 4(9 − 6𝑥 + 𝑥2) = 36 

𝑥2 +36 − 24𝑥 + 4𝑥2 = 36 

5𝑥2 −24𝑥 + 36 = 36 

5𝑥2 − 24𝑥 = 0 

𝑥(5𝑥 − 24) = 0 

𝑥1 = 0   𝑒  𝑥2 =
24

5
 

∗ 𝑉𝑜𝑙𝑡𝑎𝑛𝑑𝑜 à 𝑒𝑞.1, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑚𝑜𝑠 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎: 

 

𝑦1 = 3 → 𝐴 = (0,3)        𝑒    𝑦2 = −
9

5
→ 𝐵 = (

24

5
, −
9

5
) 

 
∗  𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜𝑠 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑡𝑒 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜 𝐴 𝑒 𝐵,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑚1 = −
𝑥1
4𝑦1

= −
0

12
= 0    (𝑅𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙!)  

𝑚2 = −

24
5

4(−
9
5)
=
24

36
=
2

3
. 
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∗ 𝐸𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠: 
 
𝑡1:  𝑦 − 3 = 0(𝑥 − 12) →    𝑡1:𝑦 = 3 

𝑡2: 𝑦 − 3 =
2

3
(𝑥 − 12) →  𝑡2 : 𝑦 =

2

3
𝑥 − 5 

 

(𝑏)𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 lim
𝑥→0

sen(𝑥5)

(1 − 𝑒𝑥)𝑥4
. 

 

lim
𝑥→0

sen(𝑥5)

(1 − 𝑒𝑥)𝑥4
= lim
𝑥→0

[
sen(𝑥5)

(1 − 𝑒𝑥)𝑥4
.
𝑥

𝑥
] = lim

𝑥→0

𝑥. sen(𝑥5)

(1 − 𝑒𝑥)𝑥5
= lim
𝑥→0

[
sen(𝑥5)

𝑥5
.

𝑥

(1 − 𝑒𝑥)
] ; 

 
∗ 𝑆𝑢𝑝𝑜𝑛ℎ𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑒𝑠𝑠𝑒 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑒 𝑢𝑚 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑠𝑒𝑗𝑎 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠, 𝑑𝑒𝑠𝑑𝑒 𝑞𝑢𝑒 
𝑒𝑠𝑠𝑒𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 𝐿𝑜𝑔𝑜, 
   

lim
𝑥→0

[
sen(𝑥5)

𝑥5
.

𝑥

(1 − 𝑒𝑥)
] = lim

𝑥→0

sen(𝑥5)

𝑥5
× lim
𝑥→0

𝑥

1 − 𝑒𝑥
 

 

(1) lim
𝑥→0

sen(𝑥5)

𝑥5
 ;   𝑠𝑒𝑗𝑎 𝜃 = 𝑥5.𝑆𝑒 𝑥 → 0, 𝑒𝑛𝑡ã𝑜 𝜃 → 0. 𝐿𝑜𝑔𝑜, 

lim
𝑥→0

sen(𝑥5)

𝑥5
= lim
𝜃→0

sen(𝜃)

𝜃
= 1 (𝐿𝑖𝑚𝑖𝑡𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜) 

 

(2) lim
𝑥→0

𝑥

1 − 𝑒𝑥
= − lim

𝑥→0

𝑥

𝑒𝑥 −1
= −lim

𝑥→0
[
𝑒𝑥 −1

𝑥
]
−1

= − [lim
𝑥→0

𝑒𝑥 − 1

𝑥
]
−1

= −1 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚, 𝑒𝑛𝑡ã𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑒𝑠𝑐𝑟𝑖𝑡𝑜 

𝑐𝑜𝑚𝑜 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠. 𝐿𝑜𝑔𝑜,  
   

lim
𝑥→0

sen(𝑥5)

(1 − 𝑒𝑥)𝑥4
= lim
𝑥→0

sen(𝑥5)

𝑥5
× lim
𝑥→0

𝑥

1 − 𝑒𝑥
= 1× (−1) = −1 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒. 
 

(𝑎) 𝑆𝑒 𝑓(𝑥) =
1

𝜋 + (arctg𝑥)2
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 

𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 1. 
 

∗ 𝐴 𝑞𝑢𝑒𝑠𝑡ã𝑜 𝑝𝑒𝑑𝑒,𝑟𝑒𝑠𝑢𝑚𝑖𝑑𝑎𝑚𝑒𝑛𝑡𝑒, 𝑞𝑢𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑚𝑜𝑠 𝑚𝑁 = −
1

𝑓 ′(1)
. 

 
𝑓(𝑥) = [𝜋 + (arctg𝑥)2]−1 
𝑓 ′(𝑥) = −1[𝜋+ (arctg𝑥)2]−2. 𝐷𝑥[𝜋 + (arctg𝑥)

2] 

𝑓 ′(𝑥) = −
1

[𝜋 + (arctg𝑥)2]2
. (2arctg 𝑥).

1

1 + 𝑥2
 

𝑓 ′(1) = −
1

[𝜋 + (arctg(1))2]2
. (2 arctg(1)).

1

1 + 12
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𝑓 ′(1) = −
1

[𝜋 + (
𝜋
4)

2

]
2
. 2 (
𝜋

4
) .
1

2
 

𝑓 ′(1) = −
1

[𝜋 +
𝜋2

16
]
2
.
𝜋

4
 

𝑓 ′(1) = −
1

(
16𝜋 + 𝜋2

16 )
2
.
𝜋

4
 

𝑓 ′(1) = −
𝜋

4. [
(16𝜋 + 𝜋2)2

256 ]
= −

𝜋

[
(16𝜋 + 𝜋2)2

64 ]
= −

64𝜋

(16𝜋 + 𝜋2)2
 

 
∗ 𝐿𝑜𝑔𝑜,𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑐𝑠𝑠𝑎  𝑥 = 1 é: 
 

𝑚𝑁 = −
1

𝑓 ′(1)
=
(16𝜋 + 𝜋2)2

64𝜋
 

 
(𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦. tg(𝑥 + 𝑦) = 4 𝑛ã𝑜 𝑎𝑑𝑚𝑖𝑡𝑒 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
∗ 𝐸𝑚 𝑜𝑢𝑡𝑟𝑎𝑠 𝑝𝑎𝑙𝑎𝑣𝑟𝑎𝑠,𝑚𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑦′ ≠ 0 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎. 
 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑑

𝑑𝑥
[𝑦. tg(𝑥 + 𝑦)] =

𝑑

𝑑𝑥
(4) 

𝑦′ . tg(𝑥 + 𝑦) + 𝑦. (1 + 𝑦′)sec2(𝑥 + 𝑦) = 0 

𝑦′ = −
𝑦. sec2(𝑥 + 𝑦)

tg(𝑥 + 𝑦) + 𝑦. sec2(𝑥 + 𝑦)
 

 

𝑆𝑒 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑒𝑛𝑡ã𝑜, 𝑦. tg(𝑥 + 𝑦) = 4 → tg(𝑥 + 𝑦) =
4

𝑦
 ; 

∗ 𝐷𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎: 
 tg2(𝑥 + 𝑦) + 1 = sec2(𝑥 + 𝑦) 

16

𝑦2
+1 = sec2(𝑥 + 𝑦)  

sec2(𝑥 + 𝑦) =
𝑦2 + 16

𝑦2
 

∗ 𝐶𝑜𝑚 𝑒𝑠𝑠𝑒𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑑𝑜𝑠, 𝑡𝑒𝑚𝑜𝑠: 

 

𝑦′ = −
𝑦.
𝑦2 + 16
𝑦2

4
𝑦 + 𝑦.

𝑦2 + 16
𝑦2

= −

𝑦2 + 16
𝑦

𝑦2 + 20
𝑦

= −
𝑦2 + 16

𝑦2 + 20
 

 
∗ 𝑦′ = 0 ⇒ 𝑦2 +16 = 0 ⇒ 𝑦2 = −16 ∴ ∄𝑦 ∈ ℝ; 𝑦2 = −16. 
 
∗ 𝑆𝑒𝑛𝑑𝑜 𝑎𝑠𝑠𝑖𝑚, 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑛𝑒𝑛ℎ𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑦′ = 0, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑛ã𝑜 

𝑒𝑥𝑖𝑠𝑡𝑒 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓. 
 

(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒
𝑑

𝑑𝑥
[sen4(𝑥)+ cos4 𝑥] = cos(4𝑥 +

𝜋

2
). 

 
𝑑

𝑑𝑥
[sen4(𝑥) + cos4 𝑥] =

𝑑

𝑑𝑥
[sen4 𝑥] +

𝑑

𝑑𝑥
[cos4 𝑥] 

                                           = 4sen3 𝑥 . cos𝑥 − 4cos3 𝑥 . sin 𝑥 

                                           = 4sen 𝑥 . cos𝑥 [sen2 𝑥 − cos2 𝑥] 
                                           = 2sen(2𝑥) . [−cos(2𝑥)] 
                                           = −2sen(2𝑥) . cos(2𝑥) 
                                           = − sen(4𝑥) 

 

∗ 𝐶𝑜𝑚𝑜 sen(𝑥) = cos(
𝜋

2
− 𝑥)  𝑒 sen(𝑥) = −sen(−𝑥) , 𝑡𝑒𝑚𝑜𝑠:  

− sen(4𝑥) = sen(−4𝑥) ;   sen(−4𝑥) = cos(
𝜋

2
− (−4𝑥))= cos(4𝑥 +

𝜋

2
). 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
𝑑

𝑑𝑥
[sen4(𝑥) + cos4 𝑥] = cos(4𝑥 +

𝜋

2
) 

 

(𝑏)𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑠𝑒 𝑓(𝑥) = arcsec𝑥 , 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) =
1

𝑥√𝑥2 − 1
; 

 
∗ 𝑃𝑒𝑙𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑎,𝑡𝑒𝑚𝑜𝑠: 

 
𝑔(𝑥) = sec 𝑥   𝑒   𝑓(𝑥) = 𝑔−1(𝑥) = arcsec𝑥 , 𝑒𝑛𝑡ã𝑜: 

 

𝑓 ′(𝑥) =
1

𝑔′(𝑦)
 

𝑓 ′(𝑥) =
1

sec𝑦 . tg 𝑦
 

 

𝑓 ′(𝑥) =
1

sec𝑦 . √sec2𝑦 − 1
 

 
𝑆𝑒 𝑦 = 𝑓(𝑥) = arcsec𝑥 , 𝑒𝑛𝑡ã𝑜 𝑦 = arcsec𝑥 ⇒ 𝑥 = sec𝑦 . 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
  

𝑓 ′(𝑥) =
1

𝑥√𝑥2− 1
 

 
∗ 𝑶𝒃𝒔: 𝑒𝑠𝑠𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑓 ′(𝑥) é 𝑣á𝑙𝑖𝑑𝑎 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, tg 𝑦 > 0,𝑜𝑢 𝑠𝑒𝑗𝑎, 

 𝑐𝑜𝑚 0 ≤ 𝑦 <
𝜋

2
  𝑜𝑢 𝜋 ≤ 𝑦 <

3𝜋

2
, 𝑡𝑒𝑚𝑜𝑠 tg 𝑦 = +√sec2𝑦 − 1.  
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1.4 2ª Prova – 09 de Maio de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 

 
𝑎) 𝑆𝑒𝑗𝑎 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(3) = 𝑓 ′(3) = 1 𝑒 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑔(𝑥9− 1) = 𝑓(3. 𝑓(3𝑥)). 

𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑔′(0). 
 
𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑠𝑜𝑚𝑎 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑑𝑎𝑠 𝑖𝑛𝑠𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑋 𝑒 𝑌 𝑑𝑒 

𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 √𝑥+ √𝑦 = √𝑐 é 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑐. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 
𝑎) 𝑆𝑒𝑗𝑎 𝑔 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 

𝑓(𝑥) = 𝑥. 𝑔(𝑥2).𝑆𝑎𝑏𝑒𝑛𝑑𝑜-𝑠𝑒 𝑞𝑢𝑒 𝑔(2) = 2, 𝑔′(2) =
1

2
 𝑒 𝑔′′(2) =

1

4
, 𝑜𝑏𝑡𝑒𝑛ℎ𝑎 

𝑓 ′(√2) 𝑒 𝑓′′(√2). 

 

𝑏) 𝑄𝑢𝑎𝑙 é 𝑎 𝑝𝑜𝑠𝑖çã𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑎 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) =
arctg𝑥

arccotg𝑥
, 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1,𝑐𝑜𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 
 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑥3 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑎3) 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 
𝑑𝑦

𝑑𝑥
 é 𝑜 𝑞𝑢á𝑑𝑟𝑢𝑝𝑙𝑜 𝑑𝑜 

𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑎, 𝑎3). 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→0

𝑥[cos(sen𝑥) − 1]

sen2 𝑥
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 
 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑒sen 𝑥 . cos𝑒𝑥 + cos1 

𝑜𝑛𝑑𝑒 𝑥 = 0. 

 

𝑏) 𝐸𝑚 𝑞𝑢𝑒 𝑝𝑜𝑛𝑡𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 2arccos√𝑥 ,𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 

𝑑𝑒 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 2
𝜋
3  𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 

 
𝑎) 𝑆𝑒𝑗𝑎 𝑃: (𝑎, 𝑏) 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑥𝑦 = 1. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 
à 𝑐𝑢𝑟𝑣𝑎 𝑒𝑚 𝑃 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑚𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑃 é 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒𝑠𝑠𝑎𝑠 
𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠. 

 
𝑏) 𝑆𝑒 𝑛 𝑓𝑜𝑟 𝑢𝑚 𝑖𝑛𝑡𝑒𝑖𝑟𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜,𝑑𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 

𝑑

𝑑𝑥
[senn 𝑥 . cos(𝑛𝑥)] = 𝑛 senn−1(𝑥) . cos[(𝑛+ 1)𝑥] 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏. 
 
(𝑎) 𝑆𝑒𝑗𝑎 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(3) = 𝑓 ′(3) = 1 𝑒 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑔(𝑥9− 1) = 𝑓(3. 𝑓(3𝑥)). 

𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑔′(0). 
𝑔(𝑥9− 1) = 𝑓(3. 𝑓(3𝑥)) 

∗ 𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑒𝑔𝑟𝑎 𝑑𝑎 𝑐𝑎𝑑𝑒𝑖𝑎 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑚𝑒𝑚𝑏𝑟𝑜𝑠 𝑑𝑎 𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒, 𝑡𝑒𝑚𝑜𝑠: 
𝑑

𝑑𝑥
[𝑔(𝑥9 −1)] =

𝑑

𝑑𝑥
[𝑓(3. 𝑓(3𝑥))] 

𝑔′(𝑥9 −1). 𝐷𝑥[𝑥
9− 1] = [𝑓 ′(3.𝑓(3𝑥))].𝐷𝑥[3.𝑓(3𝑥)] 

9𝑥8.𝑔′(𝑥9− 1) = 3. [𝑓 ′(3.𝑓(3𝑥))] .𝐷𝑥[𝑓(3𝑥)] 

9𝑥8.𝑔′(𝑥9 −1) = 3. [𝑓 ′(3.𝑓(3𝑥))].𝑓 ′(3𝑥).3 

9𝑥8. 𝑔′(𝑥9− 1) = 9. [𝑓 ′(3.𝑓(3𝑥))].𝑓 ′(3𝑥) 

𝑔′(𝑥9 −1) =
[𝑓 ′(3.𝑓(3𝑥))].𝑓 ′(3𝑥)

𝑥8
 

 
𝑔′(𝑥9− 1) = 𝑔′(0) ⇒ 𝑥9 −1 = 0 ⇒ 𝑥9 = 1 ∴ 𝑥 = 1. 

 

𝑔′(0) =
[𝑓 ′(3.𝑓(3))].𝑓 ′(3)

18
=
[𝑓 ′(3)].𝑓 ′(3)

1
=
1 × 1

1
= 1 

 
(𝑏)𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑠𝑜𝑚𝑎 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑑𝑎𝑠 𝑖𝑛𝑠𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑋 𝑒 𝑌 𝑑𝑒 

𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 √𝑥+ √𝑦 = √𝑐 é 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑐. 

 

∗ 𝐷𝑎𝑑𝑜 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃(𝑎,𝑏) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎, 𝑒𝑛𝑡ã𝑜 √𝑎 +√𝑏 = √𝑐 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑒𝑠𝑠𝑎 𝑐𝑢𝑟𝑣𝑎 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 

𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏). 𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 ,𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑥
(𝑥

1
2) +

𝑑

𝑑𝑥
(𝑦

1
2) =

𝑑

𝑑𝑥
(𝑐
1
2) 

1

2√𝑥
+

1

2√𝑦
. 𝑦′ = 0 

𝑦′ = −
√𝑦

√𝑥
 

∗ 𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎, 𝑏) ,𝑦′ = −
√𝑏

√𝑎
. 

→ 𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑏) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 = −
√𝑏

√𝑎
: 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0)  

𝑦 − 𝑏 = −
√𝑏

√𝑎
(𝑥 − 𝑎) 

∗ 𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑋 𝑒 𝑌: 
 
𝑃𝑎𝑟𝑎 𝑥 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑦 − 𝑏 = −
√𝑏

√𝑎
(0 − 𝑎) → 𝑦 − 𝑏 =

𝑎√𝑏

√𝑎
→ 𝑦− 𝑏 = √𝑎𝑏 ∴ 𝑦 = √𝑎𝑏 + 𝑏 
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𝑃𝑎𝑟𝑎 𝑦 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

0 − 𝑏 = −
√𝑏

√𝑎
(𝑥 − 𝑎) →

𝑏√𝑎

√𝑏
= 𝑥 − 𝑎 → √𝑎𝑏 = 𝑥 − 𝑎 ∴ 𝑥 = 𝑎+ √𝑎𝑏 

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑠𝑜𝑚𝑎 (𝑆) 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑑𝑎𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
 

𝑆 = √𝑎𝑏 + 𝑏 + 𝑎 +√𝑎𝑏 = 𝑎 + 2√𝑎𝑏 + 𝑏 = (√𝑎 +√𝑏)
2
 

 

∗ 𝐶𝑜𝑚𝑜 √𝑎+√𝑏 = √𝑐, 𝑎 𝑠𝑜𝑚𝑎 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 é 𝑆 = (√𝑐)
2
= 𝑐. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 
(𝑎) 𝑆𝑒𝑗𝑎 𝑔 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 

𝑓(𝑥) = 𝑥. 𝑔(𝑥2).𝑆𝑎𝑏𝑒𝑛𝑑𝑜-𝑠𝑒 𝑞𝑢𝑒 𝑔(2) = 2, 𝑔′(2) =
1

2
 𝑒 𝑔′′(2) =

1

4
, 𝑜𝑏𝑡𝑒𝑛ℎ𝑎 

𝑓 ′(√2) 𝑒 𝑓′′(√2). 

 
𝑑

𝑑𝑥
[𝑓(𝑥)] =

𝑑

𝑑𝑥
[𝑥.𝑔(𝑥2)] 

 
𝑓 ′(𝑥) = 𝑔(𝑥2)+ 𝑥. 𝑔′(𝑥2).2𝑥 

𝑓 ′(𝑥) = 𝑔(𝑥2)+ 2𝑥2.𝑔′(𝑥2)  
 

𝑑

𝑑𝑥
[𝑓 ′(𝑥)] =

𝑑

𝑑𝑥
[𝑔(𝑥2) + 2𝑥2.𝑔′(𝑥2)] 

 
𝑓 ′′(𝑥) = 2𝑥.𝑔′(𝑥2) + 4𝑥. 𝑔′(𝑥2)+ 2𝑥2.𝑔′′(𝑥2).2𝑥 

𝑓 ′′(𝑥) = 6𝑥.𝑔′(𝑥2) + 4𝑥3. 𝑔′′(𝑥2) 
 

𝑓 ′(√2) = 𝑔 ((√2)
2
) + 2.(√2)

2
.𝑔′ ((√2)

2
) 

𝑓 ′(√2) = 𝑔(2) + 4. 𝑔′(2) 

𝑓 ′(√2) = 2+ 4.
1

2
 

𝑓 ′(√2) = 2+ 2 

𝑓 ′(√2) = 4 

 

𝑓 ′′(√2) =  6√2.𝑔′ ((√2)
2
) + 4(√2)

3
. 𝑔′′ ((√2)

2
) 

𝑓 ′′(√2) = 6√2.𝑔′(2) + 8√2.𝑔′′(2) 

𝑓 ′′(√2) = 6√2.
1

2
+ 8√2.

1

4
 

𝑓 ′′(√2) = 3√2+ 2√2 

𝑓 ′′(√2) = 5√2 
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(𝑏) 𝑄𝑢𝑎𝑙 é 𝑎 𝑝𝑜𝑠𝑖çã𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑎 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) =
arctg𝑥

arccotg𝑥
, 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1,𝑐𝑜𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2. 
 
∗ 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑚𝑜𝑠 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑡𝑒 à 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 1. 

𝑓(1) =  
arctg(1)

arccotg(1)
=

𝜋
4
𝜋
4

= 1  ;   𝑝𝑜𝑛𝑡𝑜 (1,1) 

 
∗ 𝐸𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 𝑡𝑎𝑚𝑏é𝑚 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2, 𝑝𝑜𝑖𝑠, 1 = 12 . 
 
𝐴 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
 

𝑚𝑁 = −
1

𝑓 ′(1)
 

 

𝑓 ′(𝑥) =

1
1+ 𝑥2

. arccotg𝑥 − (−
1

1 + 𝑥2
) . arctg 𝑥

(arccotg𝑥)2
=

arctg𝑥 + arccotg𝑥

(1 + 𝑥2).(arccotg𝑥)2
 

𝑓 ′(1) =
arctg1 + arccotg1

(1 + 12). (arccotg1)2
=

𝜋
4 +

𝜋
4

2. (
𝜋
4)

2 =
1
𝜋
4

=
4

𝜋
 

 

𝐿𝑜𝑔𝑜, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 é 𝑚𝑁 = −
𝜋

4
 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 −
𝜋

4
 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0)  

𝑦− 1 = −
𝜋

4
(𝑥 − 1)  

𝑉𝑎𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑎 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 𝑥2, 𝑎𝑙é𝑚 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 

𝑥2 − 1 = −
𝜋

4
(𝑥 − 1) 

𝑥2 +
𝜋

4
𝑥 − (

𝜋

4
+ 1) = 0 

∆=
𝜋2

16
+ 𝜋 + 4 

∆= (
𝜋

4
+ 2)

2

 

𝑥 =
−
𝜋
4 ± (

𝜋
4 + 2)

2
 

𝑥1 = 1  𝑒  𝑥2 = −
𝜋

4
− 1 

               𝑃(1,1)  𝑒 𝑄 = (−
𝜋

4
− 1,

𝜋2

16
+
𝜋

2
+ 1) 

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2 𝑒𝑚 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) é 𝑠𝑒𝑐𝑎𝑛𝑡𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 
𝑦 = 𝑥2.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑. 
 
(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑥3 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑝𝑜𝑛𝑡𝑜 (𝑎, 𝑎3) 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 
𝑑𝑦

𝑑𝑥
 é 𝑜 𝑞𝑢á𝑑𝑟𝑢𝑝𝑙𝑜 𝑑𝑜 

𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑎,𝑎3). 

 
1º 𝑝𝑎𝑠𝑠𝑜: 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎, 𝑎3). 

 
𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑚 = 𝑦′ = 3𝑥2;𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑎,𝑎3),𝑦′ = 3𝑎2. 

 
𝑦− 𝑦0 = 𝑚(𝑥 − 𝑥0) 
𝑦 − 𝑎3 = 3𝑎2(𝑥 − 𝑎) 
𝑦 = 3𝑎2𝑥 − 3𝑎3 + 𝑎3 
𝑦 = 3𝑎2𝑥 − 2𝑎3  

2º 𝑝𝑎𝑠𝑠𝑜: 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎. 
𝑥3 = 3𝑎2𝑥 − 2𝑎3 

𝑥3 − 3𝑎2𝑥 + 2𝑎3 = 0 

∗ 𝐶𝑜𝑚𝑜 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜,𝑢𝑠𝑎𝑛𝑑𝑜 𝑜 𝑑𝑖𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 𝑑𝑒 𝐵𝑟𝑖𝑜𝑡− 𝑅𝑢𝑓𝑓𝑖𝑛𝑖 
𝑝𝑎𝑟𝑎 𝑎𝑏𝑎𝑖𝑥𝑎𝑟 𝑜 𝑔𝑟𝑎𝑢 𝑑𝑜 𝑝𝑜𝑙𝑖𝑛ô𝑚𝑖𝑜, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

𝑥3 − 3𝑎2𝑥 + 2𝑎3 = (𝑥 − 𝑎)(𝑥2 + 𝑎𝑥 − 2𝑎2) 
∆= 𝑎2 + 8𝑎2 = 9𝑎2 

𝑥 =
−𝑎± 3𝑎

2
 

𝑥1 = 𝑎    𝑥2 = −2𝑎 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 é 𝑜 𝑝𝑜𝑛𝑡𝑜 (−2𝑎, −8𝑎3). 
 
3º 𝑝𝑎𝑠𝑠𝑜: 𝑐𝑜𝑚𝑝𝑎𝑟𝑎𝑟 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑛𝑒𝑠𝑠𝑒𝑠 𝑝𝑜𝑛𝑡𝑜𝑠. 

 

𝑚2 = 
𝑑𝑦

𝑑𝑥
|
𝑥=−2𝑎

= 3. (−2𝑎)2 = 3. (4𝑎2) = 4. (3𝑎2) 

 
𝐶𝑜𝑚𝑜 𝑚1 = 3𝑎

2  𝑒 𝑚2 =  4.(3𝑎
2) , 𝑡𝑒𝑚𝑜𝑠: 

 

𝑚2
𝑚1
=
4(3𝑎2)

3𝑎2
= 4 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑎, 𝑎3) 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 

𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 é 𝑜 𝑞𝑢á𝑑𝑟𝑢𝑝𝑙𝑜 𝑑𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑎,𝑎3). 

 

(𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→0

𝑥[cos(sen𝑥) − 1]

sen2 𝑥
; 

 

lim
𝑥→0

𝑥[cos(sen𝑥) − 1]

sen2 𝑥
= lim
𝑥→0
[
𝑥[cos(sen𝑥) − 1]

sen2 𝑥
.
cos(sen𝑥) + 1

cos(sen𝑥) + 1
] = 

lim
𝑥→0

[
𝑥[cos2(sen𝑥) − 1]

(sen2 𝑥)[cos(sen𝑥) + 1]
] = lim

𝑥→0

−𝑥. sen2(sen𝑥)

(sen2 𝑥)[cos(sen𝑥) + 1]
; 
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lim
𝑥→0

−𝑥.sen2(sen𝑥)

(sen2 𝑥)[cos(sen𝑥) + 1]
= lim
𝑥→0

[−
𝑥

cos(sen𝑥) + 1
.
sen2(sen𝑥)

sen2 𝑥
] ; 

 
∗ 𝑆𝑢𝑝𝑜𝑛ℎ𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑒𝑠𝑠𝑒 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑒 𝑢𝑚 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑠𝑒𝑗𝑎 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠, 𝑑𝑒𝑠𝑑𝑒 𝑞𝑢𝑒 
𝑒𝑠𝑠𝑒𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 𝐿𝑜𝑔𝑜, 
 

lim
𝑥→0

−𝑥.sen2(sen𝑥)

(sen2 𝑥)[cos(sen𝑥) + 1]
= lim
𝑥→0

−𝑥

cos(sen𝑥) + 1
× lim
𝑥→0

sen2(sen𝑥)

sen2 𝑥
; 

 

(1) lim
𝑥→0

−𝑥

cos(sen𝑥) + 1
; lim
𝑥→0
[cos(sen𝑥) + 1] = cos0 + 1 = 1+ 1 = 2. 

∗ 𝐶𝑜𝑚𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒 𝑑𝑒 𝑧𝑒𝑟𝑜,𝑒𝑛𝑡ã𝑜 … 

lim
𝑥→0

−𝑥

cos(sen𝑥) + 1
=

lim
𝑥→0
(−𝑥)

lim
𝑥→0
[cos(sen𝑥) + 1]

=
0

2
= 0. 

 

(2) lim
𝑥→0

sen2(sen𝑥)

sen2 𝑥
= lim
𝑥→0

[
sen(sen𝑥)

sen𝑥
]

2

= [lim
𝑥→0

sen(sen𝑥)

sen𝑥
]

2

; 

∗ 𝑆𝑒𝑗𝑎 𝜃 = sen𝑥 ; 𝑆𝑒 𝑥 → 0,𝑒𝑛𝑡ã𝑜 𝜃 → 0. 𝐿𝑜𝑔𝑜, 
  

[lim
𝑥→0

sen(sen𝑥)

sen 𝑥
]

2

= [lim
𝜃→0

sen(𝜃)

𝜃
]

2

= 12 = 1 ;    𝐿𝑖𝑚𝑖𝑡𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜! 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚, 𝑒𝑛𝑡ã𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑒𝑠𝑐𝑟𝑖𝑡𝑜 

𝑐𝑜𝑚𝑜 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠. 𝐿𝑜𝑔𝑜, 
 

lim
𝑥→0

𝑥[cos(sen𝑥) − 1]

sen2 𝑥
=  lim

𝑥→0

−𝑥

cos(sen𝑥) + 1
× lim
𝑥→0

sen2(sen𝑥)

sen2 𝑥
= 0 × 1 = 0. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒. 
 
(𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑒sen 𝑥 . cos𝑒𝑥 + cos1 

𝑜𝑛𝑑𝑒 𝑥 = 0. 
 
1º 𝑝𝑎𝑠𝑠𝑜: 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜: 
 
𝑦 = 𝑒sen 0. cos𝑒0 + cos1 = 𝑒0. cos1 + cos1 = cos1 + cos1 = 2 cos1 

𝑃(0,2 cos1) 

 
2º 𝑝𝑎𝑠𝑠𝑜: 𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃. 

 
𝑦′ = (cos𝑥). 𝑒sen 𝑥 . cos𝑒𝑥 + 𝑒sen 𝑥 . 𝑒𝑥 . (−sen𝑒𝑥) 
𝑦′(0) = (cos0). 𝑒sen 0 . cos𝑒0 + 𝑒sen 0 . 𝑒0. (− sen𝑒0) 
𝑦′(0) = 1. 𝑒0. cos1 − 𝑒0. 1. sen1 

𝑦′(0) = cos 1 − sin 1 

 
3º 𝑝𝑎𝑠𝑠𝑜: 𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑦′(0). 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0) 



29 

 

 
 

𝑦 − 2cos1 = (cos1 − sin1). (𝑥 − 0) 
𝑦 = (cos1 − sin1)𝑥 + 2 cos1 

 
   

(𝑏)𝐸𝑚 𝑞𝑢𝑒 𝑝𝑜𝑛𝑡𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 2arccos√𝑥 , 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 

𝑑𝑒 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 2
𝜋
3  𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠. 

 

1º 𝑝𝑎𝑠𝑠𝑜: 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑥) = 2
𝜋
3 ; 

 

2arccos√𝑥 = 2
𝜋
3   ;
𝜋

3
= arccos√𝑥 ⇒ √𝑥 = cos

𝜋

3
⇒ √𝑥 =

1

2
∴ 𝑥 =

1

4
 ; 

 
2º 𝑝𝑎𝑠𝑠𝑜: 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑓𝑢𝑛çã𝑜 𝑓 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜. 

 

𝑆𝑒𝑗𝑎 𝑢 = √𝑥 ;𝑣 = arccos𝑢  , 𝑒𝑛𝑡ã𝑜 𝑦 = 𝑓(𝑣) = 2
𝑣 

 
𝑃𝑒𝑙𝑎 𝑟𝑒𝑔𝑟𝑎 𝑑𝑎 𝑐𝑎𝑑𝑒𝑖𝑎, 

 
𝑑𝑓

𝑑𝑥
=
𝑑𝑢

𝑑𝑥
.
𝑑𝑣

𝑑𝑢
.
𝑑𝑓

𝑑𝑣
 

𝑓 ′(𝑥) = 𝑢′(𝑥). 𝑣 ′(𝑢). 𝑓 ′(𝑣) 

𝑓 ′(𝑥) =
1

2√𝑥
.
−1

√1− 𝑢2
. 2𝑣. ln 2 

𝑓 ′(𝑥) = −
2arccos√𝑥 . ln 2

(2√𝑥).√1 − 𝑥
 

𝑓 ′ (
1

4
) = −

2
arccos(

1
2
)
. ln 2

(2.
1
2) .

√1 −
1
4

 

𝑓 ′ (
1

4
) = −

2
𝜋
3 . ln 2

√3
4

 

𝑓 ′ (
1

4
) = −

2
𝜋
3 . ln 2

√3
2

= −
2.2

𝜋
3 . ln 2

√3
= −

2
𝜋
3 . ln 4

√3
 

∗ 𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (
1

4
, 2
𝜋
3 ) ; 

𝑦 − 2
𝜋
3 = −

2
𝜋
3 . ln4

√3
. (𝑥 −

1

4
) 

∗ 𝐴 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑜𝑐𝑜𝑟𝑟𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑦 = 0. 𝐿𝑜𝑔𝑜, 

0 − 2
𝜋
3 = −

2
𝜋
3 . ln 4

√3
. (𝑥 −

1

4
) 

−2
𝜋
3 = −

2
𝜋
3 . ln 4

√3
. (𝑥 −

1

4
) 
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√3 = ln 16 . (𝑥 −
1

4
) 

𝑥 −
1

4
=
√3

ln 4
 

𝑥 =
√3

ln 4
+
1

4
 

 

𝑂 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (
1

4
, 2
𝜋
3 )  𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜 

𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 é 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(
√3

ln 4
+
1

4
, 0). 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓. 

 
(𝑎) 𝑆𝑒𝑗𝑎 𝑃:(𝑎, 𝑏) 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑥𝑦 = 1. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 

à 𝑐𝑢𝑟𝑣𝑎 𝑒𝑚 𝑃 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑚𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑃 é 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒𝑠𝑠𝑎𝑠 
𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠. 

𝑦 =
1

𝑥
= 𝑥−1  

𝑦′ = −1. 𝑥−2 

𝑦′ = −
1

𝑥2
 

∗ 𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(𝑎,𝑏), 𝑦′ = −
1

𝑎2
; 

∗ 𝐶𝑜𝑚𝑜 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎,𝑒𝑛𝑡ã𝑜 𝑎. 𝑏 = 1 ;𝑏 =
1

𝑎
 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(𝑎,𝑏) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑦′ = −
1

𝑎2
; 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0) 

𝑦− 𝑏 = −
1

𝑎2
(𝑥 − 𝑎)  

∗ 𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 
 
𝑃𝑎𝑟𝑎 𝑥 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

𝑦 − 𝑏 = −
1

𝑎2
(−𝑎) → 𝑦 − 𝑏 =

1

𝑎
∴ 𝑦 =

1

𝑎
+ 𝑏 ⇒ 𝑦 = 𝑏 + 𝑏 = 2𝑏 

 
𝑃𝑎𝑟𝑎 𝑦 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

0 − 𝑏 = −
1

𝑎2
(𝑥 − 𝑎) → 𝑥 − 𝑎 = 𝑎2𝑏 ∴ 𝑥 = 𝑎2𝑏 + 𝑎 ⇒ 𝑥 = 𝑎(𝑎𝑏 + 1) = 2𝑎 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝐴(0,2𝑏) 𝑒 𝐵(2𝑎, 0); 
 
𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑃 é 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑚é𝑑𝑖𝑜 𝑒𝑛𝑡𝑟𝑒 𝐴 𝑒 𝐵. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

𝑃 = (
0+ 2𝑎

2
,
2𝑏 + 0

2
) = (

2𝑎

2
,
2𝑏

2
) = (𝑎, 𝑏) 

 
∗ 𝐿𝑜𝑔𝑜,𝑃 é 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑎𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠! 
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(𝑏) 𝑆𝑒 𝑛 𝑓𝑜𝑟 𝑢𝑚 𝑖𝑛𝑡𝑒𝑖𝑟𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜, 𝑑𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 
 

𝑑

𝑑𝑥
[senn 𝑥 . cos(𝑛𝑥)] = 𝑛 senn−1(𝑥) . cos[(𝑛+ 1)𝑥] 

 
𝑑

𝑑𝑥
[senn 𝑥 . cos(𝑛𝑥)] = 𝑛. senn−1 𝑥 . cos 𝑥 . cos(𝑛𝑥) + senn 𝑥 . 𝑛. [−sen(𝑛𝑥)] 

                                        = 𝑛. senn−1 𝑥 . cos𝑥 . cos(𝑛𝑥) − 𝑛. senn(𝑥) . sen(𝑛𝑥)      

                                        = 𝑛. senn−1 𝑥 . cos𝑥 . cos(𝑛𝑥) − 𝑛. senn−1(𝑥) . sen(𝑥) . sen(𝑛𝑥) 

                                        = 𝑛. senn−1 𝑥 [cos𝑥 . cos(𝑛𝑥) − sen(𝑥) . sen(𝑛𝑥)]            

                                        = 𝑛. senn−1 𝑥 . cos(𝑛𝑥 + 𝑥)                                                       

                                        = 𝑛. senn−1 𝑥 . cos[(𝑛+ 1)𝑥] 
 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑑

𝑑𝑥
[senn 𝑥 . cos(𝑛𝑥)] = 𝑛 senn−1(𝑥) . cos[(𝑛+ 1)𝑥] 
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1.5 3ª Prova – 16 de Outubro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑎𝑐ℎ𝑎𝑟 𝑦′ ,𝑜𝑛𝑑𝑒 𝑦 = √(3𝑥 − 1)√2𝑥+ 5
3

. 

 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑘 ∈ ℝ, 𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜arctg(senh𝑥) + arccos(tgh 𝑥) = 𝑘, 
𝑠𝑒𝑗𝑎 𝑣𝑒𝑟𝑑𝑎𝑑𝑒𝑖𝑟𝑎 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝐴𝑐ℎ𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 

𝑓𝑢𝑛çã𝑜 𝑦 = sen(4𝑥) + cos(4𝑥) ,𝑐𝑜𝑚 𝑥 ∈ (0,2𝜋). 
 
𝑏) 𝑈𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑃 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦2 = 𝑥, 𝑦 ≥ 0, 𝑑𝑒 𝑚𝑜𝑑𝑜 

𝑞𝑢𝑒 𝑠𝑢𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 4𝑐𝑚 𝑝𝑜𝑟 𝑠𝑒𝑔𝑢𝑛𝑑𝑜.𝐴 𝑝𝑟𝑜𝑗𝑒çã𝑜 𝑑𝑒 𝑃 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑒𝑖𝑥𝑜 𝑂𝑥 é 𝑜 
𝑝𝑜𝑛𝑡𝑜 𝑀.  𝐶𝑜𝑚 𝑞𝑢𝑒 𝑟𝑎𝑝𝑖𝑑𝑒𝑧 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑂𝑃𝑀 𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 
𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 9? 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = tgh(𝑒sen 𝑥) 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜-𝑥. 
 
𝑏) 𝑈𝑚 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜 𝑑𝑎 𝑝𝑜𝑙í𝑐𝑖𝑎 𝑒𝑠𝑡á 𝑣𝑜𝑎𝑛𝑑𝑜 𝑎 150𝑘𝑚 ℎ⁄  𝑎 𝑢𝑚𝑎 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 
𝑑𝑒 0,5𝑘𝑚, 𝑎𝑐𝑖𝑚𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑟𝑜𝑑𝑜𝑣𝑖𝑎 𝑟𝑒𝑡𝑎.𝑂 𝑝𝑖𝑙𝑜𝑡𝑜 𝑢𝑠𝑎 𝑢𝑚 𝑟𝑎𝑑𝑎𝑟 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 
𝑞𝑢𝑒 𝑢𝑚 𝑐𝑎𝑟𝑟𝑜 𝑒𝑚 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜 𝑒𝑠𝑡á 𝑎 𝑢𝑚𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑒 1,5𝑘𝑚 𝑑𝑜 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜, 𝑒 𝑞𝑢𝑒 
𝑒𝑠𝑠𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑠𝑡á 𝑑𝑖𝑚𝑖𝑛𝑢𝑖𝑛𝑑𝑜 𝑎 250𝑘𝑚 ℎ⁄ . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑐𝑎𝑟𝑟𝑜. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝐴 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑒𝑙é𝑡𝑟𝑖𝑐𝑎 𝑑𝑒 𝑢𝑚 𝑓𝑖𝑜 é 𝑝𝑟𝑜𝑝𝑜𝑟𝑐𝑖𝑜𝑛𝑎𝑙 𝑎𝑜 𝑠𝑒𝑢 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 
𝑖𝑛𝑣𝑒𝑟𝑠𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑟𝑜𝑝𝑜𝑟𝑐𝑖𝑜𝑛𝑎𝑙 𝑎𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑑𝑒 𝑠𝑒𝑢 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜. 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑎 

𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚 𝑓𝑖𝑜,𝑑𝑒 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎𝑑𝑜, é 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑑𝑎 𝑎 𝑝𝑎𝑟𝑡𝑖𝑟 𝑑𝑎 𝑚𝑒𝑑𝑖𝑑𝑎 
𝑑𝑜 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜, 𝑐𝑜𝑚 𝑢𝑚𝑎 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑒 0,01.𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜  
𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎. 

 
𝑏) 𝑈𝑚 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 é 𝑙𝑎𝑛ç𝑎𝑑𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 ,𝑎𝑝ó𝑠 𝑡 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠 𝑒𝑙𝑒 𝑒𝑠𝑡á 
𝑎 𝑠 𝑚𝑒𝑡𝑟𝑜𝑠 𝑑𝑜 𝑠𝑜𝑙𝑜, 𝑜𝑛𝑑𝑒 𝑠(𝑡) = 560𝑡 − 16𝑡2 𝑒 𝑜 𝑠𝑒𝑛𝑡𝑖𝑑𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 é 𝑜 𝑑𝑒 𝑏𝑎𝑖𝑥𝑜 𝑝𝑎𝑟𝑎 
𝑐𝑖𝑚𝑎. 𝑄𝑢𝑎𝑛𝑡𝑜 𝑡𝑒𝑚𝑝𝑜 𝑙𝑒𝑣𝑎𝑟á 𝑜 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 𝑝𝑎𝑟𝑎 𝑎𝑡𝑖𝑛𝑔𝑖𝑟 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑚á𝑥𝑖𝑚𝑎? 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 + ln(cosh𝑥) + senh𝜋 , 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜, 
𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒,𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋), 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log3[log5|sen𝑥|] 
𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

(𝑎) 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑎𝑐ℎ𝑎𝑟 𝑦′,𝑜𝑛𝑑𝑒 𝑦 = √(3𝑥 − 1)√2𝑥 + 5
3

 

ln 𝑦 = ln[(3𝑥− 1)√2𝑥+ 5]
1 3⁄

 

ln 𝑦 =
1

3
[ln(3𝑥 − 1) + ln(2𝑥 + 5)

1
2] 

ln 𝑦 =
1

3
[ln(3𝑥 − 1) +

1

2
ln(2𝑥 + 5)] 

ln 𝑦 =
1

3
ln(3𝑥 − 1) +

1

6
ln(2𝑥 + 5) 

𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑚𝑒𝑚𝑏𝑟𝑜𝑠, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
𝑦′

𝑦
=
1

3
.

1

(3𝑥 − 1)
. 3 +

1

6
.

1

(2𝑥 + 5)
. 2 

 

𝑦′ = 𝑦 [
1

3𝑥 − 1
+

1

3(2𝑥+ 5)
] 

𝑦′ = √(3𝑥 − 1)√2𝑥+ 5
3

[
1

3𝑥 − 1
+

1

3(2𝑥 + 5)
] 

 
(𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑘 ∈ ℝ, 𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 arctg(senh𝑥) + arccos(tgh 𝑥) = 𝑘, 
𝑠𝑒𝑗𝑎 𝑣𝑒𝑟𝑑𝑎𝑑𝑒𝑖𝑟𝑎 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = arctg(senh𝑥)  𝑒 𝑔(𝑥) = −arccos(tgh 𝑥) , 𝑒𝑛𝑡ã𝑜 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑘 
𝑡𝑎𝑙 𝑞𝑢𝑒, 𝑓(𝑥) − 𝑔(𝑥) = 𝑘. 
 
∗ 𝑆𝑒 𝑓 − 𝑔 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ (𝑎, 𝑏) 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) = 𝑔′(𝑥) 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑎,𝑏). 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝐴𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑓 𝑒 𝑔 𝑑𝑖𝑓𝑒𝑟𝑒𝑚 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒, 𝑜𝑢 𝑠𝑒𝑗𝑎 
𝑓(𝑥) − 𝑔(𝑥) = 𝑘. 
 
∗ 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝐷(arctg𝑥) = ℝ, 𝑝𝑜𝑟é𝑚 𝑜 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜 𝑒𝑚 
𝑞𝑢𝑒𝑠𝑡ã𝑜 é 𝑜 senh𝑥 𝑐𝑢𝑗𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝐷(sinh𝑥) = ℝ 𝑒 𝑠𝑢𝑎 𝑖𝑚𝑎𝑔𝑒𝑚 𝐼𝑚(senh𝑥) = ℝ, 
 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 
 
∗ 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑔,𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝐷(arccos𝑥) = [−1,1],𝑝𝑜𝑟é𝑚 𝑜 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜 

𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 é 𝑎 tgh 𝑥  𝑐𝑢𝑗𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 é 𝐷(tgh𝑥) = ℝ 𝑐𝑜𝑚 𝑖𝑚𝑎𝑔𝑒𝑚 𝐼𝑚(tgh𝑥) = [−1,1] 
𝐿𝑜𝑔𝑜, 𝑔 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 
 

𝑓 ′(𝑥) =
1

1+ senh2 𝑥
.cosh𝑥 =

1

cosh2 𝑥
. cosh𝑥 =

1

cosh𝑥
= sech 𝑥 ; 

 

𝑔′(𝑥) = − (−
1

√1 − tgh2 𝑥
) . sech2 𝑥 =

1

√sech2 𝑥
. sech2 𝑥 = sech𝑥  ; 

 
∗ 𝐶𝑜𝑚𝑜 𝑓 ′(𝑥) = 𝑔′(𝑥) ∀𝑥 ∈ ℝ, 𝑒𝑛𝑡ã𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑘 𝑏𝑎𝑠𝑡𝑎 𝑎𝑝𝑙𝑖𝑐𝑎𝑟 
𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥. 𝑈𝑠𝑎𝑛𝑑𝑜 𝑥 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(0) − 𝑔(0) = 𝑘 



34 

 

 
 

arctg(senh0) + arccos(tgh0) = 𝑘 

arctg(0)+ arccos(0) = 𝑘 

0 +
𝜋

2
= 𝑘 

𝑘 =
𝜋

2
 

 
∗ 𝑂𝑏𝑠: 𝑎𝑠 𝑎𝑛á𝑙𝑖𝑠𝑒𝑠 𝑑𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑓 𝑒 𝑔 𝑓𝑜𝑟𝑎𝑚 𝑓𝑒𝑖𝑡𝑎𝑠 𝑝𝑎𝑟𝑎 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑟𝑒𝑎𝑙𝑚𝑒𝑛𝑡𝑒 
𝑜 𝑐𝑟𝑖𝑡é𝑟𝑖𝑜 𝑑𝑒 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎çã𝑜(𝑥 ∈ ℝ) 𝑐𝑜𝑛𝑑𝑖𝑧 𝑐𝑜𝑚 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑎𝑚𝑏𝑎𝑠 𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠, 
𝑐𝑎𝑠𝑜 𝑐𝑜𝑛𝑡𝑟á𝑟𝑖𝑜 𝑛ã𝑜 𝑝𝑜𝑑𝑒𝑟í𝑎𝑚𝑜𝑠 𝑎𝑓𝑖𝑟𝑚𝑎𝑟 𝑒𝑠𝑠𝑒 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑘 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
(𝑎)𝐴𝑐ℎ𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 

𝑓𝑢𝑛çã𝑜 𝑦 = sen(4𝑥) + cos(4𝑥) ,𝑐𝑜𝑚 𝑥 ∈ (0,2𝜋). 
 
∗ 𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑡𝑎𝑙 𝑞𝑢𝑒, 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 

 
𝐶𝑜𝑚𝑜 𝑦 = 𝑓(𝑥) é 𝑢𝑚𝑎 𝑠𝑜𝑚𝑎 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 

𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜,𝑓 ′(𝑥) ∃ ∀𝑥 ∈ ℝ. 
 
𝑓 ′(𝑥) = 4cos(4𝑥)− 4sen(4𝑥) 
𝑓 ′(𝑥) = 4[cos(4𝑥) − sen(4𝑥)] 
𝑓 ′(𝑥) = 0 ⇒ cos(4𝑥) = sen(4𝑥) 
 
∗ 𝑂𝑏𝑠: ℎá 𝑢𝑚𝑎 𝑖𝑛𝑐𝑜𝑛𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑛𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑞𝑢𝑒 𝑒𝑥𝑝𝑙𝑖𝑐𝑎𝑟𝑒𝑖 𝑛𝑜 𝑓𝑖𝑛𝑎𝑙 𝑑𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜! 
 
∗ 𝐿𝑒𝑚𝑏𝑟𝑎𝑛𝑑𝑜 𝑞𝑢𝑒 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,2𝜋) 𝑜𝑠 𝑎𝑟𝑐𝑜𝑠 𝑐𝑢𝑗𝑜 𝑠𝑒𝑛𝑜 é 𝑖𝑔𝑢𝑎𝑙 𝑎𝑜 𝑐𝑜𝑠𝑠𝑒𝑛𝑜 𝑠ã𝑜 
𝜋

4
 𝑒
5𝜋

4
, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑡𝑒𝑚𝑜𝑠: 

 

4𝑥 =
𝜋

4
  𝑒 4𝑥 =

5𝜋

4
 

𝑥 =
𝜋

16
  𝑒 𝑥 =

5𝜋

16
 

 

𝑦1 = 𝑓 (
𝜋

16
) = sen (

𝜋

4
) + cos(

𝜋

4
) =

√2

2
+
√2

2
= √2   𝑃1 (

𝜋

16
, √2) 

𝑦2 = 𝑓(
5𝜋

16
) = sen(

5𝜋

4
) + cos(

5𝜋

4
) = −

√2

2
−
√2

2
= −√2     𝑃2 (

5𝜋

16
, −√2) 

 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 é 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟, 

 

𝑚 =
∆𝑦

∆𝑥
=
−√2−√2

5𝜋
16 −

𝜋
16

= −
2√2
𝜋
4

= −
8√2

𝜋
 

 
∗ 𝑂𝑏𝑠: 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑜𝑠 𝑛ã𝑜 𝑠ã𝑜 𝑜𝑠 ú𝑛𝑖𝑐𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 
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(0,2𝜋), 𝑜 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜 4𝑥 𝑝𝑜𝑑𝑒 𝑎𝑠𝑠𝑢𝑚𝑖𝑟 𝑜𝑢𝑡𝑟𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑎𝑟𝑐𝑜𝑠 𝑐ô𝑛𝑔𝑟𝑢𝑜𝑠 𝑎 
𝜋

4
 

𝑜𝑢
5𝜋

4
. 𝑂𝑢 𝑠𝑒𝑗𝑎, 

 

4𝑥 =
𝜋

4
+ 𝑘𝜋, 𝑐𝑜𝑚 𝑘 ∈ ℤ+;𝑘 = {0,1,2,3,4,5,6,7} 

 

∗ 𝑃𝑜𝑟 𝑞𝑢𝑒 𝑖𝑠𝑠𝑜?𝑛𝑜𝑡𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑘 = 0 𝑡𝑒𝑚𝑜𝑠 𝑜 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑥 =
𝜋

16
, 

𝑝𝑎𝑟𝑎 𝑘 = 7 𝑡𝑒𝑚𝑜𝑠 𝑥 =
29𝜋

16
 𝑞𝑢𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,2𝜋).𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑡𝑒𝑚𝑜𝑠 8 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑎𝑑𝑜. 
 
∗ 𝐴 𝑞𝑢𝑒𝑠𝑡ã𝑜 𝑝𝑜𝑑𝑒𝑟𝑖𝑎 𝑡𝑒𝑟 𝑠𝑖𝑑𝑜 𝑚𝑎𝑖𝑠 𝑜𝑏𝑗𝑒𝑡𝑖𝑣𝑎 𝑎𝑜 𝑠𝑜𝑙𝑖𝑐𝑖𝑡𝑎𝑟 𝑢𝑚 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑞𝑢𝑒 

𝑐𝑜𝑛𝑡𝑖𝑣𝑒𝑠𝑠𝑒 𝑎𝑝𝑒𝑛𝑎𝑠 2 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑜𝑠, 𝑒𝑥: (0,
𝜋

2
). 

 
∗ 𝐶𝑎𝑠𝑜 𝑒𝑠𝑐𝑜𝑙ℎê𝑠𝑠𝑒𝑚𝑜𝑠 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑜𝑚 𝑘 = 1 𝑒 𝑘 = 2, 𝑛𝑜𝑠𝑠𝑜 𝑐𝑜𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 
𝑠𝑒𝑟𝑖𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎, 
 

𝑚 =
√2− (−√2)

9𝜋
16 −

5𝜋
16

=
2√2
𝜋
4

=
8√2

𝜋
 

 
→ 𝐸𝑠𝑠𝑒𝑠 𝑠ã𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑞𝑢𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑝𝑜𝑑𝑒 𝑎𝑠𝑠𝑢𝑚𝑖𝑟 𝑝𝑎𝑟𝑎 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 
𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑜𝑠. 
 
− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− 

 
(𝑏) 𝑈𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑃 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦2 = 𝑥, 𝑦 ≥ 0, 𝑑𝑒 𝑚𝑜𝑑𝑜 
𝑞𝑢𝑒 𝑠𝑢𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 4𝑐𝑚 𝑝𝑜𝑟 𝑠𝑒𝑔𝑢𝑛𝑑𝑜. 𝐴 𝑝𝑟𝑜𝑗𝑒çã𝑜 𝑑𝑒 𝑃 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑒𝑖𝑥𝑜 𝑂𝑥 é 𝑜 
𝑝𝑜𝑛𝑡𝑜 𝑀.  𝐶𝑜𝑚 𝑞𝑢𝑒 𝑟𝑎𝑝𝑖𝑑𝑒𝑧 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑂𝑃𝑀 𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 
𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 9? 

 
𝐼𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑑𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎! 
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 𝐴 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝐴 =
𝑏. ℎ

2
 ,𝑜𝑛𝑑𝑒 𝑏 é 𝑜 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑏𝑎𝑠𝑒 𝑒 

ℎ é 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜,𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑎𝑛𝑑𝑜 𝑒𝑚 𝑡𝑒𝑟𝑚𝑜𝑠 𝑑𝑒 𝑥 𝑒 𝑦,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝐴 =
𝑥. 𝑦

2
 ;𝑚𝑎𝑠 𝑦2 = 𝑥 ∴ 𝑦 = √𝑥  

𝐴 =
𝑥√𝑥

2
=
𝑥
3
2

2
 

 
∗ 𝐷𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑐𝑜𝑚 𝑎 𝑞𝑢𝑎𝑙 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 é 4𝑐𝑚 𝑝𝑜𝑟 𝑠𝑒𝑔𝑢𝑛𝑑𝑜, 
𝑜𝑢 𝑠𝑒𝑗𝑎, 

𝑑𝑥

𝑑𝑡
= 4𝑐𝑚 𝑠⁄  

 
∗ 𝑄𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑂𝑃𝑀 𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 

𝑒𝑠𝑡𝑖𝑣𝑒𝑟 𝑛𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 9.𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 
 

𝑑𝐴

𝑑𝑡
=
𝑑𝐴

𝑑𝑥
.
𝑑𝑥

𝑑𝑡
 

 

𝑑𝐴

𝑑𝑡
=
3𝑥

1
2

4
. 4 

𝑑𝐴

𝑑𝑡
= 3√𝑥 

𝑑𝐴

𝑑𝑡
|
𝑥=9

= 3√9 = 3.3 = 9𝑐𝑚2 𝑠⁄  

 
𝐿𝑜𝑔𝑜, 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑂𝑃𝑀 𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑛𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 9𝑐𝑚2 𝑠⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑃 

𝑒𝑠𝑡á 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 9. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
(𝑎)𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = tgh(𝑒sen 𝑥) 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜-𝑥. 
 
∗ 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑚𝑜𝑠 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 à 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 0. 
 

𝑦 = tgh(𝑒sen 0) = tgh(𝑒0) = tgh(1) =
𝑒−

1
𝑒

𝑒 +
1
𝑒

=
𝑒2 − 1

𝑒2 + 1
 ; 𝑃 (0, tgh 1) 𝑜𝑢 (0,

𝑒2 −1

𝑒2 +1
) ; 

 

𝑦′ =
𝑑𝑦

𝑑𝑥
= cos𝑥 . 𝑒sen 𝑥 . sech2(𝑒sen 𝑥) ;  

𝑑𝑦

𝑑𝑥
|
𝑥=0

= sech2(1) =
4

(𝑒 +
1
𝑒)
2
=

4𝑒2

(𝑒2 + 1)2
 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒: 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0) 
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𝑦 −
𝑒2 −1

𝑒2 +1
=

4𝑒2

(𝑒2 + 1)2
(𝑥 − 0) 

 
∗ 𝐶𝑜𝑚𝑜 𝑞𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 − 𝑥 𝑓𝑎ç𝑎𝑚𝑜𝑠 𝑦 = 0. 

0 −
𝑒2 −1

𝑒2 +1
=

4𝑒2

(𝑒2 + 1)2
𝑥 

𝑥 = −
(𝑒2 − 1)(𝑒2 +1)2

4𝑒2(𝑒2 +1)
 

𝑥 = −
(𝑒2 −1)(𝑒2 + 1)

4𝑒2
 

𝑥 = −
𝑒4 −1

4𝑒2
 

 

∗ 𝑃𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 𝑥 é 𝑃 = (−
𝑒4 − 1

4𝑒2
, 0). 

 
(𝑏) 𝑈𝑚 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜 𝑑𝑎 𝑝𝑜𝑙í𝑐𝑖𝑎 𝑒𝑠𝑡á 𝑣𝑜𝑎𝑛𝑑𝑜 𝑎 150𝑘𝑚 ℎ⁄  𝑎 𝑢𝑚𝑎 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 

𝑑𝑒 0,5𝑘𝑚, 𝑎𝑐𝑖𝑚𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑟𝑜𝑑𝑜𝑣𝑖𝑎 𝑟𝑒𝑡𝑎.𝑂 𝑝𝑖𝑙𝑜𝑡𝑜 𝑢𝑠𝑎 𝑢𝑚 𝑟𝑎𝑑𝑎𝑟 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 
𝑞𝑢𝑒 𝑢𝑚 𝑐𝑎𝑟𝑟𝑜 𝑒𝑚 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜 𝑒𝑠𝑡á 𝑎 𝑢𝑚𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑒 1,5𝑘𝑚 𝑑𝑜 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜, 𝑒 𝑞𝑢𝑒 
𝑒𝑠𝑠𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑠𝑡á 𝑑𝑖𝑚𝑖𝑛𝑢𝑖𝑛𝑑𝑜 𝑎 250𝑘𝑚 ℎ⁄ . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑐𝑎𝑟𝑟𝑜. 

 
𝐷𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑑𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜,𝑡𝑒𝑚𝑜𝑠 𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑑𝑎𝑑𝑜𝑠: 

𝑑𝑥ℎ𝑒𝑙
𝑑𝑡

= 150 𝑘𝑚 ℎ⁄   ;
𝑑𝐷

𝑑𝑡
|
𝐷=1,5𝑘𝑚

= 250𝑘𝑚 ℎ⁄    ; 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 = 𝑦 = 0,5𝑘𝑚 

 
𝐴 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑖𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑒𝑛𝑡𝑟𝑒 𝑜 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜 𝑒 𝑜 𝑐𝑎𝑟𝑟𝑜 é 𝑑𝑎𝑑𝑎 

𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
𝑑𝑥

𝑑𝑡
=
𝑑𝑥𝑐𝑎𝑟𝑟𝑜
𝑑𝑡

+
𝑑𝑥ℎ𝑒𝑙
𝑑𝑡

 

∗ 𝑂𝑏𝑠: 𝑝𝑜𝑟 𝑐𝑜𝑛𝑣𝑒𝑛çã𝑜,𝑎𝑑𝑜𝑡𝑒𝑖 𝑎 𝑑𝑖𝑚𝑖𝑛𝑢𝑖çã𝑜 𝑑𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑛𝑡𝑟𝑒 𝑜 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜 𝑒 𝑜 
𝑐𝑎𝑟𝑟𝑜 𝑠𝑒𝑛𝑑𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎.𝐷𝑒 𝑡𝑎𝑙 𝑚𝑜𝑑𝑜, 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑖𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑒𝑛𝑡𝑟𝑒 𝑎𝑚𝑏𝑜𝑠 𝑝𝑜𝑠𝑠𝑢𝑖 

𝑢𝑚𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑎 (𝑣𝑐𝑎𝑟𝑟𝑜 +𝑣ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜) 𝑒 𝑐𝑜𝑚𝑜 𝑒𝑠𝑠𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑡𝑎𝑚𝑏é𝑚 

𝑒𝑠𝑡á 𝑑𝑖𝑚𝑖𝑛𝑢𝑖𝑛𝑑𝑜
𝑑𝑥

𝑑𝑡
(𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑎) é 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎 𝑝𝑜𝑟 𝑒𝑠𝑠𝑎 𝑐𝑜𝑛𝑣𝑒𝑛çã𝑜.   

 
𝑃𝑒𝑙𝑎 𝑟𝑒𝑙𝑎çã𝑜 𝑑𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑡𝑒𝑚𝑜𝑠,  
 

𝐷2 = 𝑥2 +𝑦2 

𝑄𝑢𝑎𝑛𝑑𝑜 𝐷 = 1,5𝑘𝑚 𝑒 𝑦 = 0,5𝑘𝑚, 𝑡𝑒𝑚𝑜𝑠 𝑥 = √2𝑘𝑚. 𝑃𝑜𝑟 𝑓𝑖𝑚, 𝑑𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎𝑚𝑏𝑜𝑠 
𝑜𝑠 𝑚𝑒𝑚𝑏𝑟𝑜𝑠 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑡𝑒𝑚𝑝𝑜,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 



38 

 

 
 

𝑑

𝑑𝑡
(𝐷2) =

𝑑

𝑑𝑡
(𝑥2) +

𝑑

𝑑𝑡
(𝑦2) 

2𝐷.
𝑑𝐷

𝑑𝑡
= 2𝑥.

𝑑𝑥

𝑑𝑡
+ 2𝑦.

𝑑𝑦

𝑑𝑡
 

∗ 𝐶𝑜𝑚𝑜 𝑎 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 (
𝑑𝑦

𝑑𝑡
= 0) ; 

 

𝐷.
𝑑𝐷

𝑑𝑡
= 𝑥.

𝑑𝑥

𝑑𝑡
 

1,5. (250) = √2.
𝑑𝑥

𝑑𝑡
 

𝑑𝑥

𝑑𝑡
=
750

2√2
=
750√2

4
=
375√2

2
𝑘𝑚 ℎ⁄  

 

𝑑𝑥𝑐𝑎𝑟𝑟𝑜
𝑑𝑡

+
𝑑𝑥ℎ𝑒𝑙
𝑑𝑡

=
375√2

2
 

𝑑𝑥𝑐𝑎𝑟𝑟𝑜
𝑑𝑡

=
375√2

2
− 150 

𝑑𝑥𝑐𝑎𝑟𝑟𝑜
𝑑𝑡

= 𝑣𝑐𝑎𝑟𝑟𝑜 =
375√2− 300

2
𝑘𝑚 ℎ⁄ ≈ 115𝑘𝑚 ℎ⁄  

∗ 𝑂𝑏𝑠: 𝑎 𝑖𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑒 à 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑓𝑜𝑖 𝑓𝑒𝑖𝑡𝑎 𝑒𝑚 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎𝑚𝑏𝑜𝑠, 
𝑐𝑎𝑟𝑟𝑜 𝑒 ℎ𝑒𝑙𝑖𝑐ó𝑝𝑡𝑒𝑟𝑜 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑒𝑚 𝑝𝑎𝑟𝑎 𝑎 𝑑𝑖𝑚𝑖𝑛𝑢𝑖çã𝑜 𝑑𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑖𝑎 𝑥. 𝐿𝑜𝑔𝑜, 
𝑝𝑜𝑑𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑟 𝑢𝑚𝑎 𝑣𝑎𝑟𝑖𝑎çã𝑜 ú𝑛𝑖𝑐𝑎 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑛𝑑𝑜 𝑠𝑢𝑎𝑠 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒𝑠.   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
(𝑎) 𝐴 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑒𝑙é𝑡𝑟𝑖𝑐𝑎 𝑑𝑒 𝑢𝑚 𝑓𝑖𝑜 é 𝑝𝑟𝑜𝑝𝑜𝑟𝑐𝑖𝑜𝑛𝑎𝑙 𝑎𝑜 𝑠𝑒𝑢 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 
𝑖𝑛𝑣𝑒𝑟𝑠𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑟𝑜𝑝𝑜𝑟𝑐𝑖𝑜𝑛𝑎𝑙 𝑎𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑑𝑒 𝑠𝑒𝑢 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜. 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑎 

𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚 𝑓𝑖𝑜,𝑑𝑒 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎𝑑𝑜, é 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑑𝑎 𝑎 𝑝𝑎𝑟𝑡𝑖𝑟 𝑑𝑎 𝑚𝑒𝑑𝑖𝑑𝑎 
𝑑𝑜 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜, 𝑐𝑜𝑚 𝑢𝑚𝑎 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑒 0,01.𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜  
𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎. 

 

𝑅 ∝ 𝑙 ;  𝑅 ∝
1

𝐷2
 

𝑂𝑢 𝑠𝑒𝑗𝑎, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑒𝑠𝑐𝑟𝑒𝑣𝑒𝑟 𝑢𝑚𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑅 𝑑𝑎 𝑓𝑜𝑟𝑚𝑎: 

 

𝑅 = 𝜌.
𝐿

𝐷2
 

𝑂𝑛𝑑𝑒 𝜌 é 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒 𝑝𝑟𝑜𝑝𝑜𝑟𝑐𝑖𝑜𝑛𝑎𝑙𝑖𝑑𝑎𝑑𝑒, 𝐿 é 𝑜 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑜 𝑓𝑖𝑜 𝑒 
𝐷 é 𝑜 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜. 
 
∗ 𝐶𝑜𝑚𝑜 𝜌 𝑒 𝐿 𝑠ã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑠 𝑝𝑎𝑟𝑎 𝑒𝑠𝑠𝑒 𝑐𝑎𝑠𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑒𝑛𝑡ã𝑜 𝑅(𝐷). 
∗ 𝑂 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 é 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟: 

 
∆𝑅

𝑅
≈
𝑑𝑅

𝑅
 

 
𝑑𝑅

𝑑𝐷
= −2𝜌.

𝐿

𝐷3
→ 𝑑𝑅 = −2𝜌.

𝐿

𝐷3
𝑑𝐷    𝑒      𝑅 = 𝜌.

𝐿

𝐷2
 



39 

 

 
 

 

∆𝑅

𝑅
≈
𝑑𝑅

𝑅
=
−2𝜌.

𝐿
𝐷3
𝑑𝐷

𝜌.
𝐿
𝐷2

= −2.
𝑑𝐷

𝐷
 

 

∗
𝑑𝐷

𝐷
 é 𝑜 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑎 𝑚𝑒𝑑𝑖𝑑𝑎 𝑑𝑜 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜 𝑑𝑜 𝑓𝑖𝑜,𝑜𝑢 𝑠𝑒𝑗𝑎, 0,01. 

𝐿𝑜𝑔𝑜, 𝑜 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎
𝑑𝑅

𝑅
= −0,02 ; 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑣𝑎𝑙𝑜𝑟 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑒𝑟𝑟𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑒 0,02 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑒𝑙é𝑡𝑟𝑖𝑐𝑎 𝑑𝑜 𝑓𝑖𝑜. 
 
(𝑏) 𝑈𝑚 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 é 𝑙𝑎𝑛ç𝑎𝑑𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 ,𝑎𝑝ó𝑠 𝑡 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠 𝑒𝑙𝑒 𝑒𝑠𝑡á 
𝑎 𝑠 𝑚𝑒𝑡𝑟𝑜𝑠 𝑑𝑜 𝑠𝑜𝑙𝑜, 𝑜𝑛𝑑𝑒 𝑠(𝑡) = 560𝑡 − 16𝑡2 𝑒 𝑜 𝑠𝑒𝑛𝑡𝑖𝑑𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜 é 𝑜 𝑑𝑒 𝑏𝑎𝑖𝑥𝑜 𝑝𝑎𝑟𝑎 
𝑐𝑖𝑚𝑎. 𝑄𝑢𝑎𝑛𝑡𝑜 𝑡𝑒𝑚𝑝𝑜 𝑙𝑒𝑣𝑎𝑟á 𝑜 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 𝑝𝑎𝑟𝑎 𝑎𝑡𝑖𝑛𝑔𝑖𝑟 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑚á𝑥𝑖𝑚𝑎? 
 
∗ 𝑁𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑚á𝑥𝑖𝑚𝑎 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 é 𝑛𝑢𝑙𝑎, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑣(𝑡) = 0. 
∗ 𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑜𝑠 𝑐𝑜𝑛ℎ𝑒𝑐𝑖𝑚𝑒𝑛𝑡𝑜𝑠 𝑑𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 1, 𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑝𝑜𝑠𝑖çã𝑜 

𝑒𝑚 𝑓𝑢𝑛çã𝑜 𝑑𝑜 𝑡𝑒𝑚𝑝𝑜 é 𝑎 𝑓𝑢𝑛çã𝑜 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒. 𝐿𝑜𝑔𝑜, 
 

𝑣(𝑡) =
𝑑𝑠

𝑑𝑡
= 560 − 32𝑡 

𝑣(𝑡) = 0 ⇒ 560 − 32𝑡 = 0 ∴ 𝑡 =
560

32
=
35

2
𝑠 = 17,5𝑠 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑓𝑜𝑔𝑢𝑒𝑡𝑒 𝑎𝑡𝑖𝑛𝑔𝑒 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑚á𝑥𝑖𝑚𝑎 𝑎𝑝ó𝑠 17,5𝑠. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 + ln(cosh𝑥) + senh𝜋 , 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜, 
𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
∗ 𝑂𝑏𝑠: 𝑜 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜 cosh𝑥 ≥ 1, ∀𝑥 ∈ ℝ, 𝑙𝑜𝑔𝑜 𝑜 𝑡𝑒𝑟𝑚𝑜 ln(cosh𝑥)  𝑒𝑠𝑡á 𝑏𝑒𝑚 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 
𝑝𝑎𝑟𝑎 𝑥 ∈ ℝ. 

 
∗ 𝑂𝑏𝑠2: 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑠𝑜𝑚𝑎 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 𝑒𝑚 ℝ 𝑒, 
𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ. 
 
→ 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑎 𝑒 𝑏 ∈ ℝ 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑎) = 𝑓(𝑏) = 0, 𝑒𝑛𝑡ã𝑜 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 

𝑑𝑒 𝑅𝑜𝑙𝑙𝑒,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (𝑎, 𝑏) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑐) = 0. 

 

𝑓 ′(𝑥) = 1 +
senh𝑥

cosh𝑥
= 1 + tgh 𝑥 

 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜tgh 𝑥  𝑝𝑜𝑠𝑠𝑢𝑖 𝑖𝑚𝑎𝑔𝑒𝑚 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−1,1) 𝑒𝑛𝑡ã𝑜, 𝑓 ′(𝑥) > 0, ∀𝑥 ∈ ℝ. 
𝐿𝑜𝑔𝑜, 𝑓 𝑛ã𝑜 𝑎𝑑𝑚𝑖𝑡𝑒 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑒 𝑝𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖çã𝑜, 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖, 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜, 
𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
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(𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒,𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋), 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log3[log5|sen𝑥|] 
𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 
∗ 𝐸𝑚 𝑟𝑒𝑠𝑢𝑚𝑜 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑥 ∈ 𝐷(𝑓)  𝑒 𝑥 ∈ (0,𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′(𝑥) = 0. 

 
∗ 𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 0 < |sen𝑥| ≤ 1 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋) 𝑒, 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒 , log5|sen 𝑥| < 0 
𝑒, 𝑝𝑜𝑟 𝑓𝑖𝑚, log3[log5|sen𝑥|]  𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒! 

 
∗ 𝑆𝑒 𝑎 𝑝𝑟ó𝑝𝑟𝑖𝑎 𝑓𝑢𝑛çã𝑜 𝑛ã𝑜 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑛𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑜 𝑞𝑢𝑒 𝑑𝑖𝑟á 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠  
𝑜𝑛𝑑𝑒 𝑝𝑜𝑑𝑒𝑟í𝑎𝑚𝑜𝑠 𝑡𝑒𝑟 𝑎𝑙𝑔𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 
𝑂𝑏𝑠: 𝑐𝑎𝑠𝑜 𝑎 𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑡𝑒𝑛ℎ𝑎 𝑠𝑖𝑑𝑜 𝑒𝑞𝑢𝑖𝑣𝑜𝑐𝑎𝑑𝑎, 𝑒 𝑓(𝑥) 𝑓𝑜𝑠𝑠𝑒, 𝑛𝑎 𝑣𝑒𝑟𝑑𝑎𝑑𝑒, 
𝑓(𝑥) = log3|log5|sen𝑥||  , 𝑒𝑛𝑡ã𝑜 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑚𝑒𝑙ℎ𝑜𝑟 𝑎 𝑠𝑖𝑡𝑢𝑎çã𝑜! 
 
𝐹𝑎𝑧𝑒𝑛𝑑𝑜 𝑎𝑠 𝑚𝑒𝑠𝑚𝑎𝑠 𝑎𝑛á𝑙𝑖𝑠𝑒𝑠 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟𝑒𝑠 𝑡𝑒𝑚𝑜𝑠 𝑓(𝑥) 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 𝑡𝑎𝑙 

𝑞𝑢𝑒 |sen𝑥| ≠ 0 𝑒 |sen𝑥| ≠ 1, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑝𝑎𝑟𝑎 𝑥 ∈ (0, 𝜋) , 𝑥 ≠
𝜋

2
. 

 
𝑓(𝑥) = log3|log5(sen𝑥)|   ;  0 < sen𝑥 ≤ 1 𝑒𝑚 (0,𝜋) ∴ |sen 𝑥| = sen𝑥 

                                                     log5(sen𝑥) < 0 ∴ |log5(sen𝑥)| = −log5(sen𝑥) 
 
𝑓(𝑥) = log3(− log5(sen𝑥))  
 

𝑓 ′(𝑥) =
1

−log5(sen𝑥) . ln 3
.
𝑑

𝑑𝑥
[− log5(sen𝑥)] 

 

𝑓 ′(𝑥) =
1

ln 3 . log5(sen𝑥)
.
cos𝑥

ln 5 . sen𝑥
 

 

𝑓 ′(𝑥) =
cos𝑥

ln 3 .
ln(sen𝑥)
ln5 . ln 5 . sen𝑥

           ;  ∗ log𝑏𝑎 =
ln 𝑎

ln 𝑏
  (𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑑𝑒 𝑏𝑎𝑠𝑒!) 

 

𝑓 ′(𝑥) =
cos𝑥

sen𝑥 . ln(sen𝑥) . ln 3
 

 

𝑃𝑎𝑟𝑎 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋) 𝑐𝑜𝑚 𝑥 ≠
𝜋

2
 𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

sen𝑥 . ln(sen𝑥) . ln 3 ≠ 0. 𝑁𝑜𝑠 𝑟𝑒𝑠𝑡𝑎 𝑒𝑛𝑡ã𝑜 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑎 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑞𝑢𝑒 𝑜 
𝑛𝑢𝑚𝑒𝑟𝑎𝑑𝑜𝑟 𝑣𝑒𝑛ℎ𝑎 𝑎 𝑠𝑒𝑟 𝑧𝑒𝑟𝑜 𝑝𝑎𝑟𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑧𝑒𝑟 𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜. 𝑃𝑜𝑟é𝑚, cos𝑥 = 0 

𝑖𝑚𝑝𝑙𝑖𝑐𝑎 𝑒𝑚 𝑥 =
𝜋

2
 𝑞𝑢𝑒 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
𝐶𝑜𝑛𝑐𝑙𝑢𝑠ã𝑜, 𝑓 ′(𝑥) ≠ 0 ∀𝑥 ∈ (0,𝜋) 𝑒 𝑐𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 
ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑛𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 
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1.6 3ª Prova – 17 de Outubro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝐶𝑜𝑚𝑒ç𝑎𝑛𝑑𝑜 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚,𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2,𝑑𝑒 

𝑚𝑎𝑛𝑒𝑖𝑟𝑎 𝑞𝑢𝑒 𝑠𝑢𝑎 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑥 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 3𝑐𝑚 𝑠⁄ . 𝑆𝑒𝑗𝑎 𝑄 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑞𝑢𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎 

𝑠𝑜𝑏𝑟𝑒 𝑜 𝑒𝑖𝑥𝑜 𝑂𝑥 𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑜𝑟 (0,−4) 𝑒 𝑃. 𝐷𝑒𝑠𝑐𝑢𝑏𝑟𝑎 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑄 

𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 
 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = 2 − sen2 𝑥 + 3cos2 𝑥 , 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−𝜋, 𝜋]. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 =
1 + senh𝑥

1 + cosh𝑥
 𝑝𝑜𝑠𝑠𝑢𝑖 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑝𝑎𝑟𝑎 𝑝𝑟𝑜𝑣𝑎𝑟 𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒: 

 
|ln(cosh𝑏) − ln(cosh𝑎)| < |𝑎 − 𝑏| ;   𝑎 ≠ 𝑏 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝑈𝑠𝑒 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑎𝑐ℎ𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑦 = (ln𝑥)
1
ln 𝑥  

 
𝑏) 𝐷ê 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑑𝑜 𝑝𝑎𝑟𝑎cos59°15′ . 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝐻á 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 log3 𝑥  𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 

𝑞𝑢𝑒 𝑥 = 1. 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑡𝑜𝑐𝑎 𝑒𝑚 𝑎𝑙𝑔𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒  
𝑔(𝑥) = 1 + cosh𝑥. 
 

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
9

4
𝑥2 − 4cos𝑥 −

1

8
cos(2𝑥) + cos17  𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 

𝑚á𝑥𝑖𝑚𝑜 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝐴 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 à 𝑒𝑠𝑡𝑎çã𝑜 𝑑𝑒 𝑝𝑎𝑟𝑡𝑖𝑑𝑎 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑓ó𝑟𝑚𝑢𝑙𝑎 

𝑠(𝑡) = 3𝑡4 − 44𝑡3 +144𝑡2. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒𝑝𝑜𝑖𝑠 𝑑𝑜 𝑞𝑢𝑎𝑙, 𝑝𝑒𝑙𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 

𝑣𝑒𝑧, 𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 𝑝𝑎𝑠𝑠𝑎 𝑎 𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑟 𝑑𝑎 𝑜𝑟𝑖𝑔𝑒𝑚. 

 
𝑏) 𝑈𝑚𝑎 𝑙â𝑚𝑝𝑎𝑑𝑎 𝑒𝑠𝑡á 𝑎𝑐𝑒𝑠𝑎 𝑛𝑜 𝑡𝑜𝑝𝑜 𝑑𝑒 𝑢𝑚 𝑝𝑜𝑠𝑡𝑒 𝑑𝑒 30𝑚 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎. 𝑈𝑚 𝑜𝑏𝑗𝑒𝑡𝑜 

é 𝑗𝑜𝑔𝑎𝑑𝑜 𝑑𝑎 𝑚𝑒𝑠𝑚𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑒 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑎 10𝑚 𝑑𝑒 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑎 𝑙â𝑚𝑝𝑎𝑑𝑎, 𝑑𝑒 𝑚𝑜𝑑𝑜 

𝑞𝑢𝑒 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑛𝑢𝑚 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑡, 𝑒𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠, é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 ℎ(𝑡) = 30−
9,8

2
𝑡2 . 𝑄𝑢ã𝑜 

𝑟á𝑝𝑖𝑑𝑜 𝑎 𝑠𝑜𝑚𝑏𝑟𝑎 𝑑𝑜 𝑜𝑏𝑗𝑒𝑡𝑜 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑛𝑜 𝑐ℎã𝑜 𝑢𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑑𝑒𝑝𝑜𝑖𝑠? 



42 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
(𝑎) 𝐶𝑜𝑚𝑒ç𝑎𝑛𝑑𝑜 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚, 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2,𝑑𝑒 

𝑚𝑎𝑛𝑒𝑖𝑟𝑎 𝑞𝑢𝑒 𝑠𝑢𝑎 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑥 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 3𝑐𝑚 𝑠⁄ . 𝑆𝑒𝑗𝑎 𝑄 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑞𝑢𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎 
𝑠𝑜𝑏𝑟𝑒 𝑜 𝑒𝑖𝑥𝑜 𝑂𝑥 𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑜𝑟 (0,−4) 𝑒 𝑃. 𝐷𝑒𝑠𝑐𝑢𝑏𝑟𝑎 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑄 

𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 

 

 
𝑃𝑒𝑙𝑎 𝑖𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑑𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎, 𝑡𝑒𝑚𝑜𝑠 𝑝𝑜𝑟 𝑟𝑒𝑙𝑎çã𝑜 𝑑𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜: 

𝑥𝑄
4
=

𝑥𝑃
4 + 𝑦𝑃

 

𝐶𝑜𝑚𝑜 𝑃 é 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = 𝑥2, 𝑒𝑛𝑡ã𝑜 𝑦𝑃 = 𝑥𝑃
2. 𝐿𝑜𝑔𝑜, 

𝑥𝑄 =
4𝑥𝑃
4 + 𝑥𝑃

2
 

𝑃𝑒𝑙𝑎 𝑟𝑒𝑔𝑟𝑎 𝑑𝑎 𝑐𝑎𝑑𝑒𝑖𝑎,𝑡𝑒𝑚𝑜𝑠: 
𝑑𝑥𝑄
𝑑𝑡

=
𝑑𝑥𝑄
𝑑𝑥𝑃

.
𝑑𝑥𝑃
𝑑𝑡

 

 
𝑑𝑥𝑄
𝑑𝑥𝑃

=
4(4 + 𝑥𝑃

2) − 4𝑥𝑃(2𝑥𝑃)

(4 + 𝑥𝑃
2)2

 

 
𝑑𝑥𝑄
𝑑𝑡

=
4(4+ 𝑥𝑃

2) − 4𝑥𝑃(2𝑥𝑃)

(4 + 𝑥𝑃
2)2

. (3) 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑥𝑃 = 1. 𝐿𝑜𝑔𝑜, 
 

𝑑𝑥𝑄
𝑑𝑡

=
4(4 + 12) − 4.1.(2.1)

(4 + 12)2
. (3) 

𝑑𝑥𝑄
𝑑𝑡

=
20 − 8

25
. (3) =

36

25
𝑐𝑚 𝑠⁄   

 

∗ 𝐿𝑜𝑔𝑜,𝑜 𝑝𝑜𝑛𝑡𝑜 𝑄 𝑠𝑒 𝑚𝑜𝑣𝑒 à 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 
36

25
𝑐𝑚 𝑠⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑃 𝑒𝑠𝑡á 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 

 



43 

 

 
 

(𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = 2 − sen2 𝑥 + 3cos2 𝑥 , 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−𝜋, 𝜋]. 

 
∗ 𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑠𝑜𝑚𝑎 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 [−𝜋, 𝜋] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 
𝑒𝑚 (−𝜋, 𝜋). 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑛𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑚 [−𝜋, 𝜋], 𝑡𝑒𝑚𝑜𝑠: 

 
1) 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜; 
𝑓(−𝜋) = 2 − sen2(−𝜋) + 3 cos2(−𝜋) = 2− 02 + 3. (−1)2 = 5 

𝑓(𝜋) = 2 − sen2 𝜋 + 3cos2𝜋 = 2− 02 + 3.(−1)2 = 5 
 
2) 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠; 
 
∗ 𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 

 
→ 𝐶𝑜𝑚𝑜 𝑓 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (−𝜋, 𝜋), 𝑛𝑜𝑠 𝑟𝑒𝑠𝑡𝑎 𝑠𝑎𝑏𝑒𝑟 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) = 0. 𝐸𝑛𝑡ã𝑜, 

 
𝑓 ′(𝑥) = −2sen𝑥 . cos𝑥 − 6 sen𝑥 . cos𝑥 
𝑓 ′(𝑥) = −8sin 𝑥 . cos𝑥 

𝑓 ′(𝑥) = 0 ⇒ sin 𝑥 . cos𝑥 = 0 ⇒ {
sen𝑥 = 0
𝑜𝑢

cos𝑥 = 0
∴ 𝑥 = {−

𝜋

2
, 0,
𝜋

2
} 

 

𝑓 (−
𝜋

2
) = 2− sen2 (−

𝜋

2
) + 3cos2 (−

𝜋

2
) = 2− (−1)2 +3. (0) = 1 

𝑓(0) = 2 − sen2 0 + 3cos20 = 2− 02 + 3. (1)2 = 5 

𝑓 (
𝜋

2
) = 2 − sen2 (

𝜋

2
) + 3 cos2 (

𝜋

2
) = 2− (1)2 +3. (0) = 1 

 
3) 𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,𝑡𝑒𝑚𝑜𝑠: 
 
𝑓(−𝜋) = 𝑓(𝜋) = 5 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜, 𝑒𝑛𝑞𝑢𝑎𝑛𝑡𝑜 𝑞𝑢𝑒 𝑓(0) = 5 é 𝑢𝑚 

𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜,𝑝𝑜𝑟 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑒𝑚 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜. 

 

𝑓 (−
𝜋

2
) = 𝑓 (

𝜋

2
) = 1 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 

(𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 =
1+ senh𝑥

1 + cosh𝑥
 𝑝𝑜𝑠𝑠𝑢𝑖 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
∗ 𝑂𝑏𝑠: 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑡𝑒𝑚𝑜𝑠 cosh𝑥 ≥ 1,∀𝑥 ∈ ℝ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
1 + cosh𝑥 ≠ 0,∀𝑥 ∈ ℝ. 𝐶𝑜𝑚𝑜 𝑜 𝑛𝑢𝑚𝑒𝑟𝑎𝑑𝑜𝑟 𝑛ã𝑜 𝑎𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 𝑟𝑒𝑠𝑡𝑟𝑖𝑛çã𝑜 𝑎𝑙𝑔𝑢𝑚𝑎, 
𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑦 = 𝑓(𝑥) é 𝐷(𝑓) = ℝ. 
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𝑓 ′(𝑥) =
𝑑𝑦

𝑑𝑥
=
cosh𝑥 (1 + cosh𝑥) − senh𝑥 (1 + senh𝑥)

(1 + cosh𝑥)2
 

 

𝑓 ′(𝑥) =
cosh2 𝑥 − senh2 𝑥 + cosh𝑥 − senh𝑥

(1 + cosh𝑥)2
 

𝑓 ′(𝑥) =
1+ cosh𝑥 − senh𝑥

(1 + cosh𝑥)2
 

 
∗ 𝐶𝑜𝑚𝑜 𝑜 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑑𝑜𝑟 𝑑𝑒 𝑓 ′𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑎𝑟𝑎 𝑥 ∈ ℝ, 𝑒𝑛𝑡ã𝑜, 𝑠𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑒𝑚 𝑥 = 𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑎 𝑑𝑖𝑧𝑒𝑟 𝑞𝑢𝑒 𝑓 ′(𝑎) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 ′(𝑥) = 0 

𝑟𝑒𝑠𝑢𝑙𝑡𝑎 𝑒𝑚… 

 
𝑓 ′(𝑥) = 0 ⇒ 1 + cosh𝑥 − senh𝑥 = 0 

 

1 +
𝑒𝑥 + 𝑒−𝑥

2
−
𝑒𝑥 − 𝑒−𝑥

2
= 0 

1 + 𝑒−𝑥 = 0 

 
∗ 𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 𝑒−𝑥 > 0, ∀𝑥 ∈ ℝ,𝑙𝑜𝑔𝑜 𝑛ã𝑜 ℎá 𝑠𝑜𝑙𝑢çã𝑜 𝑝𝑎𝑟𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑎𝑐𝑖𝑚𝑎. 
𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒 ∄𝑥 ∈ ℝ;𝑓 ′(𝑥) = 0, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 
ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑒𝑚 𝑛𝑒𝑛ℎ𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 
 
(𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑝𝑎𝑟𝑎 𝑝𝑟𝑜𝑣𝑎𝑟 𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒: 

 
|ln(cosh𝑏) − ln(cosh𝑎)| < |𝑎 − 𝑏| ;   𝑎 ≠ 𝑏 

 
𝐶𝑜𝑚 𝑎 ≠ 𝑏 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑑𝑖𝑣𝑖𝑑𝑖𝑟 𝑡𝑜𝑑𝑎 𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑝𝑜𝑟 |𝑎 − 𝑏| ≠ 0.𝐿𝑜𝑔𝑜, 

 

|
ln(cosh𝑏) − ln(cosh𝑎)

𝑎 − 𝑏
| < 1 

−1 <
ln(cosh𝑏) − ln(cosh𝑎)

𝑎 − 𝑏
< 1 

 

∗ 𝑆𝑒𝑗𝑎 𝑓(𝑥) = ln(cosh𝑥) , 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) =
senh𝑥

cosh𝑥
= tgh 𝑥 . 𝐶𝑜𝑛𝑡𝑢𝑑𝑜, 𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 

𝑎 𝑖𝑚𝑎𝑔𝑒𝑚 𝑑𝑎 𝑓𝑢𝑛çã𝑜 tgh 𝑥  é 𝐼𝑚(tgh𝑥) = (−1,1).𝐿𝑜𝑔𝑜, 
 

−1 < 𝑓 ′(𝑥) < 1 

∗ 𝐶𝑜𝑚𝑜cosh𝑥 ≥ 1, ∀𝑥 ∈ ℝ, 𝑓(𝑥) = ln(cosh𝑥)  𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 
𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑎,𝑏] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑎,𝑏). 
𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (𝑎, 𝑏) 𝑡𝑎𝑙 𝑞𝑢𝑒: 

 

𝑓 ′(𝑥) =
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
=
ln(cosh𝑏) − ln(cosh𝑎)

𝑏 − 𝑎
 

−1 < 𝑓 ′(𝑥) < 1 

−1 <
ln(cosh𝑏) − ln(cosh𝑎)

𝑏 − 𝑎
< 1 

−1 <
ln(cosh𝑏) − ln(cosh𝑎)

−(𝑎 − 𝑏)
< 1 
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1 >
ln(cosh𝑏) − ln(cosh𝑎)

𝑎 − 𝑏
> −1 

∗ 𝐸 𝑒𝑠𝑠𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑟𝑒𝑚𝑒𝑡𝑒 à 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜, 
 

|
ln(cosh𝑏) − ln(cosh𝑎)

𝑎 − 𝑏
| < 1 

|ln(cosh𝑏) − ln(cosh𝑎)| < |𝑎 − 𝑏| 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

(𝑎) 𝑈𝑠𝑒 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑎𝑐ℎ𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑦 = (ln 𝑥)
1
ln 𝑥  

 
∗ 𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑜 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑒𝑚 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑚𝑒𝑚𝑏𝑟𝑜𝑠 𝑑𝑎 𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒,𝑡𝑒𝑚𝑜𝑠: 

 

ln 𝑦 = ln(ln 𝑥)
1
ln 𝑥  

ln 𝑦 =
1

ln 𝑥
. ln(ln 𝑥) 

 
∗ 𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑑𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎 𝑥,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑦′

𝑦
= [−

1
𝑥

(ln𝑥)2
. ln(ln 𝑥) +

1

ln 𝑥
.
1

ln 𝑥
.
1

𝑥
] 

𝑦′

𝑦
= [−

1

𝑥(ln𝑥)2
. ln(ln 𝑥) +

1

𝑥.(ln 𝑥)2
] 

𝑦′ = 𝑦.
1

𝑥(ln 𝑥)2
[1 − ln(ln 𝑥)] 

𝑦′ = (ln𝑥)
1
ln 𝑥 .

1

𝑥(ln 𝑥)2
[1 − ln(ln𝑥)] 

 
(𝑏) 𝐷ê 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑑𝑜 𝑝𝑎𝑟𝑎cos59°15′ . 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = cos𝑥 , 𝑐𝑜𝑛ℎ𝑒𝑐𝑒𝑚𝑜𝑠 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑜cos60°  𝑒 𝑞𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑜 𝑣𝑎𝑙𝑜𝑟 
𝑑𝑜 cos59°15′ . 𝐸𝑛𝑡ã𝑜, 
 

1° = 60′ =
𝜋

180
𝑟𝑎𝑑 ; 𝑙𝑜𝑔𝑜, 45′ =

3

4
.
𝜋

180
=
3𝜋

720
𝑟𝑎𝑑 ⋘ 1𝑟𝑎𝑑 

 
𝐶𝑜𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠, 𝑝𝑎𝑟𝑎 𝑝𝑒𝑞𝑢𝑒𝑛𝑎𝑠 𝑣𝑎𝑟𝑖𝑎çõ𝑒𝑠 𝑑𝑒 𝑥,𝑡𝑒𝑚𝑜𝑠 

∆𝑦 ≈ 𝑑𝑦 

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥) ≈ 𝑓 ′(𝑥).𝑑𝑥 

∗ 𝑁𝑒𝑠𝑠𝑒 𝑐𝑎𝑠𝑜 𝑥 =
𝜋

3
𝑟𝑎𝑑, ∆𝑥 = 𝑑𝑥 = −

3𝜋

720
𝑟𝑎𝑑 𝑒 𝑓 ′(𝑥) = −sen 𝑥  𝑝𝑎𝑟𝑎 𝑥 =

𝜋

3
𝑟𝑎𝑑. 

 

𝑓 (
𝜋

3
−
3𝜋

720
) − 𝑓 (

𝜋

3
) ≈ − sen(

𝜋

3
) . (−

3𝜋

720
) 

cos(
𝜋

3
−
3𝜋

720
) − cos(

𝜋

3
) ≈ − sen(

𝜋

3
)(−

3𝜋

720
) 
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cos(59°15′)−
1

2
≈ −

√3

2
(−

3𝜋

720
) 

cos(59°15′) ≈
1

2
+
√3

2
.
𝜋

240
=
1

2
+
√3𝜋

480
 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
(𝑎) 𝐻á 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 log3 𝑥  𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 

𝑞𝑢𝑒 𝑥 = 1. 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑡𝑜𝑐𝑎 𝑒𝑚 𝑎𝑙𝑔𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒  
𝑔(𝑥) = 1 + cosh𝑥. 
 
𝑓(1) = 1log3 1 = 10 = 1  ;𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 (1,1). 
 
ln 𝑓(𝑥) = ln 𝑥 log3 𝑥  

ln 𝑓(𝑥) = log3 𝑥 . ln 𝑥 
𝑓 ′(𝑥)

𝑓(𝑥)
=

1

𝑥. ln3
. ln 𝑥 + log3 𝑥 .

1

𝑥
 

𝑓 ′(𝑥) = 𝑓(𝑥) [
1

𝑥. ln 3
. ln 𝑥 +

1

𝑥
. log3 𝑥] 

𝑓 ′(1) = 𝑓(1) [
1

ln 3
. ln 1 +

1

1
. log3 1] 

𝑓 ′(1) = 1[0 + 0] = 0. 
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1); 

𝑦 − 1 = 0(𝑥 − 1) 
𝑦 = 1 

 
𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑠𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = 1+ cosh𝑥 , 𝑡𝑒𝑚𝑜𝑠: 
 

𝑔(𝑥) = 1 

1 + cosh𝑥 = 1 
cosh𝑥 = 0  

∗ 𝑁𝑜𝑡𝑒 𝑞𝑢𝑒cosh𝑥 ≥ 1, ∀𝑥 ∈ ℝ, 𝑙𝑜𝑔𝑜 𝑛ã𝑜 ℎá 𝑠𝑜𝑙𝑢çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑎𝑐𝑖𝑚𝑎 𝑒, 
𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒 , 𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑛ã𝑜 𝑡𝑜𝑐𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 
𝑑𝑒 𝑔(𝑥). 

 

(𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
9

4
𝑥2 −4 cos𝑥 −

1

8
cos(2𝑥) + cos17  𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 

𝑚á𝑥𝑖𝑚𝑜 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜. 

 
𝑂𝑏𝑠: 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑠𝑜𝑚𝑎 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 𝑒𝑚 ℝ .𝐿𝑜𝑔𝑜, 
𝑓 𝑡𝑎𝑚𝑏é𝑚 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ. 

 
∗ 𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒.𝑃𝑜𝑟 𝑒𝑠𝑠𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜, 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑡𝑒𝑚𝑜𝑠 
𝑎𝑝𝑒𝑛𝑎𝑠 𝑎 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 ′(𝑥) = 0. 
 
∗ 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑒𝑚 𝑎 𝑒 𝑏 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑎) = 𝑓 ′(𝑏) = 0. 
𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (𝑎, 𝑏);𝑓 ′′(𝑥) = 0.  



47 

 

 
 

𝑓 ′(𝑥) =
9

2
𝑥 + 4 sen𝑥 +

1

4
sen(2𝑥) 

𝑓 ′′(𝑥) =
9

2
+ 4cos𝑥 +

1

2
cos(2𝑥) 

𝑓 ′′(𝑥) =
9+ 8cos𝑥 + cos(2𝑥)

2
 

𝑓 ′′(𝑥) =
2cos2 𝑥 + 8 cos𝑥 + 8

2
 

𝑓 ′′(𝑥) = cos2𝑥 + 4cos𝑥 + 8 

 
∗ 𝐹𝑎ç𝑎𝑚𝑜𝑠 𝑓 ′′(𝑥) = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 
cos2 𝑥 + 4cos𝑥 + 8 = 0 

 
∆= 16− 32 = −16  (∆< 0) 
 
𝐿𝑜𝑔𝑜, 𝑛ã𝑜 ℎá 𝑠𝑜𝑙𝑢çã𝑜 𝑝𝑎𝑟𝑎 𝑓 ′′(𝑥) = 0 𝑒,𝑝𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖çã𝑜,𝑐𝑜𝑚𝑜 𝑓 𝑛ã𝑜 𝑝𝑜𝑑𝑒 𝑡𝑒𝑟 2 
𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠, 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜 1 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 à 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 

𝑐𝑟í𝑡𝑖𝑐𝑜. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
(𝑎) 𝐴 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 à 𝑒𝑠𝑡𝑎çã𝑜 𝑑𝑒 𝑝𝑎𝑟𝑡𝑖𝑑𝑎 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑓ó𝑟𝑚𝑢𝑙𝑎 

𝑠(𝑡) = 3𝑡4 − 44𝑡3 +144𝑡2. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒𝑝𝑜𝑖𝑠 𝑑𝑜 𝑞𝑢𝑎𝑙, 𝑝𝑒𝑙𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 

𝑣𝑒𝑧, 𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 𝑝𝑎𝑠𝑠𝑎 𝑎 𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑟 𝑑𝑎 𝑜𝑟𝑖𝑔𝑒𝑚. 

 
∗ 𝐷𝑒𝑝𝑜𝑖𝑠 𝑑𝑒 𝑡 = 0,𝑞𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠′(𝑡) = 0,𝑝𝑜𝑖𝑠, 𝑖𝑠𝑠𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑎 𝑑𝑖𝑧𝑒𝑟 
𝑞𝑢𝑒 𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑣𝑜𝑙𝑡𝑎𝑛𝑑𝑜 à 𝑒𝑠𝑡𝑎çã𝑜. 
 

𝑠′(𝑡) = 0 , 𝑡 ≠ 0 
12𝑡3 −132𝑡2 +288𝑡 = 0 

12𝑡(𝑡2 −11𝑡 + 24) = 0 

∆= (−11)2 − 4(1)(24) 
∆= 121 − 96 
∆= 25 

 

𝑡 =
11 ± 5

2
∴ 𝑡1 = 8𝑠  𝑒  𝑡2 = 3𝑠 

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑙𝑜𝑐𝑜𝑚𝑜𝑡𝑖𝑣𝑎 𝑝𝑎𝑠𝑠𝑎 𝑎 𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑟 𝑑𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒𝑚  𝑡 = 3𝑠, 𝑑𝑒𝑝𝑜𝑖𝑠 𝑑𝑒 
𝑝𝑎𝑠𝑠𝑎𝑟 𝑝𝑒𝑙𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑣𝑒𝑧 𝑝𝑒𝑙𝑎 𝑒𝑠𝑡𝑎çã𝑜. 

 
(𝑏) 𝑈𝑚𝑎 𝑙â𝑚𝑝𝑎𝑑𝑎 𝑒𝑠𝑡á 𝑎𝑐𝑒𝑠𝑎 𝑛𝑜 𝑡𝑜𝑝𝑜 𝑑𝑒 𝑢𝑚 𝑝𝑜𝑠𝑡𝑒 𝑑𝑒 30𝑚 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎. 𝑈𝑚 𝑜𝑏𝑗𝑒𝑡𝑜 

é 𝑗𝑜𝑔𝑎𝑑𝑜 𝑑𝑎 𝑚𝑒𝑠𝑚𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑒 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑎 10𝑚 𝑑𝑒 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑎 𝑙â𝑚𝑝𝑎𝑑𝑎, 𝑑𝑒 𝑚𝑜𝑑𝑜 

𝑞𝑢𝑒 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑛𝑢𝑚 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑡, 𝑒𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑜𝑠, é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 ℎ(𝑡) = 𝟑𝟎 −
9,8

2
𝑡2. 𝑄𝑢ã𝑜 

𝑟á𝑝𝑖𝑑𝑜 𝑎 𝑠𝑜𝑚𝑏𝑟𝑎 𝑑𝑜 𝑜𝑏𝑗𝑒𝑡𝑜 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑛𝑜 𝑐ℎã𝑜 𝑢𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑑𝑒𝑝𝑜𝑖𝑠? 
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𝐼𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑑𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎: 
 

 
 

∗ 𝐴 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑐𝑜𝑚 𝑎 𝑞𝑢𝑎𝑙 𝑎 𝑠𝑜𝑚𝑏𝑟𝑎 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑛𝑜 𝑐ℎã𝑜 é 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑚𝑒𝑛𝑡𝑒 𝑖𝑔𝑢𝑎𝑙 𝑎 

𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑥 𝑖𝑛𝑑𝑖𝑐𝑎𝑑𝑎 𝑛𝑎 𝑓𝑖𝑔𝑢𝑟𝑎. 
 
𝑃𝑜𝑟 𝑠𝑒𝑚𝑒𝑙ℎ𝑎𝑛ç𝑎 𝑑𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜,𝑡𝑒𝑚𝑜𝑠: 
 

30

ℎ
=
10 + 𝑥

𝑥
 

10ℎ + 𝑥ℎ = 30𝑥 
𝑥(ℎ − 30) = −10ℎ 

𝑥 = −
10ℎ

ℎ − 30
 

 
𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎,  

𝑑𝑥

𝑑𝑡
=
𝑑𝑥

𝑑ℎ
.
𝑑ℎ

𝑑𝑡
 

𝑑𝑥

𝑑ℎ
= − [

10(ℎ − 30) − 10ℎ. (1)

(ℎ − 30)2
] =

300

(ℎ − 30)2
 

 
𝑑ℎ

𝑑𝑡
= −9,8𝑡 

𝑅𝑒𝑢𝑛𝑖𝑛𝑑𝑜 𝑎𝑠 𝑒𝑥𝑝𝑟𝑒𝑠𝑠õ𝑒𝑠 𝑒 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑑𝑥

𝑑𝑡
= −

300

(ℎ − 30)2
. 9,8𝑡 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑡 = 1𝑠, 𝑡𝑒𝑚𝑜𝑠 ℎ = ℎ(1) = 30 − 4,9. 𝐿𝑜𝑔𝑜, 
 

𝑑𝑥

𝑑𝑡
= −

300

(−4,9)2
. 9,8 

𝑑𝑥

𝑑𝑡
= −

600

4,9
𝑚 𝑠⁄  
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1.7 4ª Prova – 13 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 

 
𝑎) 𝑈𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑥) = 𝑥3 −1 𝑒 𝑎 𝑟𝑒𝑡𝑎 2𝑥 + 𝑦 + 1 = 0 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 
𝑠𝑒𝑢 𝑔𝑟á𝑓𝑖𝑐𝑜. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓(2). 
 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = {
𝑒𝑥 − 2, 𝑥 ≤ 0
𝑥3 − 𝑥

𝑥2 − 4
,       𝑥 > 0  

. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 
𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥),𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒: 
 

𝑓(𝑥) =
2𝑥2 + 𝑥 − 1

𝑥2 −1
 ;  𝑓 ′(𝑥) = −

1

(𝑥 − 1)2
  ;   𝑓 ′′(𝑥) =

2

(𝑥 − 1)3
 

 
𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 
𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒, 𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 
𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 
𝑃𝑜𝑟 𝑓𝑖𝑚,𝑒𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 
  
𝑎) 𝑂𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑒 𝑢𝑚 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑠ã𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 = (0,1) ,𝐵 = (2𝑥,1), 𝐶 = (𝑥, 0) 𝑒 

𝐷 = (𝑥, 𝑓(𝑥)),𝑜𝑛𝑑𝑒 𝑓(𝑥) = 𝑒
1
𝑥 , 𝑐𝑜𝑚 𝑥 > 0. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑜 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑑𝑒 

𝑓𝑜𝑟𝑚𝑎 𝑞𝑢𝑒 𝑠𝑢𝑎 á𝑟𝑒𝑎 𝑠𝑒𝑗𝑎 𝑚í𝑛𝑖𝑚𝑎. 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑓(𝑥) =
𝑥 + 1

√𝑥
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠: 
 

𝑎) lim
𝑡→∞

[𝑡. ln (1 +
3

𝑡
)]. 

 

𝑏) lim
𝑦→0+

[cos(2𝑦)]
1

𝑦2 . 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 
 
𝑈𝑚 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑟 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃,𝑑𝑖𝑠𝑡𝑎𝑛𝑡𝑒 𝑢𝑚𝑎 𝑢𝑛𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑖𝑠𝑡𝑎. 
𝐷𝑜𝑖𝑠 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟𝑒𝑠 𝑖𝑛𝑖𝑐𝑖𝑎𝑚 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑆 𝑑𝑎 𝑓𝑖𝑔𝑢𝑟𝑎 𝑒 𝑐𝑜𝑟𝑟𝑒𝑚 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑖𝑠𝑡𝑎. 𝑈𝑚 

𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟 𝑐𝑜𝑟𝑟𝑒 𝑡𝑟ê𝑠 𝑣𝑒𝑧𝑒𝑠 𝑚𝑎𝑖𝑠 𝑟á𝑝𝑖𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑜𝑢𝑡𝑟𝑜.𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑑𝑜 
â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑑𝑒 𝑣𝑖𝑠ã𝑜 𝑑𝑜 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑟 𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟𝑒𝑠. [𝐷𝑖𝑐𝑎:𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 tg 𝜃] . 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝑈𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑥) = 𝑥3 −1 𝑒 𝑎 𝑟𝑒𝑡𝑎 2𝑥 + 𝑦 + 1 = 0 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 
𝑠𝑒𝑢 𝑔𝑟á𝑓𝑖𝑐𝑜. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓(2). 
 
𝑆𝑒 𝑎 𝑟𝑒𝑡𝑎 2𝑥+ 𝑦 + 1 = 0 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓,𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 𝑛𝑜 
𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑥) é 𝑖𝑔𝑢𝑎𝑙 𝑎𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒. 

 
𝑓 ′(𝑥) = 𝑥3 −1 ;    𝑦 = −2𝑥 − 1 (𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 = −2) 

 
𝑓 ′(𝑥) = 2⟹ 𝑥3 − 1 = −2  ⇒ 𝑥3 = −1 ∴  𝑥 = −1 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 2𝑥 + 𝑦 + 1 = 0 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 

𝑥 = −1.  𝑃𝑎𝑟𝑎 𝑥 = −1, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑜 𝑝𝑜𝑛𝑡𝑜 

𝑃 = (−1,1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) = 𝑥3 −1 é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 

 

𝑓(𝑥) =
1

4
𝑥4 −𝑥 +𝐶  

 
𝐶𝑜𝑚𝑜 𝑃 = (−1,1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎 𝑓𝑢𝑛çã𝑜, 𝑡𝑒𝑚𝑜𝑠: 
 

 1 =
1

4
+ 1+ 𝐶 ∴ 𝐶 = −

1

4
 

𝐿𝑜𝑔𝑜, 𝑓(𝑥) =
1

4
𝑥4 − 𝑥 −

1

4
. 

 

𝑓(2) =
1

4
(2)4 −2 −

1

4
=
16

4
− 2−

1

4
=
7

4
   ;    𝑓(2) =

7

4
. 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = {
𝑒𝑥 − 2, 𝑥 ≤ 0
𝑥3 − 𝑥

𝑥2 − 4
,       𝑥 > 0  

. 

𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎𝑠 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎𝑠 𝑞𝑢𝑒 𝑓𝑜𝑟𝑚𝑎𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑡𝑒𝑚𝑜𝑠 (𝑒𝑥 −2), 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,0). 

𝐶𝑜𝑛𝑡𝑢𝑑𝑜, 𝑡𝑒𝑚𝑜𝑠 (
𝑥3 − 𝑥

𝑥2 − 4
) , 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑝𝑎𝑟𝑎 𝑥 ∈ ℝ; 𝑥2 − 4 ≠ 0, 

𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑥 ≠ 2.  𝑂𝑏𝑠: 𝑥 = −2 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒𝑠𝑠𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎! 
 

 
∗ 𝑂𝑏𝑠: lim

𝑥→0+
𝑓(𝑥) = 0 ;  lim

𝑥→0−
𝑓(𝑥) = −1    𝑒  𝑓(0) = −1 

→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 
𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

 
lim
𝑥→𝑎+

𝑓(𝑥) = ±∞    𝑜𝑢     lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 
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𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑟 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 
𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 

 
→ 𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 𝑥 = 0 𝑛ã𝑜 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑒𝑚𝑏𝑜𝑟𝑎 𝑓 𝑠𝑒𝑗𝑎 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 

𝑥 = 0, lim
𝑥→0+

𝑓(𝑥) = 0  𝑒  lim
𝑥→0−

𝑓(𝑥) = −1. 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

𝑥3 − 𝑥

𝑥2 − 4
= lim
𝑥→2−

𝑥3 − 𝑥⏞    

6
↑

(𝑥 − 2)⏟    
↓
0−

(𝑥 + 2)⏟    
↓
4

= −∞ 

∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 2− , 𝑒𝑛𝑡ã𝑜 𝑥 < 2 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑥 − 2 < 0.  
 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 
 

lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 
lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

(𝑒𝑥 − 2) = lim
𝑥→−∞

𝑒𝑥 − lim
𝑥→−∞

2 = 0− 2 = −2 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

𝑥3 − 𝑥

𝑥2 − 4
= lim
𝑥→+∞

𝑥3 − 𝑥

𝑥2 −4
 
𝐿′𝐻
→ = lim

𝑥→+∞

3𝑥2 −1

2𝑥
= lim
𝑥→+∞

6𝑥

2
= +∞. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑂𝑏𝑙𝑖𝑞𝑢𝑎: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙𝑖𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒, 
𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒,  

lim
𝑥→±∞

[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0 

𝐴 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑒 𝑓(𝑥) 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑐𝑜𝑚𝑜: 
𝑥3 − 𝑥

𝑥2 −4
= 𝑥 +

3𝑥

𝑥2 − 4
. 

 

lim
𝑥→+∞

[𝑓(𝑥) − 𝑥] = lim
𝑥→+∞

[
𝑥3 − 𝑥

𝑥2 − 4
− 𝑥] = lim

𝑥→+∞

3𝑥

𝑥2 −4

𝐿′𝐻
→ lim

𝑥→+∞

3

2𝑥
= 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑥 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
 
∗ 𝐶𝑎𝑠𝑜 𝑓 𝑎𝑑𝑚𝑖𝑡𝑎 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑝𝑎𝑟𝑎 𝑎 𝑝𝑟𝑖𝑚𝑒𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 

𝑎 = lim
𝑥→−∞

𝑓(𝑥)

𝑥
≠ 0.  𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜, 𝑡𝑒𝑚𝑜𝑠: 

lim
𝑥→−∞

𝑓(𝑥)

𝑥
= lim
𝑥→−∞

𝑒𝑥 −2

𝑥

𝐿′𝐻
→ = lim

𝑥→−∞
𝑒𝑥 = 0 

𝐿𝑜𝑔𝑜, 𝑦 = 𝑥 é 𝑎 ú𝑛𝑖𝑐𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥),𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒: 
 

𝑓(𝑥) =
2𝑥2 + 𝑥 − 1

𝑥2 − 1
 ;   𝑓 ′(𝑥) = −

1

(𝑥 − 1)2
  ;  𝑓 ′′(𝑥) =

2

(𝑥 − 1)3
 

 
𝐴𝑛𝑡𝑒𝑠 𝑑𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑟 𝑜𝑠 𝑖𝑡𝑒𝑛𝑠…𝐷(𝑓) = ℝ − {−1,1}; 
 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠: 
 

𝑓(0) = 1  ;    𝑓(𝑥) = 0 ⇒ 2𝑥2 + 𝑥 − 1 = 0 ⇒ 2(𝑥 + 1)(𝑥 −
1

2
) = 0 ∴ 𝑥 =

1

2
 

𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝐴 = (0,1)  𝑒  𝐵 = (
1

2
, 0) ; 𝑂𝑏𝑠: 𝑥 = −1 ∉ 𝐷(𝑓). 

 
𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 
𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 
 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞    𝑜𝑢     lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑟 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 
𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 

 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

2𝑥2 +𝑥 − 1

𝑥2 − 1
= lim
𝑥→1+

2𝑥2 + 𝑥 − 1⏞        

2
↑

(𝑥 − 1)⏟    
↓
0+

(𝑥 + 1)⏟    
↓
2

= +∞ 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

2𝑥2 +𝑥 − 1

𝑥2 − 1
= lim
𝑥→1−

2𝑥2 + 𝑥 − 1⏞        

2
↑

(𝑥 − 1)⏟    
↓
0−

(𝑥 + 1)⏟    
↓
2

= −∞ 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 
 

lim
𝑥→−1

𝑓(𝑥) = lim
𝑥→−1

2𝑥2 + 𝑥 − 1

𝑥2 −1
= lim
𝑥→−1

2(𝑥 + 1) (𝑥 −
1
2)

(𝑥 − 1)(𝑥 + 1)
= lim
𝑥→−1

2𝑥 − 1

𝑥 − 1
=
−3

−2
=
3

2
. 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → −1 𝑒𝑛𝑡ã𝑜 𝑥 ≠ −1 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥 + 1 ≠ 0. 
 
(∗)𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −1 𝑛ã𝑜 é 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
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 → 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

2𝑥2 + 𝑥 − 1

𝑥2 −1
= lim
𝑥→+∞

𝑥2 (2 +
1
𝑥 −

1
𝑥2
)

𝑥2 (1 −
1
𝑥2
)

= lim
𝑥→+∞

2 +
1
𝑥 −

1
𝑥2

1 −
1
𝑥2

 

 

lim
𝑥→+∞

2 +
1
𝑥 −

1
𝑥2

1 −
1
𝑥2

=
2 + 0 − 0

1 − 0
=
2

1
= 2. 

− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− 

 lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

2𝑥2 + 𝑥 − 1

𝑥2 − 1
= lim
𝑥→−∞

𝑥2 (2 +
1
𝑥
−
1
𝑥2
)

𝑥2 (1 −
1
𝑥2
)

= lim
𝑥→−∞

2 +
1
𝑥
−
1
𝑥2

1 −
1
𝑥2

 

 

lim
𝑥→−∞

2 +
1
𝑥 −

1
𝑥2

1 −
1
𝑥2

=
2 + 0 − 0

1 − 0
=
2

1
= 2. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑂𝑏𝑙í𝑞𝑢𝑎: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙𝑖𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒, 
𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒,  

lim
𝑥→±∞

[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0 

 ∗ 𝐶𝑎𝑠𝑜 𝑓 𝑎𝑑𝑚𝑖𝑡𝑎 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎  𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟  𝑎 = lim
𝑥→±∞

𝑓(𝑥)

𝑥
≠ 0. 

 
  𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 
  

lim
𝑥→±∞

𝑓(𝑥)

𝑥
= lim
𝑥→±∞

2𝑥2 + 𝑥 − 1

𝑥3 − 𝑥
= lim
𝑥→±∞

𝑥3 (
2
𝑥 +

1
𝑥2
−
1
𝑥3
)

𝑥3 (1 −
1
𝑥2
)

= lim
𝑥→±∞

2
𝑥 +

1
𝑥2
−
1
𝑥3

1 −
1
𝑥2

=
0

1
= 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎.  
 
𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒, 𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
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𝑓 ′(𝑥) = −
1

(𝑥 − 1)2
 < 0 , ∀𝑥 ∈ ℝ; 𝑥 ≠ 1. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−∞,−1) ∪ (−1,1)∪ (1,+∞)  
∗ 𝐶𝑜𝑚𝑜 𝑛ã𝑜 ℎá 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑑𝑒 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 (𝑠𝑒𝑚𝑝𝑟𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒) , 
𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠. 
 
𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 
𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 

𝑓 ′′(𝑥) =
2

(𝑥 − 1)3
 

 
− −− −− −− −− (1)+ ++ ++ ++ ++ +       (𝑥 − 1)3 

 
− −− −− −− −− (1)+ ++ ++ ++ ++ +       𝑓 ′′(𝑥) =   2 (𝑥 − 1)3⁄  

 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒: 
 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐶 𝑒𝑚 (1,+∞) 𝑒                    ∗ 𝐶. 𝑉. 𝐶 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐶𝑖𝑚𝑎) 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐵 𝑒𝑚 (−∞,−1) ∪ (−1,1); ∗𝐶. 𝑉. 𝐵 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐵𝑎𝑖𝑥𝑜) 
 
𝐸𝑚𝑏𝑜𝑟𝑎 ℎ𝑎𝑗𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 1, 𝑛𝑜𝑡𝑒 𝑞𝑢𝑒  
𝑥 = 1 ∉ 𝐷(𝑓) 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑛𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓.  

 

 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

  
𝑎) 𝑂𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑒 𝑢𝑚 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑠ã𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 = (0,1) ,𝐵 = (2𝑥,1), 𝐶 = (𝑥, 0) 𝑒 

𝐷 = (𝑥, 𝑓(𝑥)),𝑜𝑛𝑑𝑒 𝑓(𝑥) = 𝑒
1
𝑥 , 𝑐𝑜𝑚 𝑥 > 0. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑜 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑑𝑒 

𝑓𝑜𝑟𝑚𝑎 𝑞𝑢𝑒 𝑠𝑢𝑎 á𝑟𝑒𝑎 𝑠𝑒𝑗𝑎 𝑚í𝑛𝑖𝑚𝑎. 
 
𝑆𝑜𝑏𝑟𝑒 𝑢𝑚 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑠𝑢𝑎𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑖𝑠 𝑠ã𝑜 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟𝑒𝑠. 
𝑂𝑏𝑠𝑒𝑟𝑣𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝐴, 𝐵, 𝐶 𝑒 𝐷, 𝑛𝑜𝑡𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝐴 𝑒 𝐵 𝑒𝑠𝑡ã𝑜 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑚𝑒𝑠𝑚𝑎 

𝑟𝑒𝑡𝑎 𝑦 = 1, 𝑒 𝑞𝑢𝑒 𝐶 𝑒 𝐷 𝑒𝑠𝑡ã𝑜 𝑠𝑜𝑏𝑟𝑒 𝑢𝑚 ú𝑛𝑖𝑐𝑎 𝑟𝑒𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑐𝑜𝑚 𝑒𝑞𝑢𝑎çã𝑜 𝑥 = 𝑎. 
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𝐿𝑜𝑔𝑜, 𝑎𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑖𝑠 𝑑𝑜 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑠ã𝑜 𝑜𝑠 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜𝑠 𝐴𝐵̅̅ ̅̅  𝑒 𝐶𝐷̅̅ ̅̅  . 
 
∗ 𝑂𝑏𝑠: 𝐵 é 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜 𝑑𝑒 𝐴 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝐶𝐷̅̅ ̅̅ . 
 

Á𝑟𝑒𝑎 𝑑𝑜 𝐿𝑜𝑠𝑎𝑛𝑔𝑜:  𝐴 =
𝐷 × 𝑑

2
  

 
𝐶𝑜𝑚𝑜 𝑑𝑒𝑠𝑐𝑜𝑛ℎ𝑒𝑐𝑒𝑚𝑜𝑠 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 𝑞𝑢𝑒𝑚 𝑠ã𝑜 𝑎𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑖𝑠 𝑚𝑎𝑖𝑜𝑟 𝑒 𝑚𝑒𝑛𝑜𝑟,𝑎𝑝𝑒𝑛𝑎𝑠 
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 á𝑟𝑒𝑎 𝑐𝑜𝑚𝑜 𝑎 𝑚𝑒𝑡𝑎𝑑𝑒 𝑑𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑜𝑠 𝑡𝑎𝑚𝑎𝑛ℎ𝑜𝑠 𝑑𝑎𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑖𝑠. 

 
 

 
                 𝑑1 = 𝑑(𝐴, 𝐵) = 2𝑥 

                 𝑑2 = 𝑑(𝐶, 𝐷) = 𝑒
1
𝑥   

 

       𝐴(𝑥) =
𝑑1 × 𝑑2
2

=
2𝑥 ×𝑒

1
𝑥

2
= 𝑥𝑒

1
𝑥 

 

 
 
 
𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑞𝑢𝑒 𝑑𝑒 𝑥 𝑞𝑢𝑒 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑎 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 é 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎 𝑜 
𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝐴(𝑥).𝐿𝑜𝑔𝑜, 
 

𝐴′(𝑥) = 𝑒
1
𝑥 + 𝑥. (−

1

𝑥2
)𝑒

1
𝑥 = 𝑒

1
𝑥 (1 −

1

𝑥
) 

 

𝐴′(𝑥) = 𝑒
1
𝑥 (
𝑥 − 1

𝑥
) 

𝐴′(𝑥) = 0⟹
𝑥 − 1

𝑥
= 0 ∴ 𝑥 = 1. 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 (𝑠𝑖𝑛𝑎𝑙) 𝑑𝑒 𝐴′(𝑥),𝑡𝑒𝑚𝑜𝑠: 
 

+ ++ ++ ++ ++ ++ ++ ++ +     𝑒
1
𝑥 

(0) −− −−(1) ++ ++ ++ ++ +      𝑥 − 1 
(0) ++ ++ ++ ++ ++ ++ ++        𝑥 
(0) −− −−(1) ++ ++ ++ ++ +    𝐴′(𝑥)  
 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥 = 1 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 
𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝐴(𝑥) 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑝𝑎𝑟𝑎 𝑥 = 1 𝑎 
á𝑟𝑒𝑎 𝑑𝑜 𝑙𝑜𝑠𝑎𝑛𝑔𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝐴,𝐵, 𝐶 𝑒 𝐷 é 𝑚í𝑛𝑖𝑚𝑎. 

 
𝐴 = (0,1) ;𝐵 = (2,1) ;𝐶 = (1,0)  𝑒 𝐷 = (1, 𝑒) ;   𝐴𝑚í𝑛 = 𝑒 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑓(𝑥) =
𝑥 + 1

√𝑥
 ; 𝐷(𝑓) = ℝ+

∗ . 

 



57 

 

 
 

𝑓 ′(𝑥) =
√𝑥 −

𝑥 + 1

2√𝑥
𝑥

=
𝑥 − 1

2𝑥√𝑥
=
𝑥 − 1

2𝑥
3
2

 

 

𝑓 ′′(𝑥) =
2𝑥

3
2 − (𝑥 − 1)3𝑥

1
2

4𝑥3
=
−𝑥

3
2 +3𝑥

1
2

4𝑥3
=
√𝑥(3 − 𝑥)

4𝑥3
 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑡𝑒𝑚𝑜𝑠: 
 

(0) ++ ++ ++ ++ ++ ++ +      √𝑥 
(0) ++ ++ ++(3) −− −− −−    (3 − 𝑥) 
(0) ++ ++ ++ ++ ++ ++ +      4𝑥3 
(0) ++ ++ ++(3) −− −− −−     𝑓 ′′(𝑥)  

  
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑚𝑜𝑠 𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 

𝑥 = 3 𝑞𝑢𝑒 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑒𝑚 𝑥 = 3 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 

𝑓(3) =
3+ 1

√3
=
4

√3
=
4√3

3
   ;    𝑃. 𝐼 = (3,

4√3

3
)  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒.𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠: 
 

𝑎) lim
𝑡→∞

[𝑡. ln (1 +
3

𝑡
)] ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "∞ × 0" 

 

lim
𝑡→∞

ln(1 +
3
𝑡
)

1
𝑡

 ; 𝐶𝑜𝑚 𝑒𝑠𝑠𝑎 𝑚𝑎𝑛𝑖𝑝𝑢𝑙𝑎çã𝑜 𝑎𝑙𝑔é𝑏𝑟𝑖𝑐𝑎, 𝑡𝑒𝑚𝑜𝑠 𝑎 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 "
0

0
" 

  
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑡→∞

ln(1 +
3
𝑡)

1
𝑡

= lim
𝑡→∞

1

(1 +
3
𝑡)
. (−

3
𝑡2
)

−
1
𝑡2

= lim
𝑡→∞

−
3

𝑡2 +3𝑡

−
1
𝑡2

= lim
𝑡→∞

3𝑡2

𝑡2 + 3𝑡
= lim
𝑡→∞

6𝑡

2𝑡 + 3
 

= lim
𝑡→∞

6

2
= 3. 

 

𝑏) lim
𝑦→0+

[cos(2𝑦)]
1

𝑦2  ;   𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "1∞" 

 

lim
𝑦→0+

[cos(2𝑦)]
1

𝑦2 = lim
𝑦→0+

𝑒 ln[cos(2𝑦) ]
1

𝑦2

= 𝑒
lim
𝑦→0+

ln[cos(2𝑦) ]

1

𝑦2

;  

 
→ 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒, 𝑡𝑒𝑚𝑜𝑠: 
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lim
𝑦→0+

ln[cos(2𝑦)]
1

𝑦2 = lim
𝑦→0+

1

𝑦2
ln[cos(2𝑦)] = lim

𝑦→0+

ln[cos(2𝑦)]

𝑦2
 ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 "

0

0
" 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑦→0+

ln[cos(2𝑦)]

𝑦2
= lim
𝑦→0+

−2sen(2𝑦)
cos(2𝑦)

2𝑦
= lim
𝑦→0+

−
tg(2𝑦)

𝑦
= lim
𝑦→0+

−2 sec2(2𝑦) = −2. 

𝐿𝑜𝑔𝑜, 
 

lim
𝑦→0+

[cos(2𝑦)]
1

𝑦2 = 𝑒
lim
𝑦→0+

ln[cos(2𝑦)]

1

𝑦2

= 𝑒−2 =
1

𝑒2
 

  
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓. 
 
𝑈𝑚 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑟 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑃,𝑑𝑖𝑠𝑡𝑎𝑛𝑡𝑒 𝑢𝑚𝑎 𝑢𝑛𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑖𝑠𝑡𝑎. 
𝐷𝑜𝑖𝑠 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟𝑒𝑠 𝑖𝑛𝑖𝑐𝑖𝑎𝑚 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑆 𝑑𝑎 𝑓𝑖𝑔𝑢𝑟𝑎 𝑒 𝑐𝑜𝑟𝑟𝑒𝑚 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑝𝑖𝑠𝑡𝑎. 𝑈𝑚 

𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟 𝑐𝑜𝑟𝑟𝑒 𝑡𝑟ê𝑠 𝑣𝑒𝑧𝑒𝑠 𝑚𝑎𝑖𝑠 𝑟á𝑝𝑖𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑜𝑢𝑡𝑟𝑜.𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑑𝑜 
â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑑𝑒 𝑣𝑖𝑠ã𝑜 𝑑𝑜 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑟 𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟𝑒𝑠. [𝐷𝑖𝑐𝑎:𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 tg 𝜃] . 

 

 
 

𝑂 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟 𝑚𝑎𝑖𝑠 𝑟á𝑝𝑖𝑑𝑜 𝑝𝑒𝑟𝑐𝑜𝑟𝑟𝑒 𝑜 𝑡𝑟𝑖𝑝𝑙𝑜 𝑑𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑞𝑢𝑒 𝑜 𝑜𝑢𝑡𝑟𝑜 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟, 
𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑠𝑒 𝑒𝑠𝑡𝑒 ú𝑙𝑡𝑖𝑚𝑜 𝑝𝑒𝑟𝑐𝑜𝑟𝑟𝑒 𝑥,𝑜 𝑚𝑎𝑖𝑠 𝑟á𝑝𝑖𝑑𝑜 𝑝𝑒𝑟𝑐𝑜𝑟𝑟𝑒 3𝑥 𝑛𝑜 𝑚𝑒𝑠𝑚𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑦 + 𝑥 = 3𝑥 ⇒ 𝑦 = 2𝑥. ; 𝑜𝑏𝑠: 𝑥 > 0 

 

tg 𝛼 =
𝑥

1
= 𝑥    ;    tg(𝛼 + 𝜃) =

𝑥 + 𝑦

1
= 𝑥 + 𝑦 = 3𝑥 ; tg(𝛼 + 𝜃) =

tg 𝛼 + tg 𝜃

1 − tg 𝛼 . tg 𝜃
 ; 

 
𝑥 + tg 𝜃

1 − 𝑥. tg 𝜃
= 3𝑥 ⟹  𝑥 + tg 𝜃 = 3𝑥 − 3𝑥2 tg 𝜃 ⟹ tg 𝜃 (1 + 3𝑥2) = 2𝑥. 

 

tg 𝜃 =
2𝑥

1 + 3𝑥2
  ; 𝑆𝑒𝑗𝑎 𝑓(𝑥) =

2𝑥

1 + 3𝑥2
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𝐿𝑒𝑚𝑏𝑟𝑒𝑚𝑜𝑠 𝑎 𝑓𝑢𝑛çã𝑜 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é í𝑚𝑝𝑎𝑟 𝑒 𝑞𝑢𝑒 𝑓(𝑥) = −𝑓(−𝑥), 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑓 𝑡𝑎𝑚𝑏é𝑚 

é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 í𝑚𝑝𝑎𝑟. 

 

𝑓 ′(𝑥) =
2(1 + 3𝑥2)− 2𝑥(6𝑥)

(1 + 3𝑥2)2
=
2(1 − 3𝑥2)

(1 + 3𝑥2)2
 

 

(0)+ ++ +(
1

√3
) − −− −   𝑓 ′(𝑥)    

 

 𝐿𝑜𝑔𝑜,𝑒𝑚 𝑥 =
1

√3
 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜. 

 

𝐶𝑜𝑛𝑡𝑢𝑑𝑜, 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑞𝑢𝑒 𝑓(0) = 0 𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (0,
1

√3
)  𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑓 (
1

√3
) > 𝑓(0) 𝑒,𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 𝑓 (

1

√3
) ≥ 𝑓(𝑥),∀𝑥 ≥ 0. 𝐿𝑜𝑔𝑜, 𝑒𝑚 𝑥 =

1

√3
 

𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 

𝑓 (
1

√3
) =

2(1 √3⁄ )

1 + 3(1 √3⁄ )
2
=
2(1 √3⁄ )

2
=
1

√3
 

 

tg 𝜃 =
1

√3
 ⟹ 𝜃 = arctg (

1

√3
) =

𝜋

6
. 

 

𝜃 =
𝜋

6
  é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑑𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑣𝑖𝑠ã𝑜 𝑑𝑜 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑟 𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑐𝑜𝑟𝑟𝑒𝑑𝑜𝑟𝑒𝑠.  
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1.8 4ª Prova – 14 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (0,1) 𝑒 𝑞𝑢𝑒 
𝑓 ′′(𝑥) = 3𝑥2 𝑒 𝑓 ′(−1) = 0. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 

𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 2. 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑓(𝑥) = {
𝑥2 + 𝑥 + 1

𝑥 − 1
,   𝑥 < 1

    tgh𝑥 ,          𝑥 ≥ 1
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln(𝑥2 −4𝑥 + 3) . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒: 

 

𝑓 ′(𝑥) =
2(𝑥 − 2)

𝑥2 − 4𝑥 + 3
 ;  𝑓 ′′(𝑥) =

−2(𝑥2 −4𝑥 + 5)

(𝑥2 −4𝑥 + 3)2
 

 
𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 
𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒, 𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 
𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 
𝑃𝑜𝑟 𝑓𝑖𝑚,𝑒𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎𝑠 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎𝑠 𝑦1 = −𝑥

2 +4 𝑒 𝑦2 = 𝑥
2 − 4. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑟𝑎𝑖𝑜 𝑑𝑎 

𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑑𝑎𝑑𝑎𝑠. 
 

𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑔𝑎𝑢𝑠𝑠𝑖𝑎𝑛𝑎 𝑡𝑒𝑚 𝑎 𝑓𝑜𝑟𝑚𝑎 𝑓(𝑥) = 𝑎. 𝑒−
(𝑥−𝑏)2

8 ,𝑜𝑛𝑑𝑒 𝑎 𝑒 𝑏 𝑠ã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑠 
𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎𝑠. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑎 𝑒 𝑏,𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 
(2,3). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 

𝑎) lim
𝑥→1+

[(𝑥 − 1) tg (
𝜋

2
𝑥)]. 

 

𝑏) lim
𝑥→∞

(𝑒𝑥 + 𝑥)
1
𝑥 . 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝐴 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑣𝑖𝑔𝑎 𝑟𝑒𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 é 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑎 𝑙𝑎𝑟𝑔𝑢𝑟𝑎 𝑝𝑒𝑙𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑑𝑎 
𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑒 𝑠𝑢𝑎 𝑠𝑒çã𝑜 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑎 𝑣𝑖𝑔𝑎 𝑚𝑎𝑖𝑠 𝑟𝑒𝑠𝑖𝑠𝑡𝑒𝑛𝑡𝑒 
𝑞𝑢𝑒 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑟𝑡𝑎𝑟 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑚𝑎𝑑𝑒𝑖𝑟𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 𝑟. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (0,1) 𝑒 𝑞𝑢𝑒 
𝑓 ′′(𝑥) = 3𝑥2 𝑒 𝑓 ′(−1) = 0. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 

𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 2. 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′′(𝑥) é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝑓 ′(𝑥) = 𝑥3 +𝐶. 
𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′(−1) = 0 ⟹ (−1)3 + 𝐶 = 0⟹ −1 +𝐶 = 0 ∴ 𝐶 = 1. 

 
𝑓 ′(𝑥) = 𝑥3 +1 ; 𝑎 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é 𝑓(𝑥) 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 
 

𝑓(𝑥) =
1

4
𝑥4 + 𝑥 + 𝐾 ; 𝑐𝑜𝑚𝑜 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (0,1) ⇒ 𝑓(0) = 1. 

 

𝑓(0) = 𝐾 ∴ 𝐾 = 1.  ;      𝑓(𝑥) =
1

4
𝑥4 + 𝑥 + 1 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 2. 
 

𝑦− 𝑓(2) = 𝑓 ′(2)(𝑥 − 2) 

 

𝑓(2) =
1

4
(2)4 +2 + 1 =

16

4
+ 3 = 4 + 3 = 7 

𝑓 ′(2) = 23 + 1 = 8 + 1 = 9 

 
𝑦− 7 = 9(𝑥 − 2) 
𝑦 = 9𝑥 − 11 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑓(𝑥) = {
𝑥2 + 𝑥 + 1

𝑥 − 1
,   𝑥 < 1

    tgh𝑥 ,          𝑥 ≥ 1
. 

 

𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎𝑠 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎𝑠 𝑞𝑢𝑒 𝑓𝑜𝑟𝑚𝑎𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑡𝑒𝑚𝑜𝑠 (
𝑥2 + 𝑥 + 1

𝑥 − 1
), 𝑢𝑚𝑎 

𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑜𝑢 𝑠𝑒𝑗𝑎, ∀𝑥 ∈ ℝ; 𝑥 ≠ 1, 
𝑒 𝑐𝑜𝑚𝑜 𝑒𝑠𝑡𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 < 1 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,1). 
 
𝐴 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 é 𝑎 𝑓𝑢𝑛çã𝑜 ℎ𝑖𝑝𝑒𝑟𝑏ó𝑙𝑖𝑐𝑎 tgh 𝑥  𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒, 𝑝𝑜𝑟 𝑠𝑒𝑟 𝑣á𝑙𝑖𝑑𝑎 
𝑒𝑚 𝑥 ≥ 1, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (1,+∞). 

 
∗ 𝑂 ú𝑛𝑖𝑐𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑥 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑞𝑢𝑒 𝑛ã𝑜 𝑔𝑎𝑟𝑎𝑛𝑡𝑖𝑚𝑜𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 

𝑥 = 1. 
 
 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠:  

  
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 
𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 
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lim
𝑥→𝑎+

𝑓(𝑥) = ±∞    𝑜𝑢     lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑟 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 
𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 𝑁𝑒𝑠𝑡𝑒 𝑐𝑎𝑠𝑜, 𝑣𝑎𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒,𝑥 = 1 é 𝑜 ú𝑛𝑖𝑐𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑑𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑒𝑚 𝑞𝑢𝑒 𝑛𝑎𝑑𝑎  
𝑡𝑒𝑚𝑜𝑠 𝑎 𝑟𝑒𝑠𝑝𝑒𝑖𝑡𝑜 𝑑𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒. 
 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

tgh 𝑥 = tgh 1   ;      lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

𝑥2 +𝑥 + 1⏞      

3
↑

𝑥 − 1⏟  
↓
0−

= −∞ 

 
𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 1− , 𝑒𝑛𝑡ã𝑜 𝑥 < 1 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥 − 1 < 0  
 
𝐶𝑜𝑚𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 lim

𝑥→1−
𝑓(𝑥) = −∞  ,𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 

𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

tgh 𝑥 = lim
𝑥→+∞

𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥
= lim
𝑥→+∞

𝑒2𝑥 −1

𝑒2𝑥 +1

𝐿′𝐻
→ = lim

𝑥→+∞

2𝑒𝑥

2𝑒𝑥
= 1. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑥2 + 𝑥 + 1

𝑥 − 1

𝐿′𝐻
→ = lim

𝑥→−∞

2𝑥 + 1

1
= lim
𝑥→−∞

(2𝑥 + 1) = −∞. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑂𝑏𝑙𝑖𝑞𝑢𝑎: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙𝑖𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒, 
𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒,  

lim
𝑥→±∞

[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0 

𝐴 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑒 𝑓(𝑥) 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑐𝑜𝑚𝑜: 

 
𝑥2 + 𝑥 + 1

𝑥 − 1
= (𝑥 + 2) +

3

𝑥 − 1
 

lim
𝑥→−∞

[𝑓(𝑥) − (𝑥 + 2)] = lim
𝑥→−∞

[
𝑥2 + 𝑥 + 1

𝑥 − 1
− (𝑥 + 2)] = lim

𝑥→−∞

3

𝑥 − 1
= 0. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑥 + 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
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𝐶𝑎𝑠𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑎𝑑𝑚𝑖𝑡𝑎 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑝𝑎𝑟𝑎 𝑥 > 1, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 

𝑎 = lim
𝑥→+∞

𝑓(𝑥)

𝑥
≠ 0.  𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜, 𝑡𝑒𝑚𝑜𝑠: 

 

lim
𝑥→+∞

𝑓(𝑥)

𝑥
= lim
𝑥→+∞

tgh 𝑥⏞

1

↑

𝑥⏟
↓
∞

= 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑥 + 2 é 𝑎 ú𝑛𝑖𝑐𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 
 

𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln(𝑥2 −4𝑥 + 3) . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒: 

 

𝑓 ′(𝑥) =
2(𝑥 − 2)

𝑥2 − 4𝑥 + 3
 ;  𝑓 ′′(𝑥) =

−2(𝑥2 −4𝑥 + 5)

(𝑥2 −4𝑥 + 3)2
 

 
→ 𝐴𝑛𝑡𝑒𝑠 𝑑𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑟 𝑜𝑠 𝑖𝑡𝑒𝑛𝑠…𝐷(𝑓) = 𝑥 ∈ ℝ; 𝑥2 − 4𝑥 + 3 > 0 ;  
 

𝑥2 − 4𝑥 + 3 > 0 ⟹ 𝑥 < 1 𝑜𝑢 𝑥 > 3.    
 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝐷(𝑓) = 𝑥 ∈ ℝ; 𝑥 < 1 𝑜𝑢 𝑥 > 3. 
 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠: 
 
𝑓(0) = ln 3 ;   𝑓(𝑥) = 0⟹ ln(𝑥2 − 4𝑥 + 3) = 0 ⇒ 𝑥2 −4𝑥 + 3 = 1 

 

𝑥2 − 4𝑥 + 2 = 0 ⟹  𝑥 =
4± 2√2

2
 ∴ 𝑥1 = 2+ √2  𝑒  𝑥2 = 2− √2 ;  

 

𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠: 𝐴 = (0, ln 3);𝐵 = (2 + √2,0) 𝑒 𝐶 = (2 − √2,0). 

 
𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 

 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠:  

  
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 
𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞    𝑜𝑢     lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑒𝑚 (−∞,1) ∪ (3, +∞) 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 
𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = 1 𝑒 𝑥 = 3 𝑠ã𝑜 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓.𝑈𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 
𝑓 𝑛ã𝑜 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑒𝑚 (1,3),𝑒𝑛𝑡ã𝑜 𝑠ó 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 lim

𝑥→1−
𝑓(𝑥)  𝑒 lim

𝑥→3+
𝑓(𝑥). 

 
lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

ln (𝑥2− 4𝑥 + 3)⏟        
↓
0+

= −∞ 
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𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 

 
 
lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3+

ln (𝑥2− 4𝑥 + 3)⏟        
↓
0+

= −∞ 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 3 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓.  
 
→ 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 
lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

ln (𝑥2 −4𝑥 + 3)⏟        
↓
∞

= ∞ 

  
lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

ln (𝑥2 −4𝑥 + 3)⏟        
↓
∞

= ∞ 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 ℎá 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
𝑏)𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒  
𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 

 

𝑓 ′(𝑥) =
2(𝑥 − 2)

𝑥2 − 4𝑥 + 3
 

 
𝐸𝑙𝑎𝑏𝑜𝑟𝑎𝑛𝑑𝑜 𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑒 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
− −− −− − −− −− (2)+ ++ ++ ++ ++ +        2(𝑥− 2) 
+ ++ ++(1) −− −− − −− −− (3)+ + ++ +     𝑥2 −4𝑥 + 3 

− −− −−(1) −− −− − −− −− (3)+ + ++ +      𝑓 ′(𝑥) 

 
𝑂𝑏𝑠: 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑒𝑚 𝑑𝑒𝑠𝑡𝑎𝑞𝑢𝑒 (1,3) 𝑛ã𝑜 é 𝑙𝑒𝑣𝑎𝑑𝑜 𝑒𝑚 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 

𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑚 𝑟𝑎𝑧ã𝑜 𝑑𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓. 
 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 
𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (3,+∞) 𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−∞,1) 
 
∗ 𝑃𝑒𝑙𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜𝑠 
𝑎 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜, 𝑝𝑜𝑖𝑠 𝑥 = 1 𝑒 𝑥 = 3 𝑒𝑚𝑏𝑜𝑟𝑎 𝑓 ′(1) 𝑒 𝑓 ′(3) 
𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚, 𝑒𝑙𝑒𝑠 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 
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𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜  
𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 

 

  𝑓 ′′(𝑥) =
−2(𝑥2− 4𝑥 + 5)

(𝑥2− 4𝑥 + 3)2
 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑓 ′′(𝑥),𝑡𝑒𝑚𝑜𝑠: 

 
− −− − − −− −− − −− −− −− −−    −2(𝑥2− 4𝑥 + 5) 
+ ++ + (1) ++ ++ ++(3) ++ ++ +       (𝑥2 −4𝑥 + 3)2 
− −− − (1) −− −− −−(3) −− −− −       𝑓 ′′(𝑥) 

 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑐ô𝑛𝑐𝑎𝑣𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜 𝑒𝑚 
(−∞,1) ∪ (3,+∞). 
 
∗ 𝐶𝑜𝑚𝑜 𝑛ã𝑜 ℎá 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑒𝑛𝑡ã𝑜 𝑛ã𝑜 

ℎá 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 
 

 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎𝑠 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎𝑠 𝑦1 = −𝑥

2 +4 𝑒 𝑦2 = 𝑥
2 − 4. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑟𝑎𝑖𝑜 𝑑𝑎 

𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à𝑠 𝑐𝑢𝑟𝑣𝑎𝑠 𝑑𝑎𝑑𝑎𝑠. 
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚:  𝑥2 +𝑦2 = 𝑟2  

 
𝑈𝑠𝑎𝑛𝑑𝑜 𝑜 𝑓𝑎𝑡𝑜 𝑑𝑒 𝑞𝑢𝑒 𝑦1 𝑒 𝑦2 𝑠ã𝑜 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑎𝑟𝑒𝑠, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑦1(𝑥) = 𝑦1(−𝑥) 𝑒 
𝑦2(𝑥) = 𝑦2(−𝑥),𝑏𝑎𝑠𝑡𝑎 𝑖𝑑𝑒𝑛𝑓𝑖𝑐𝑎𝑟𝑚𝑜𝑠 𝑞𝑢𝑎𝑙 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 
𝑢𝑚𝑎 𝑑𝑒𝑠𝑠𝑎𝑠 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎𝑠 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎. 
 
𝑃𝑜𝑑𝑒𝑚𝑜𝑠 𝑓𝑎𝑧𝑒𝑟 𝑖𝑠𝑠𝑜 𝑡𝑟𝑎𝑛𝑞𝑢𝑖𝑙𝑎𝑚𝑒𝑛𝑡𝑒 𝑎𝑝𝑟𝑜𝑣𝑒𝑖𝑡𝑎𝑛𝑑𝑜 𝑜 𝑓𝑎𝑡𝑜 𝑑𝑒 𝑞𝑢𝑒 𝑒𝑠𝑠𝑎𝑠  
𝑝𝑎𝑟á𝑏𝑜𝑙𝑎𝑠 𝑠ã𝑜 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑎𝑠 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑥 (𝑦1 = −𝑦2) 
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𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 (𝑥0,𝑦0) 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑦 = −𝑥

2 + 4: 

 
𝑦 − 𝑦0 = −2𝑥0(𝑥 − 𝑥0)  

𝑦 − (−𝑥0
2 +4) = −2𝑥0𝑥 + 2𝑥0

2 

𝑦 = −2𝑥0𝑥 + 𝑥0
2 

 

𝑀𝑎𝑠 𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑥0,𝑦0) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥0
2 +𝑦0

2 = 𝑟2  

𝐸 𝑎 𝑟𝑒𝑡𝑎 𝑑𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑝𝑜𝑟 𝑦 = −2𝑥0𝑥 + 𝑥0
2 é 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑒𝑚 (𝑥0,𝑦0). 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑥
(𝑥2) +

𝑑

𝑑𝑥
(𝑦2) =

𝑑

𝑑𝑥
(𝑟2) 

2𝑥 + 2𝑦𝑦′ = 0 

𝑦′ = −
𝑥

𝑦
 

 
𝐴 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑥0,𝑦0) 𝑑𝑒𝑣𝑒 𝑠𝑒𝑟 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 

𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑒𝑚 (𝑥0, 𝑦0). 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑦
′ = −2𝑥0 𝑒𝑚 (𝑥0,𝑦0). 

 

𝑦′ = −
𝑥

𝑦
= −

𝑥0
𝑦0
= −2𝑥0  ⟹ 𝑦0 =

1

2
 

 

𝑃𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑝𝑎𝑟á𝑏𝑜𝑙𝑎,𝑡𝑒𝑚𝑜𝑠 𝑥0
2 = 4 − 𝑦0 , 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 

𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

4 − 𝑦0 +𝑦0
2 = 𝑟2  

4 −
1

2
+
1

4
= 𝑟2  

𝑟2 =
15

4
∴ 𝑟 =

√15

2
 

 

𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑔𝑎𝑢𝑠𝑠𝑖𝑎𝑛𝑎 𝑡𝑒𝑚 𝑎 𝑓𝑜𝑟𝑚𝑎 𝑓(𝑥) = 𝑎. 𝑒−
(𝑥−𝑏)2

8 , 𝑜𝑛𝑑𝑒 𝑎 𝑒 𝑏 𝑠ã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑠 
𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎𝑠. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑎 𝑒 𝑏,𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 
(2,3). 

 
∗ 𝑃𝑒𝑙𝑎 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çã𝑜 𝑑𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑓(2) = 3 𝑒, 𝑐𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ, 𝑠𝑒 𝑓 𝑎𝑑𝑚𝑖𝑡𝑒 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 𝑥 = 2 𝑒 𝑓 ′(2) 
𝑒𝑥𝑖𝑠𝑡𝑒,𝑒𝑛𝑡ã𝑜 𝑓 ′(2) = 0  (𝑎𝑓𝑖𝑟𝑚𝑎çã𝑜 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝐹𝑒𝑟𝑚𝑎𝑡). 
 

𝑓(2) = 3 ⟹ 3 = 𝑎. 𝑒−
(2−𝑏)2

8      (1) 
 

𝑓 ′(𝑥) = −𝑎.
(𝑥 − 𝑏)

4
. 𝑒
−
(𝑥−𝑏)2

8  ; 
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𝑓 ′(2) = 0 ⟹ −
𝑎(2 − 𝑏)

4
. 𝑒−

(2−𝑏)2

8 = 0 ∴ −
𝑎(2 − 𝑏)

4
= 0 ⇒ {

𝑎 = 0 
𝑜𝑢
𝑏 = 2

 

 
∗ 𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 𝑎 = 0 𝑡𝑜𝑟𝑛𝑎 𝑓(𝑥) = 0.𝐿𝑜𝑔𝑜,𝑏 = 2 é 𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑎𝑐𝑖𝑚𝑎. 
𝑉𝑜𝑙𝑡𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 (1),𝑡𝑒𝑚𝑜𝑠: 

 

3 = 𝑎. 𝑒
−
(2−2)2

8 ⇒ 3 = 𝑎. 𝑒0 ∴ 𝑎 = 3. 
 

𝐿𝑜𝑔𝑜, 𝑓(𝑥) = 3. 𝑒−
(𝑥−2)2

8  𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧𝑒𝑛𝑑𝑜 𝑎𝑠 𝑐𝑜𝑛𝑑𝑖çõ𝑒𝑠 𝑎𝑐𝑖𝑚𝑎 𝑓(2) = 3 𝑒 𝑓 ′(2) = 0. 
 
𝑃𝑎𝑟𝑎 𝑐𝑜𝑛𝑓𝑖𝑟𝑚𝑎𝑟 𝑞𝑢𝑒 𝑒𝑚 𝑥 = 2 𝑡𝑒𝑚𝑜𝑠 𝑑𝑒 𝑓𝑎𝑡𝑜 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙,𝑜𝑏𝑠𝑒𝑟𝑣𝑒 
𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) 𝑝𝑎𝑟𝑎 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑎 𝑒 𝑏 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑜𝑠. 

 

𝑓 ′(𝑥) = −
3

4
(𝑥 − 2). 𝑒−

(𝑥−2)2

8  

 

+ ++ ++ ++ ++ + (2) −− −− −− −− −              −
3

4
(𝑥 − 2) 

+ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++                𝑒−
(𝑥−2)2

8  
+ ++ ++ ++ ++ + (2) −− −− −− −− −                 𝑓 ′(𝑥) 
 
𝐶𝑜𝑚 𝑒𝑠𝑠𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−∞,2) 𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 

𝑒𝑚 (2,+∞) 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑥 = 2 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 
 

𝑎) lim
𝑥→1+

[(𝑥 − 1) tg (
𝜋

2
𝑥)] ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜  "0× ∞"  

 

lim
𝑥→1+

[(𝑥 − 1) tg (
𝜋

2
𝑥)] = lim

𝑥→1+

𝑥 − 1

cotg(
𝜋
2 𝑥)

 ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "
0

0
" 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙 … 

 

lim
𝑥→1+

𝑥 − 1

cotg (
𝜋
2 𝑥)

= lim
𝑥→1+

1

−
𝜋
2 cossec

2 (
𝜋
2 𝑥)

= lim
𝑥→1+

−
2

𝜋. cossec2 (
𝜋
2 𝑥)

= −
2

𝜋
. 

 

𝑏) lim
𝑥→∞

(𝑒𝑥 + 𝑥)
1
𝑥  ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "∞0"   

 

lim
𝑥→∞

(𝑒𝑥 + 𝑥)
1
𝑥 = lim

𝑥→∞
𝑒 ln(𝑒

𝑥+𝑥)
1
𝑥 = 𝑒

lim
𝑥→∞

[ln(𝑒𝑥+𝑥)
1
𝑥]

 ;  

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒,𝑡𝑒𝑚𝑜𝑠: 
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lim
𝑥→∞

[ln(𝑒𝑥 + 𝑥)
1
𝑥] = lim

𝑥→∞

ln(𝑒𝑥 + 𝑥)

𝑥
 ;   𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "

∞

∞
" 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑥→∞

ln(𝑒𝑥 + 𝑥)

𝑥
= lim
𝑥→∞

𝑒𝑥

𝑒𝑥 +𝑥
= lim
𝑥→∞

𝑒𝑥

𝑒𝑥 +1
= lim
𝑥→∞

𝑒𝑥

𝑒𝑥
= 1. 

 
𝐿𝑜𝑔𝑜, 

 

lim
𝑥→∞

(𝑒𝑥 + 𝑥)
1
𝑥 = lim

𝑥→∞
𝑒 ln(𝑒

𝑥+𝑥)
1
𝑥 = 𝑒

lim
𝑥→∞

[ln(𝑒𝑥+𝑥)
1
𝑥]

= 𝑒1 = 𝑒. 

 

lim
𝑥→∞

(𝑒𝑥 + 𝑥)
1
𝑥 = 𝑒.  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝐴 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑣𝑖𝑔𝑎 𝑟𝑒𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 é 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑎 𝑙𝑎𝑟𝑔𝑢𝑟𝑎 𝑝𝑒𝑙𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑑𝑎 

𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑒 𝑠𝑢𝑎 𝑠𝑒çã𝑜 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑎 𝑣𝑖𝑔𝑎 𝑚𝑎𝑖𝑠 𝑟𝑒𝑠𝑖𝑠𝑡𝑒𝑛𝑡𝑒 
𝑞𝑢𝑒 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑟𝑡𝑎𝑟 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑚𝑎𝑑𝑒𝑖𝑟𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 𝑟. 
 
𝐴 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑎 𝑣𝑖𝑔𝑎 é 𝑅 = 𝑙 × ℎ2  

 
𝐷𝑎 𝑖𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑡𝑒𝑚𝑜𝑠 𝑎 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑟𝑒𝑙𝑎çã𝑜, 

 
(2𝑟)2 = ℎ2 + 𝑙2⟹ℎ2 = 4𝑟2 − 𝑙2 

 
𝑉𝑜𝑙𝑡𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 
𝑅 = 𝑙(4𝑟2 − 𝑙2) ⟹ 𝑅(𝑙) = 4𝑙𝑟2 − 𝑙3 

 
𝑅′(𝑙) = 4𝑟2 − 3𝑙2 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑙𝑎𝑟𝑔𝑢𝑟𝑎 𝑑𝑎 𝑣𝑖𝑔𝑎, 
𝑡𝑒𝑚𝑜𝑠: 
 

(0) ++ ++ ++ (
2𝑟

√3
) −− −− −−    (4𝑟2 −3𝑙2) 

(0) ++ ++ ++ (
2𝑟

√3
) −− −− −− −    𝑅′(𝑙) 

 
∗ 𝑂𝑏𝑠: 𝑝𝑎𝑟𝑎 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑅(𝑙) 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑚𝑜𝑠 𝑎𝑝𝑒𝑛𝑎𝑠 𝑙 ∈ (0,2𝑟) 𝑝𝑜𝑟 
𝑒𝑠𝑡𝑎𝑟𝑚𝑜𝑠 𝑡𝑟𝑎𝑏𝑎𝑙ℎ𝑎𝑛𝑑𝑜 𝑐𝑜𝑚 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠. 
 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎,𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑠𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑎 𝑣𝑖𝑔𝑎 𝑐𝑟𝑒𝑠𝑐𝑒 𝑎𝑡é 

𝑙 =
2𝑟

√3
  𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒 𝑒𝑚 𝑠𝑒𝑔𝑢𝑖𝑑𝑎. 𝐶𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑎𝑛𝑑𝑜,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑎 
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𝑓𝑢𝑛çã𝑜 𝑅(𝑙) 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝑙 =
2𝑟

√3
 𝑡𝑒𝑚𝑜𝑠 𝑎 

𝑣𝑖𝑔𝑎 𝑚𝑎𝑖𝑠 𝑟𝑒𝑠𝑖𝑠𝑡𝑒𝑛𝑡𝑒 𝑞𝑢𝑒 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑒𝑥𝑡𝑟𝑎𝑖𝑑𝑎 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑚𝑎𝑑𝑒𝑖𝑟𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 𝑟. 

 
 
𝐴𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑎 𝑣𝑖𝑔𝑎 𝑚𝑎𝑖𝑠 𝑟𝑒𝑠𝑖𝑠𝑡𝑒𝑛𝑡𝑒 𝑠ã𝑜: 
 

𝑙 =
2𝑟

√3
  𝑒  

 

ℎ2 = 4𝑟2 −
4𝑟2

3
=
8𝑟2

3
∴ ℎ =

2√2

√3
𝑟 =

2√6

3
𝑟  
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1.9 Prova de Reavaliação da AB1 – 27 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1.  

 
𝑎) 𝑂𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

 

𝑓(𝑥) = {

𝑥3 −8

𝑥2 −4
,   𝑥 ≠ 2,𝑥 ≠ −2

   3, 𝑥 = 2                
     4,        𝑥 = −2               

 

é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎? 

 
𝑏) 𝐸𝑚 𝑞𝑢𝑒 𝑝𝑜𝑛𝑡𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 𝑥2 +2𝑥𝑦− 3𝑦2 = 0 𝑒𝑚 (1,1) 𝑐𝑟𝑢𝑧𝑎 𝑎 
𝑐𝑢𝑟𝑣𝑎 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 

𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥2 −𝜋| é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = √𝜋, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑜 

𝑐𝑜𝑛𝑐𝑒𝑖𝑡𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙. 
 

𝑏) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥2 −

1
9

6𝑥3 −5𝑥2 + 𝑥
 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑎𝑚 

𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = 𝑥4 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 𝑒 𝐵.  𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 
𝑝𝑒𝑙𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴, 𝐵 𝑒 𝐶 = (4,0). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3  

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎,  lim
𝑥→−1+

[ln(−𝑥) cos2 (
1

ln(−𝑥)
)]. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 
 

⟦𝑥⟧ +
1

2
= sen [(𝑥 −

1

2
)𝜋] 

 

𝑎𝑑𝑚𝑖𝑡𝑒 𝑢𝑚𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (
1

2
,
3

4
). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4  
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 =
𝑥2 sen𝑥

𝑒𝑥
 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 

𝑥 = 𝜋. 
 
𝑏) 𝐸𝑚 𝑞𝑢𝑎𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥3 − 2𝑥2 +𝑥 − 1 𝑡𝑒𝑚 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙?𝐸𝑥𝑖𝑠𝑡𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑡𝑒𝑚 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 
𝑖𝑔𝑢𝑎𝑙 𝑎 -1? 

 

 



71 

 

 
 

𝑄𝑢𝑒𝑠𝑡ã𝑜 5  
 
𝑎) 𝑆𝑒 𝑔 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒 𝑓(𝑥) = 𝑥. 𝑔(𝑥2+ 1), 
𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′′(1) 𝑠𝑎𝑏𝑒𝑛𝑑𝑜-𝑠𝑒 𝑞𝑢𝑒 𝑔′(2) = 𝑔′′(2) = 1. 
 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
4𝑥 + 5

√2𝑥2+ 1
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏.  
 
𝑎) 𝑂𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 
 

𝑓(𝑥) = {

𝑥3 −8

𝑥2 −4
,   𝑥 ≠ 2,𝑥 ≠ −2

   3, 𝑥 = 2                
     4,        𝑥 = −2               

 

é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎? 

 
∗ 𝑂𝑏𝑠: 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑛𝑎 𝑓𝑜𝑟𝑚𝑎… 

(𝑥 − 2)(𝑥2 + 2𝑥 + 4)

(𝑥 − 2)(𝑥 + 2)
, 𝑐𝑜𝑚𝑜 𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 ≠ 2, 𝑒𝑛𝑡ã𝑜 (𝑥 − 2) ≠ 0. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑒𝑠𝑐𝑟𝑖𝑡𝑎 𝑛𝑎 𝑓𝑜𝑟𝑚𝑎: 

 

𝑓(𝑥) = {

𝑥2 +2𝑥 + 4

𝑥 + 2
,   𝑥 ≠ 2 𝑒 𝑥 ≠ −2

3,   𝑥 = 2                 
4,   𝑥 = −2              

 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑠 𝑒 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑖𝑠 𝑒, 
𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎. 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,−2) ∪ 
(−2,2) ∪ (2, +∞).𝑃𝑟𝑒𝑐𝑖𝑠𝑎𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = −2 𝑒 𝑥 = 2, 
𝑜𝑠 ú𝑛𝑖𝑐𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑎𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑛ã𝑜 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑔𝑎𝑟𝑎𝑛𝑡𝑖𝑟 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥). 
 
∗ 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, 
𝑓(𝑎) = lim

𝑥→𝑎
𝑓(𝑥) . 𝑃𝑎𝑟𝑎 𝑖𝑠𝑠𝑜, 𝑓(𝑎) 𝑒 lim

𝑥→𝑎
𝑓(𝑥)  𝑑𝑒𝑣𝑒𝑚 𝑒𝑥𝑖𝑠𝑡𝑖𝑟. 

 
𝑆𝑒 𝑥 → 2,𝑒𝑛𝑡ã𝑜 𝑥 ≠ 2. 𝑆𝑒 𝑥 → −2, 𝑒𝑛𝑡ã𝑜 𝑥 ≠ −2. 𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 

𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑑𝑜𝑠 𝑎 𝑠𝑒𝑔𝑢𝑖𝑟, lim
𝑥→2

𝑓(𝑥)  𝑒 lim
𝑥→−2

𝑓(𝑥) , 𝑡𝑒𝑚𝑜𝑠 𝑓(𝑥) =
𝑥2 + 2𝑥 + 4

𝑥 + 2
.  

 
𝐸𝑚 𝑥 = −2, 𝑡𝑒𝑚𝑜𝑠 𝑓(−2) = 4. 

lim
𝑥→−2+

𝑓(𝑥) = lim
𝑥→−2+

𝑥2 + 2𝑥 + 4

𝑥 + 2
= lim
𝑥→−2+

𝑥2 + 2𝑥 + 4⏞        

4
↑

𝑥 + 2⏟  
↓
0+

= +∞ 

∗ 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑗á 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 lim
𝑥→−2

𝑓(𝑥) ∄ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓(𝑥) 𝑛ã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 𝑥 = −2. 

 
𝐸𝑚 𝑥 = 2, 𝑡𝑒𝑚𝑜𝑠 𝑓(2) = 3. 

 

lim
𝑥→2

𝑓(𝑥) = lim
𝑥→2

𝑥2 + 2𝑥 + 4

𝑥 + 2
=
lim
𝑥→2
(𝑥2 + 2𝑥 + 4)

lim
𝑥→2
(𝑥 + 2)

=
lim
𝑥→2
𝑥2 + lim

𝑥→2
2𝑥 + lim

𝑥→2
4

lim
𝑥→2

𝑥 + lim
𝑥→2
2

= 
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4 + 4+ 4

2+ 2
=
12

3
= 4. 

 
∗ 𝐶𝑜𝑚𝑜 𝑓(2) = lim

𝑥→2
𝑓(𝑥)  𝑒𝑛𝑡ã𝑜 𝑓(𝑥) é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 2. 

 
𝐶𝑜𝑚 𝑒𝑠𝑠𝑎𝑠 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖 − 𝑠𝑒 𝑞𝑢𝑒 𝑓(𝑥) é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,−2) ∪ 
(−2,+∞), 𝑜𝑢 𝑎𝑖𝑛𝑑𝑎, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ− {−2}. 

 
𝑏) 𝐸𝑚 𝑞𝑢𝑒 𝑝𝑜𝑛𝑡𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 𝑥2 +2𝑥𝑦− 3𝑦2 = 0 𝑒𝑚 (1,1) 𝑐𝑟𝑢𝑧𝑎 𝑎 
𝑐𝑢𝑟𝑣𝑎 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒? 
 
𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎: 
(1)2 +2(1)(1)− 3(1)2 = 1+ 2− 3 = 3 − 3 = 0 ;  (1,1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎. 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑑

𝑑𝑥
(𝑥2)+

𝑑

𝑑𝑥
(2𝑥𝑦) −

𝑑

𝑑𝑥
(3𝑦2) =

𝑑

𝑑𝑥
(0) 

2𝑥 +
𝑑

𝑑𝑥
(2𝑥).𝑦 + (2𝑥)

𝑑𝑦

𝑑𝑥
− 3.

𝑑

𝑑𝑥
(𝑦2) = 0 

2𝑥 + 2𝑦+ 2𝑥. 𝑦′ −6𝑦. 𝑦′ = 0 

𝑥 + 𝑦 + 𝑥. 𝑦′ − 3𝑦. 𝑦′ = 0 
𝑦′(𝑥− 3𝑦) = −(𝑥 + 𝑦) 

𝑦′ = −
𝑥 + 𝑦

𝑥 − 3𝑦
 

 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 (1,1) é 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟: 
 

𝑚𝑁 = −
1

𝑦(1,1)
′ =

1

1+ 1
1− 3

= −
2

2
= −1 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1): 
 

𝑦 − 1 = −1(𝑥 − 1) 
𝑦 = −𝑥 + 2 

 
𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎,𝑡𝑒𝑚𝑜𝑠: 
 

𝑥2 + 2𝑥(−𝑥 + 2) − 3(−𝑥 + 2)2 = 0 

𝑥2 − 2𝑥2 +4𝑥 − 3𝑥2 + 12𝑥 − 12 = 0 

−4𝑥2 +16𝑥 − 12 = 0 

𝑥2 − 4𝑥 + 3 = 0 
(𝑥 − 3)(𝑥 − 1) = 0 
∴ 𝑥 = 3 𝑜𝑢 𝑥 = 1 

 
∗ 𝑂𝑏𝑠: 𝑝𝑎𝑟𝑎 𝑥 = 1 𝑡𝑒𝑚𝑜𝑠 𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑞𝑢𝑒 𝑗á 𝑓𝑜𝑖 𝑚𝑒𝑛𝑐𝑖𝑜𝑛𝑎𝑑𝑜 𝑛𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎, 𝑙𝑜𝑔𝑜 
𝑥 = 3 é 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 (1,1) 𝑐𝑟𝑢𝑧𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒. 

 
𝑦 = −𝑥 + 2 
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𝑦 = −3 + 2 

𝑦 = −1 

𝑃𝑜𝑛𝑡𝑜 𝐴 = (3, −1) é 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 (1,1) 𝑐𝑟𝑢𝑧𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 

𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 

𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥2 −𝜋| é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = √𝜋, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑜 

𝑐𝑜𝑛𝑐𝑒𝑖𝑡𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙. 
 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑥 = 𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓 ′(𝑎) = lim
ℎ→0

𝑓(𝑎 + ℎ) − 𝑓(𝑎)

ℎ
 ; 𝑓𝑎ç𝑎𝑚𝑜𝑠 ℎ = 𝑥 − 𝑎, 𝑒𝑛𝑡ã𝑜 

 

𝑓 ′(𝑎) = lim
𝑥→𝑎

𝑓(𝑥) − 𝑓(𝑎)

𝑥 − 𝑎
 

 

∗ 𝑂𝑏𝑠: 𝑓(𝑥) = |𝑥2 −𝜋| = {
𝑥2 − 𝜋,     𝑥 ≤ −√𝜋 𝑜𝑢 𝑥 ≥ √𝜋

−(𝑥2− 𝜋)      ,−√𝜋 < 𝑥 < √𝜋
 ; 

 

∗ 𝑆𝑒 𝑥 → √𝜋
+
, 𝑒𝑛𝑡ã𝑜 𝑥 > √𝜋 ⇒ 𝑥 ≠ √𝜋 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = (𝑥2 −𝜋)  

 

𝑓+
′(√𝜋) = lim

𝑥→√𝜋
+

𝑓(𝑥) − 𝑓(√𝜋)

𝑥 − √𝜋
= lim
𝑥→√𝜋

+

𝑥2 −𝜋 − 0

𝑥 −√𝜋
= lim
𝑥→√𝜋

+

𝑥2 − 𝜋

𝑥 − √𝜋
= 

 

lim
𝑥→√𝜋

+

(𝑥 −√𝜋)(𝑥 + √𝜋)

𝑥 −√𝜋
= lim

𝑥→√𝜋
+
(𝑥 + √𝜋) = lim

𝑥→√𝜋
+
𝑥 + lim

𝑥→√𝜋
+
√𝜋 = √𝜋 + √𝜋 = 2√𝜋. 

 

∗ 𝑆𝑒 𝑥 → √𝜋
−
, 𝑒𝑛𝑡ã𝑜 𝑥 < √𝜋 ⇒ 𝑥 ≠ √𝜋 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = −(𝑥2 −𝜋)  

 

𝑓−
′(√𝜋) = lim

𝑥→√𝜋
−

𝑓(𝑥) − 𝑓(√𝜋)

𝑥 −√𝜋
= lim
𝑥→√𝜋

−

−(𝑥2 −𝜋) − 0

𝑥 −√𝜋
= lim
𝑥→√𝜋

−

−(𝑥2 − 𝜋)

𝑥 − √𝜋
= 

 

lim
𝑥→√𝜋

−

−(𝑥 − √𝜋)(𝑥 + √𝜋)

𝑥 −√𝜋
= lim

𝑥→√𝜋
−
−(𝑥 + √𝜋) = − lim

𝑥→√𝜋
−
𝑥 − lim

𝑥→√𝜋
− √𝜋 = 

 

−√𝜋 −√𝜋 = −2√𝜋. 
 

𝐶𝑜𝑚𝑜 𝑓+
′(√𝜋) 𝑒 𝑓−

′(√𝜋) 𝑒𝑥𝑖𝑠𝑡𝑒𝑚, 𝑝𝑜𝑟é𝑚,𝑠ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 𝑛ã𝑜 é 

𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑜𝑢 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = √𝜋. 
 

𝑏) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥2 −

1
9

6𝑥3 −5𝑥2 + 𝑥
 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑎𝑚 

𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = 𝑥4 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 𝑒 𝐵.  𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 
𝑝𝑒𝑙𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴, 𝐵 𝑒 𝐶 = (4,0). 
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𝑓(𝑥) =
(𝑥 −

1
3)(𝑥 +

1
3)

6𝑥 (𝑥 −
1
3)(𝑥 −

1
2)
 ;   𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ 0,𝑥 ≠

1

2
 𝑒 𝑥 ≠

1

3
} 

𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 
 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞  𝑜𝑢   lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝐿𝑜𝑔𝑜, 𝑝𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎, 
𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑟 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) é 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎  𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 
𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = 0, 𝑥 = 1 2⁄   𝑒 𝑥 = 1 3⁄  𝑠ã𝑜 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 
𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠, 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒,𝑓 é 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑒𝑠𝑠𝑒𝑠  𝑛ú𝑚𝑒𝑟𝑜𝑠. 
 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

𝑥2 −
1
9

⏞    

−1 9⁄

↑

6𝑥⏟
↓
0+

(𝑥 −
1
3)⏟    

↓
−1 3⁄

(𝑥 −
1
2)⏟    

↓
−1 2⁄

= −∞ 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 0 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).   
 

lim
𝑥→

1
2

+
𝑓(𝑥) = lim

𝑥→
1
2

+

𝑥2 −
1
9

⏞    

5 36⁄

↑

6𝑥⏟
↓
3

(𝑥 −
1
3)⏟    

↓
1 6⁄

(𝑥 −
1
2)⏟    

↓
0+

= +∞ 

 

∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 =
1

2
 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

∗ 𝑆𝑒 𝑥 →
1

3
 𝑒𝑛𝑡ã𝑜 𝑥 ≠

1

3
⇒ (𝑥 −

1

3
) ≠ 0.𝐿𝑜𝑔𝑜,𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑟𝑒𝑒𝑠𝑐𝑟𝑒𝑣𝑒𝑟 𝑓(𝑥) 𝑛𝑎 𝑓𝑜𝑟𝑚𝑎: 

 

𝑓(𝑥) =
(𝑥 −

1
3)(𝑥 +

1
3)

6𝑥 (𝑥 −
1
3)(𝑥 −

1
2)
=

𝑥 +
1
3

6𝑥(𝑥 −
1
2)

 

 
   

lim
𝑥→
1
3

𝑓(𝑥) = lim
𝑥→
1
3

𝑥 +
1
3

6𝑥(𝑥 −
1
2)
= lim
𝑥→
1
3

𝑥 +
1
3

6𝑥2 −3𝑥
=

lim
𝑥→
1
3

𝑥 + lim
𝑥→
1
3

1
3

lim
𝑥→
1
3

6𝑥2 − lim
𝑥→
1
3

3𝑥
=

1
3 +

1
3

2
3 − 1

=

2
3

−
1
3

= −2. 
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∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 =
1

3
 𝑛ã𝑜 é 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

𝐿𝑜𝑔𝑜, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 𝑒 𝐵 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜𝑠 𝑝𝑒𝑙𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = 0 𝑒 𝑥 =
1

2
 𝑐𝑜𝑚 𝑜 

𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔(𝑥) = 𝑥4 𝑠ã𝑜: 
 

𝐴 = (0, 𝑔(0)) = (0,0)   𝑒  𝐵 = (
1

2
, 𝑔 (

1

2
)) = (

1

2
,
1

16
) 

𝑂 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴, 𝐵 𝑒 𝐶 𝑡𝑒𝑚 𝑏𝑎𝑠𝑒 𝑛𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 
𝑒𝑛𝑡𝑟𝑒 𝐴 𝑒 𝐶 [𝑑(𝐴, 𝐶) = 4] 𝑒 𝑎𝑙𝑡𝑢𝑟𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝐵 [ℎ = 1 16⁄ ].𝐿𝑜𝑔𝑜, 
𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 ∆𝐴𝐵𝐶 é: 

 

𝑆 =
𝑏. ℎ

2
=
4 ×

1
16
2

=
1

8
𝑢. 𝐴 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑  
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎,  lim
𝑥→−1+

[ln(−𝑥) cos2 (
1

ln(−𝑥)
)]. 

 
∀𝑥 ∈ ℝ, 𝑐𝑜𝑚 𝑥 < 0, 𝑡𝑒𝑚𝑜𝑠: 
 

0 ≤ cos2 (
1

ln(−𝑥)
) ≤ 1 

 
∗ 𝑆𝑒 𝑥 → −1+ , 𝑒𝑛𝑡ã𝑜 ln(−𝑥) → 0− 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, ln(−𝑥) < 0. 𝐿𝑜𝑔𝑜, 
  

0 ≥ ln(−𝑥) cos2 (
1

ln(−𝑥)
) ≥ ln(−𝑥) 

 

𝑆𝑒𝑗𝑎 𝑔(𝑥) = 0, 𝑓(𝑥) = ln(−𝑥) cos2 (
1

ln(−𝑥)
) 𝑒 ℎ(𝑥) = ln(−𝑥) . 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 

 
ℎ(𝑥) ≤ 𝑓(𝑥) ≤ 𝑔(𝑥) 

 
lim
𝑥→−1+

𝑔(𝑥) = lim
𝑥→−1+

0 = 0 

lim
𝑥→−1+

ℎ(𝑥) = lim
𝑥→−1+

ln(−𝑥) = 0 

 
𝑆𝑒 ℎ(𝑥) ≤ 𝑓(𝑥) ≤ 𝑔(𝑥) 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 − 1 (𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 

−1) 𝑒 lim
𝑥→−1+

𝑔(𝑥) = lim
𝑥→−1+

ℎ(𝑥) = 0. 𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim
𝑥→−1+

𝑓(𝑥) = 0 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

lim
𝑥→−1+

ln(−𝑥) cos2 (
1

ln(−𝑥)
) = 0 
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𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 
 

⟦𝑥⟧ +
1

2
= sen [(𝑥 −

1

2
)𝜋] 

 

𝑎𝑑𝑚𝑖𝑡𝑒 𝑢𝑚𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (
1

2
,
3

4
). 

 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = ⟦𝑥⟧ +
1

2
− sen [(𝑥 −

1

2
)𝜋] . 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑥) 𝑎𝑑𝑚𝑖𝑡𝑒 𝑢𝑚𝑎 

𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (
1

2
,
3

4
). 

 

𝑓 (
1

2
) = ⟦

1

2
⟧ +

1

2
− sen[(

1

2
−
1

2
)𝜋] = 0 +

1

2
− sen(0) =

1

2
  ;   𝑓 (

1

2
) > 0 

 

𝑓 (
3

4
) = ⟦

3

4
⟧ +

1

2
− sen[(

3

4
−
1

2
)𝜋] = 0 +

1

2
− sen(

𝜋

4
) =

1− √2

2
 ;   𝑓 (

3

4
) < 0 

 
∗ 𝑂𝑏𝑠1: 𝑙𝑒𝑚𝑏𝑟𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 ⟦𝑥⟧ é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 ∈ (ℝ− ℤ) 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 

𝑓𝑢𝑛çã𝑜 ⟦𝑥⟧ é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [
1

2
,
3

4
]. 

 

∗ 𝑂𝑏𝑠2: 𝑎 𝑓𝑢𝑛çã𝑜 sen[(𝑥 −
1

2
)𝜋]  𝑎𝑠𝑠𝑖𝑚 𝑐𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒

1

2
 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 

𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [
1

2
,
3

4
]. 

 

𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [
1

2
,
3

4
]  𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(

1

2
)  𝑒 

𝑓 (
3

4
) , 𝑜𝑛𝑑𝑒 𝑓 (

1

2
) > 0 > 𝑓 (

3

4
) . 𝐸𝑛𝑡ã𝑜, 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑥 ∈ (

1

2
,
3

4
)  𝑡𝑎𝑙 𝑞𝑢𝑒 

𝑓(𝑥) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑎𝑑𝑚𝑖𝑡𝑒 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (
1

2
,
3

4
)  𝑡𝑎𝑙 𝑞𝑢𝑒 

  

⟦𝑥⟧ +
1

2
= sen[(𝑥 −

1

2
)𝜋]. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒  
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 =
𝑥2 sen𝑥

𝑒𝑥
 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 

𝑥 = 𝜋. 

 

𝑑𝑦

𝑑𝑥
= 𝑦′ =

[
𝑑
𝑑𝑥
(𝑥2. sen𝑥)]𝑒𝑥 − (𝑥2. sen𝑥).

𝑑
𝑑𝑥
(𝑒𝑥)

(𝑒𝑥)2
 

𝑦′ =
[2𝑥. sen𝑥 + 𝑥2 cos𝑥]𝑒𝑥 − 𝑥2. sen 𝑥 . 𝑒𝑥

(𝑒𝑥)2
 ;   𝑒𝑥 ≠ 0, ∀𝑥 ∈ ℝ. 
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𝑦′ =
2𝑥. sen𝑥 + 𝑥2(cos𝑥 − sen𝑥)

𝑒𝑥
 

 

∗ 𝐸𝑚 𝑥 = 𝜋 𝑡𝑒𝑚𝑜𝑠  𝑦 =
𝜋2. sen 𝜋

𝑒𝜋
= 0. 𝑃𝑜𝑛𝑡𝑜 (𝜋, 0) 

 

𝑑𝑦

𝑑𝑥
|
𝑥=𝜋

= 𝑦𝜋
′ =

2𝜋. sen𝜋 + 𝜋2(cos𝜋 − sen𝜋)

𝑒𝜋
= −

𝜋2

𝑒𝜋
 

 

 
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝜋, 0): 
 

𝑦 − 0 = −
𝜋2

𝑒𝜋
(𝑥 − 𝜋) 

𝑦 =
−𝜋2𝑥 + 𝜋3

𝑒𝜋
 

 
𝑏) 𝐸𝑚 𝑞𝑢𝑎𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥3 − 2𝑥2 +𝑥 − 1 𝑡𝑒𝑚 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙?𝐸𝑥𝑖𝑠𝑡𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑡𝑒𝑚 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 
𝑖𝑔𝑢𝑎𝑙 𝑎 -1? 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 
é 𝑧𝑒𝑟𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑥,𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑞𝑢𝑎𝑛𝑑𝑜 𝑚 = 𝑓 ′(𝑥) = 0. 
 

𝑓 ′(𝑥) = 3𝑥2 − 4𝑥 + 1 

 
𝑓 ′(𝑥) = 0 ⇒ 3𝑥2 − 4𝑥 + 1 = 0 

∆= 16 − 12 = 4 

𝑥 =
4± 2

6
∴ 𝑥1 = 1  𝑒  𝑥2 =

1

3
 

 
𝐿𝑜𝑔𝑜, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ã𝑜: 

𝐴 = (1, 𝑓(1)) = (1,−1)  𝑒 𝐵 = (
1

3
, 𝑓 (

1

3
)) = (

1

3
, −
23

27
). 

 
𝐸𝑥𝑖𝑠𝑡𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑡𝑒 𝑡𝑒𝑚 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑚 = 𝑓 ′(𝑥) = −1? 

 
𝑓 ′(𝑥) = −1 ⇒ 3𝑥2 − 4𝑥 + 1 = −1 

                            3𝑥2 −4𝑥 + 2 = 0 

∆= 16− 24 = −8           (∆< 0 ⇒ 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑠𝑜𝑙𝑢çã𝑜 𝑒𝑚 𝑥 ∈ ℝ) 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑐𝑜𝑚 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑖𝑔𝑢𝑎𝑙 
𝑎 − 1. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓  

 
𝑎) 𝑆𝑒 𝑔 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒 𝑓(𝑥) = 𝑥. 𝑔(𝑥2 + 1), 
𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′′(1) 𝑠𝑎𝑏𝑒𝑛𝑑𝑜-𝑠𝑒 𝑞𝑢𝑒 𝑔′(2) = 𝑔′′(2) = 1. 
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𝑓 ′(𝑥) = 𝑔(𝑥2+ 1) + 𝑥.
𝑑

𝑑𝑥
[𝑔(𝑥2 +1)] 

 
∗ 𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 

 
𝑑

𝑑𝑥
[𝑔(𝑥2+ 1)] = 𝑔′(𝑥2+ 1).

𝑑

𝑑𝑥
(𝑥2 + 1) = 𝑔′(𝑥2 +1). 2𝑥 

 
𝑓 ′(𝑥) = 𝑔(𝑥2+ 1) + 2𝑥2.𝑔′(𝑥2 +1) 
 

𝑓 ′′(𝑥) =
𝑑

𝑑𝑥
[𝑔(𝑥2 + 1)]+ 4𝑥. 𝑔′(𝑥2 + 1) + 2𝑥2.

𝑑

𝑑𝑥
[𝑔′(𝑥2 +1)] 

𝑓 ′′(𝑥) = 2𝑥.𝑔′(𝑥2 + 1) + 4𝑥𝑔′(𝑥2 +1) + 2𝑥2.
𝑑

𝑑𝑥
[𝑔′(𝑥2 + 1)] 

 
𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 

 
𝑑

𝑑𝑥
[𝑔′(𝑥2 + 1)] = 𝑔′′(𝑥2 + 1).

𝑑

𝑑𝑥
(𝑥2 +1) = 2𝑥. 𝑔′′(𝑥2 + 1) 

 
𝑓 ′′(𝑥) = 6𝑥.𝑔′(𝑥2 + 1) + 4𝑥3. 𝑔′′(𝑥2 + 1) 
𝑓 ′′(1) = 6. 𝑔′(2) + 4. 𝑔′′(2) 
𝑓 ′′(1) = 6.1 + 4.1 
𝑓 ′′(1) = 6 + 4 = 10 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
4𝑥 + 5

√2𝑥2+ 1
. 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑠𝑒 𝑜𝑢 

 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿      𝑜𝑢     lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

4𝑥 + 5

√2𝑥2 +1
= lim
𝑥→+∞

4𝑥 + 5
|𝑥|

√2𝑥2 +1
|𝑥|

= lim
𝑥→+∞

4𝑥 + 5
𝑥

√2𝑥2 +1

√𝑥2

= lim
𝑥→+∞

4 +
5
𝑥

√2 +
1
𝑥2

 ; 

∗ 𝑂𝑏𝑠1: 𝑠𝑒 𝑥 → +∞, 𝑒𝑛𝑡ã𝑜 |𝑥| = 𝑥 , 𝑒 𝑎𝑖𝑛𝑑𝑎, |𝑥| = √𝑥
2. 

   

lim
𝑥→+∞

4 +
5
𝑥

√2+
1
𝑥2

=
lim
𝑥→+∞

4 + lim
𝑥→+∞

5
𝑥

√ lim
𝑥→+∞

2 + lim
𝑥→+∞

1
𝑥2

=
4 + 0

√2+ 0
=
4

√2
= 2√2. 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 2√2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 

 lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

4𝑥 + 5

√2𝑥2 + 1
= lim
𝑥→−∞

4𝑥 + 5
|𝑥|

√2𝑥2+ 1
|𝑥|

= lim
𝑥→+∞

4𝑥 + 5
−𝑥

√2𝑥2 + 1

√𝑥2

= lim
𝑥→+∞

−4−
5
𝑥

√2+
1
𝑥2

 ; 
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∗ 𝑂𝑏𝑠1: 𝑠𝑒 𝑥 → −∞, 𝑒𝑛𝑡ã𝑜 |𝑥| = −𝑥 , 𝑒 𝑎𝑖𝑛𝑑𝑎, |𝑥| = √𝑥
2. 

   

lim
𝑥→−∞

−4−
5
𝑥

√2+
1
𝑥2

=
− lim
𝑥→−∞

4 − lim
𝑥→−∞

5
𝑥

√ lim
𝑥→−∞

2 + lim
𝑥→−∞

1
𝑥2

=
−4 − 0

√2+ 0
=
−4

√2
= −2√2. 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −2√2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
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1.10 Prova de Reavaliação da AB1 – 28 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 
 

𝑎) 𝐷𝑒𝑓𝑖𝑛𝑎 𝑔(4) 𝑑𝑒 𝑚𝑎𝑛𝑒𝑖𝑟𝑎 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒𝑛𝑑𝑎 𝑔(𝑥) =
𝑥2 −16

𝑥2 −3𝑥 − 4
 𝑝𝑎𝑟𝑎 𝑠𝑒𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 𝑥 = 4. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑥2 + 𝑥𝑦+ 𝑦2 = 7 𝑐𝑟𝑢𝑧𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑒 
𝑚𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑛𝑒𝑠𝑠𝑒𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑠ã𝑜 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎𝑠. 𝑄𝑢𝑎𝑙 é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 

𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑐𝑜𝑚𝑢𝑚 𝑑𝑒𝑠𝑠𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2.  

 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥
 𝑒 𝑎 𝑠𝑒𝑔𝑢𝑖𝑟 

𝑜𝑏𝑡𝑒𝑛ℎ𝑎 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑐𝑜𝑛𝑡𝑎𝑡𝑜 𝑑𝑒𝑙𝑎𝑠 𝑐𝑜𝑚 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔(𝑥) = arcsen𝑥. 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎, lim
𝑥→3+

[(3 − 𝑥) (
1

2
)
cos(

1
3−𝑥

)

]. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3.  
 
𝑎) 𝐴𝑐ℎ𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓(𝑥) = cos(𝜋arccotg𝑥). 

 

𝑏) 𝑂𝑏𝑡𝑒𝑛ℎ𝑎 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 =
cotg𝑥 − 1

cossec𝑥
 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 

𝑥 =
𝜋

2
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 
 

𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = (
ln 𝑥

𝑥
)(𝑥 − 2)𝑒𝑥 .𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 

𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 

𝑥 = 1. 

 
𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑓(𝑥) = 𝑥𝑛,𝑛 𝑖𝑛𝑡𝑒𝑖𝑟𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜. 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 
𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑓 ′(𝑥) = 𝑛𝑥𝑛−1. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5.  

𝑎) 𝑆𝑒𝑗𝑎 𝑔(𝑥) = 𝑓 (√
1

𝑥2 +4
). 𝑆𝑒𝑛𝑑𝑜 𝑓 ′(

√2

4
) = √2,𝑐𝑎𝑙𝑐𝑢𝑙𝑒 𝑔′(2). 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 
𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = −𝑥2 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 1 𝑒 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 

𝑛𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 3º 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝐷𝑒𝑓𝑖𝑛𝑎 𝑔(4) 𝑑𝑒 𝑚𝑎𝑛𝑒𝑖𝑟𝑎 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒𝑛𝑑𝑎 𝑔(𝑥) =
𝑥2 −16

𝑥2 −3𝑥 − 4
 𝑝𝑎𝑟𝑎 𝑠𝑒𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 𝑥 = 4. 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑔(𝑥) é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 4 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, 𝑔(4) = lim

𝑥→4
𝑔(𝑥). 

𝐶𝑜𝑛𝑡𝑢𝑑𝑜, 𝑔(4) 𝑒 lim
𝑥→4

𝑔(𝑥)  𝑑𝑒𝑣𝑒𝑚 𝑒𝑥𝑖𝑠𝑡𝑖𝑟. 

 

lim
𝑥→4

𝑓(𝑥) = lim
𝑥→4

𝑥2 − 16

𝑥2 − 3𝑥 − 4
= lim
𝑥→4

(𝑥 − 4)(𝑥+ 4)

(𝑥 − 4)(𝑥+ 1)
 ; 

 
𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 4,𝑒𝑛𝑡ã𝑜 𝑥 ≠ 4 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥 − 4 ≠ 0. 

 

lim
𝑥→4

(𝑥 − 4)(𝑥 + 4)

(𝑥 − 4)(𝑥 + 1)
= lim
𝑥→4

𝑥 + 4

𝑥 + 1
=
lim
𝑥→4

𝑥 + lim
𝑥→4

4

lim
𝑥→4

𝑥 + lim
𝑥→4

1
=
4+ 4

4+ 1
=
8

5
 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑔(𝑥) 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 4, 𝑔(4) =
8

5
.  

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑥2 + 𝑥𝑦+ 𝑦2 = 7 𝑐𝑟𝑢𝑧𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑒 
𝑚𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑛𝑒𝑠𝑠𝑒𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑠ã𝑜 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎𝑠. 𝑄𝑢𝑎𝑙 é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 

𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑐𝑜𝑚𝑢𝑚 𝑑𝑒𝑠𝑠𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠? 
 
𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑐𝑟𝑢𝑧𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑝𝑜𝑠𝑠𝑢𝑖 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑧𝑒𝑟𝑜 (𝑦 = 0). 
𝐿𝑜𝑔𝑜, 

𝑥2 + 𝑥. 0 + 02 = 7⟹ 𝑥2 = 7 ∴ 𝑥1 = √7  𝑒 𝑥2 = −√7. 
 

𝑃𝑜𝑛𝑡𝑜𝑠 𝐴 = (√7,0) 𝑒 𝐵 = (−√7,0). 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎 𝑥, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑥
(𝑥2) +

𝑑

𝑑𝑥
(𝑥𝑦) +

𝑑

𝑑𝑥
(𝑦2) =

𝑑

𝑑𝑥
(7) 

2𝑥 + 𝑦.
𝑑𝑥

𝑑𝑥
+ 𝑥.

𝑑𝑦

𝑑𝑥
+ 2𝑦.

𝑑𝑦

𝑑𝑥
= 0 

2𝑥 + 𝑦 + 𝑥𝑦′ +2𝑦𝑦′ = 0 
𝑦′(𝑥 + 2𝑦) = −(2𝑥 + 𝑦) 

𝑦′ = −
2𝑥 + 𝑦

𝑥 + 2𝑦
 

 

𝑑𝑦

𝑑𝑥
|
𝐴

= 𝑦𝐴
′ = −

2√7+ 0

√7+ 2.0
= −2        ;        

𝑑𝑦

𝑑𝑥
|
𝐵

= 𝑦𝐵
′ = −

2(−√7)+ 0

(−√7) + 2.0
= −2  

 
∗ 𝐷𝑢𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑠ã𝑜 𝑑𝑖𝑡𝑎𝑠 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎𝑠 𝑞𝑢𝑎𝑛𝑑𝑜 𝑝𝑜𝑠𝑠𝑢𝑒𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜, 𝑜𝑢 𝑠𝑒𝑗𝑎, 
𝑚𝑒𝑠𝑚𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟. 𝐶𝑜𝑚𝑜 𝑦𝐴

′ = 𝑦𝐵
′  𝑒𝑛𝑡ã𝑜 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 𝑒𝑚 𝐴 𝑒 𝐵 

𝑠ã𝑜 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎𝑠 𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑒𝑚 𝑐𝑜𝑚𝑢𝑚 é 𝑚 = −2.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐  
 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥
 𝑒 𝑎 𝑠𝑒𝑔𝑢𝑖𝑟 

𝑜𝑏𝑡𝑒𝑛ℎ𝑎 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑐𝑜𝑛𝑡𝑎𝑡𝑜 𝑑𝑒𝑙𝑎𝑠 𝑐𝑜𝑚 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔(𝑥) = arcsen𝑥. 
 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) ∶ 𝑐𝑜𝑚𝑜 𝑒𝑥 > 0, ∀𝑥 ∈ ℝ 𝑒 𝑒−𝑥 > 0, ∀𝑥 ∈ ℝ,𝑒𝑛𝑡ã𝑜 𝑓 𝑒𝑠𝑡á 
𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑛𝑜𝑠 𝑟𝑒𝑎𝑖𝑠 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝐷(𝑓) = ℝ. 
 
∗ 𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠,𝑝𝑜𝑖𝑠 𝑒𝑠𝑡𝑎𝑠 
𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜. 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑢 lim

𝑥→+∞
𝑓(𝑥) = 𝐿 𝑜𝑢 

lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥
= lim
𝑥→+∞

𝑒𝑥 (1 −
1
𝑒2𝑥
)

𝑒𝑥 (1 +
1
𝑒2𝑥
)
= lim
𝑥→+∞

1 −
1
𝑒2𝑥

1 +
1
𝑒2𝑥

= 

lim
𝑥→+∞

1 − lim
𝑥→+∞

1
𝑒2𝑥

lim
𝑥→+∞

1 + lim
𝑥→+∞

1
𝑒2𝑥

=
1− 0

1+ 0
=
1

1
= 1  ;𝑠𝑒 𝑥 → +∞,

1

𝑒2𝑥
→ 0.  

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥
= lim
𝑥→−∞

𝑒−𝑥(𝑒2𝑥− 1)

𝑒−𝑥(𝑒2𝑥+ 1)
= lim
𝑥→−∞

𝑒2𝑥 −1

𝑒2𝑥 +1
= 

lim
𝑥→−∞

𝑒2𝑥 − lim
𝑥→−∞

1

lim
𝑥→−∞

𝑒2𝑥 + lim
𝑥→−∞

1
=
0− 1

0+ 1
=
−1

1
= −1 ;𝑠𝑒 𝑥 → −∞,𝑒2𝑥 → 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 

 
∗ 𝐴 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑒𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑐𝑜𝑚 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = arcsen𝑥  𝑠ã𝑜: 

 
𝑦 = 1 = 𝑔(𝑥) ⟹ 1 = arcsen𝑥 ∴ 𝑥 = sen 1    
𝑦 = −1 = 𝑔(𝑥) ⟹ −1 = arcsen𝑥 ∴ 𝑥 = sen(−1) = −sen(1)  
 
𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑐𝑜𝑛𝑡𝑎𝑡𝑜 ∶  𝐴 = (sen(1) , 1)  𝑒  𝐵 = (− sen(1) , −1) 
 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎, lim
𝑥→3+

[(3 − 𝑥) (
1

2
)
cos(

1
3−𝑥

)

]. 

 
∀𝑥 ∈ ℝ, 𝑐𝑜𝑚 𝑥 ≠ 3, 𝑡𝑒𝑚𝑜𝑠: 
 

−1 ≤ cos(
1

3 − 𝑥
) ≤ 1 
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(
1

2
)
−1

≥ (
1

2
)
cos(

1
3−𝑥

)

≥ (
1

2
)
1

 

∗ 𝑂𝑏𝑠: 𝑐𝑜𝑚𝑜 0 <
1

2
< 1 𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑠𝑒𝑛𝑡𝑖𝑑𝑜 

𝑑𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑒. 

2 ≥ (
1

2
)
cos(

1
3−𝑥

)

≥
1

2
 

 
𝑆𝑒 𝑥 → 3+ , 𝑒𝑛𝑡ã𝑜 𝑥 > 3 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 3 − 𝑥 < 0. 𝐿𝑜𝑔𝑜, 

2(3 − 𝑥) ≤ (3 − 𝑥)(
1

2
)
cos(

1
3−𝑥

)

≤
1

2
(3 − 𝑥) 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = 2(3 − 𝑥),𝑔(𝑥) = (3 − 𝑥)(
1

2
)
cos(

1
3−𝑥

)

 𝑒 ℎ(𝑥) =
1

2
(3 − 𝑥), 𝑒𝑛𝑡ã𝑜 

𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥). 

 
lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3+

2(3 − 𝑥) = 0 

lim
𝑥→3+

ℎ(𝑥) = lim
𝑥→3+

1

2
(3 − 𝑥) = 0. 

 
𝑆𝑒 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 3 𝑝𝑜𝑟 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚𝑎𝑖𝑜𝑟𝑒𝑠 𝑞𝑢𝑒 3 
(𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 3) 𝑒 lim

𝑥→3+
𝑓(𝑥) = lim

𝑥→3+
ℎ(𝑥) = 0 𝑒𝑛𝑡ã𝑜,𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 

𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim
𝑥→3+

𝑔(𝑥) = 0.  𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

lim
𝑥→3+

(3 − 𝑥)(
1

2
)
cos(

1
3−𝑥

)

= 0  

 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑  
 
𝑎) 𝐴𝑐ℎ𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓(𝑥) = cos(𝜋arccotg𝑥). 
 
𝑆𝑒𝑗𝑎 𝑢 = arccotg𝑥  , 𝑣 = 𝜋𝑢 𝑒 𝑓(𝑣) = cos(𝑣) . 𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑑𝑓

𝑑𝑥
= 𝑓 ′(𝑥) =

𝑑𝑢

𝑑𝑥
.
𝑑𝑣

𝑑𝑢
.
𝑑𝑓

𝑑𝑣
 

𝑓 ′(𝑥) = [−
1

1+ 𝑥2
] . (𝜋𝑢. ln 𝜋).(− sen𝑣) 

𝑓 ′(𝑥) =
𝜋arccotg𝑥 . ln 𝜋. sen(𝜋arccotg 𝑥)

1 + 𝑥2
 

 

𝑏) 𝑂𝑏𝑡𝑒𝑛ℎ𝑎 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 =
cotg𝑥 − 1

cossec𝑥
 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 

𝑥 =
𝜋

2
. 

𝑑𝑦

𝑑𝑥
= 𝑦′ =

(−cossec2 𝑥).cossec𝑥 − (−cossec𝑥 . cotg𝑥)(cotg𝑥 − 1)

cossec2 𝑥
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𝑦′ =
− cossec𝑥 (cossec2 𝑥 − cotg2 𝑥 + cotg 𝑥)

cossec2 𝑥
 ;   cotg2 𝑥 + 1 = cossec2 𝑥 

 

𝑦′ = −
(1 + cotg𝑥)

cossec𝑥
= −(sen𝑥 + cos𝑥) 

𝐸𝑚 𝑥 =
𝜋

2
,𝑦′ = −(sen

𝜋

2
+ cos

𝜋

2
) = −(1 + 0) = −1. 

 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑥 =
𝜋

2
, 𝑦 =

cotg
𝜋
2 − 1

cossec
𝜋
2

=
0 − 1

1
=
−1

1
= −1 ;𝑃𝑜𝑛𝑡𝑜 (

𝜋

2
, 1) 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑥 = 𝜋 2⁄ : 
 

𝑦 − 1 = −1(𝑥 −
𝜋

2
) 

𝑦 = −𝑥 +
2+ 𝜋

2
  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 

𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = (
ln 𝑥

𝑥
)(𝑥 − 2)𝑒𝑥 .𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 

𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 

𝑥 = 1. 
 
𝑃𝑜𝑛𝑡𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑐𝑜𝑚 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 1: 

𝑓(1) = (
ln 1

1
)(1 − 2)𝑒1 = 0  ;𝑝𝑜𝑛𝑡𝑜 (1,0) 

 

𝑓 ′(𝑥) = 𝐷𝑥 [
ln 𝑥

𝑥
] . (𝑥 − 2)𝑒𝑥 + (

ln 𝑥

𝑥
) . 𝐷𝑥[(𝑥 − 2)𝑒

𝑥] 

𝑓 ′(𝑥) =

1
𝑥 . 𝑥 − ln 𝑥

𝑥2
. (𝑥 − 2)𝑒𝑥+ (

ln 𝑥

𝑥
) . [𝑒𝑥 + (𝑥 − 2)𝑒𝑥] 

𝑓 ′(𝑥) =
1− ln𝑥

𝑥2
(𝑥 − 2)𝑒𝑥 +

ln 𝑥

𝑥
𝑒𝑥(𝑥 − 1) 

𝑓 ′(1) =
1 − ln 1

1
(1 − 2)𝑒1 +

ln 1

1
𝑒1(1 − 1) 

𝑓 ′(1) = −𝑒 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑃 = (1,0): 

 
𝑦 − 0 = −𝑒(𝑥 − 1) 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: (0,𝑒) 𝑒 (1,0) 

 

Á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 𝑒 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 
 

𝐴 =
1. 𝑒

2
=
𝑒

2
𝑢. 𝐴  
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𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑓(𝑥) = 𝑥𝑛,𝑛 𝑖𝑛𝑡𝑒𝑖𝑟𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜. 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 
𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑓 ′(𝑥) = 𝑛𝑥𝑛−1. 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎,𝑡𝑒𝑚𝑜𝑠 
 

𝑓 ′(𝑥) = lim
∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
 

 

𝑓 ′(𝑥) = lim
∆𝑥→0

(𝑥 + ∆𝑥)𝑛 −𝑥𝑛

∆𝑥
 

 

(𝑥 + ∆𝑥)𝑛 =∑ (
𝑛
𝑘
)𝑥𝑛−𝑘∆𝑥𝑘

𝑛

𝑘=0

= 𝑥𝑛 + 𝑛𝑥𝑛−1∆𝑥 +
𝑛(𝑛− 1)

2
𝑥𝑛−2∆𝑥2 + ⋯+ 

                                                              𝑛𝑥∆𝑥𝑛−1 + ∆𝑥𝑛. 
 

𝑓 ′(𝑥) = lim
∆𝑥→0

𝑥𝑛 + 𝑛𝑥𝑛−1∆𝑥 +
𝑛(𝑛− 1)
2 𝑥𝑛−2∆𝑥2 + ⋯+𝑛𝑥∆𝑥𝑛−1 + ∆𝑥𝑛− 𝑥𝑛

∆𝑥
 

           = lim
∆𝑥→0

𝑛𝑥𝑛−1∆𝑥 +
𝑛(𝑛− 1)
2

𝑥𝑛−2∆𝑥2 +⋯+𝑛𝑥∆𝑥𝑛−1 + ∆𝑥𝑛

∆𝑥
 

           = lim
∆𝑥→0

∆𝑥 [𝑛𝑥𝑛−1 +
𝑛(𝑛 − 1)
2 𝑥𝑛−2∆𝑥 + ⋯+𝑛𝑥∆𝑥𝑛−2 + ∆𝑥𝑛−1]

∆𝑥
 

           = lim
∆𝑥→0

[𝑛𝑥𝑛−1 +
𝑛(𝑛 − 1)

2
𝑥𝑛−2∆𝑥 +⋯+𝑛𝑥∆𝑥𝑛−2 + ∆𝑥𝑛−1] 

 
∗ 𝑆𝑒 ∆𝑥 → 0 𝑒𝑛𝑡ã𝑜 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑡𝑒𝑟𝑚𝑜𝑠 𝑐𝑜𝑚 ∆𝑥 𝑡𝑎𝑚𝑏é𝑚 𝑡𝑒𝑛𝑑𝑒𝑚 𝑎 𝑧𝑒𝑟𝑜.𝐿𝑜𝑔𝑜, 
 

𝑓 ′(𝑥) = 𝑛𝑥𝑛−1  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓  
 

𝑎) 𝑆𝑒𝑗𝑎 𝑔(𝑥) = 𝑓 (√
1

𝑥2 +4
). 𝑆𝑒𝑛𝑑𝑜 𝑓 ′(

√2

4
) = √2,𝑐𝑎𝑙𝑐𝑢𝑙𝑒 𝑔′(2). 

𝑔′(𝑥) = 𝑓 ′(√
1

𝑥2 + 4
). 𝐷𝑥 [√

1

𝑥2 +4
] 

𝑔′(𝑥) = 𝑓 ′(√
1

𝑥2 + 4
). 𝐷𝑥 [(𝑥

2 +4)
−
1
2] 

𝑔′(𝑥) = 𝑓 ′(√
1

𝑥2 + 4
)[−

1

2
(𝑥2 + 4)−

3
2 . (2𝑥)] 

𝑔′(2) = 𝑓 ′(√
1

8
)[−

1

2
(8)−

3
2(4)] 
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𝑔′(2) = 𝑓 ′ (
√2

4
). [−2.

1

8√8
] = √2. [−

1

4√8
] = −

1

4√4
= −

1

8
  

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 
𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = −𝑥2 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 1 𝑒 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 

𝑛𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑜 3º 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒.  
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 1 𝑐𝑒𝑛𝑡𝑟𝑎𝑑𝑎 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚: 
 

𝑥2 + 𝑦2 = 1  

𝑆𝑒𝑗𝑎 [𝑔(𝑥)]2 = 1− 𝑥2 , 𝑐𝑜𝑚 𝑔(𝑥) ≤ 0, 𝑒𝑛𝑡ã𝑜 𝑔(𝑥) = −√1− 𝑥2 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 𝑎 
𝑠𝑒𝑚𝑖𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑐𝑜𝑚𝑝𝑟𝑒𝑒𝑛𝑑𝑖𝑑𝑎 𝑛𝑜 3º 𝑒 4º 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒. 
 
𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑥) = 𝑔(𝑥) 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 (𝑥, 𝑦) 𝑛𝑜 3º 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒, 
𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑥 < 0 𝑒 𝑦 < 0. 𝐶𝑜𝑚𝑜 𝑔(𝑥) ≤ 0 𝑒𝑛𝑡ã𝑜 𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑗á é 𝑠𝑎𝑡𝑖𝑠𝑓𝑒𝑖𝑡𝑎 

(𝑦 < 0).  𝑆𝑒𝑗𝑎 ℎ(𝑥) = 𝑓(𝑥) − 𝑔(𝑥) = −𝑥2 +√1 − 𝑥2. 

 

ℎ(−1) = −(−1)2 +√1 − (−1)2 = −1 +√0 = −1 ;   ℎ(−1) < 0 

ℎ(0) = −(0)2 + √1− 02 = 0 +√1 = 1  ;      ℎ(0) > 0 

 
ℎ é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−1,0] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 
ℎ(−1) 𝑒 ℎ(0),𝑜𝑛𝑑𝑒 ℎ(−1) < 0 < ℎ(0).𝐸𝑛𝑡ã𝑜, 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (−1,0) 𝑡𝑎𝑙 𝑞𝑢𝑒 
ℎ(𝑥) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, ℎ(𝑥) = 0 ⇒ 𝑓(𝑥) = 𝑔(𝑥) 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (−1,0) 𝑜𝑛𝑑𝑒 𝑥 < 0. 
𝐸 𝑐𝑜𝑚𝑜 𝑦 = 𝑔(𝑥) = 𝑓(𝑥) < 0,𝑒𝑛𝑡ã𝑜 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 3º 
𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒. 
 
∗ 𝑂𝑏𝑠: 𝑒𝑠𝑠𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜 𝑡𝑎𝑚𝑏é𝑚 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑟𝑒𝑠𝑜𝑙𝑣𝑖𝑑𝑎 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑜𝑏𝑡𝑖𝑑𝑎 
𝑝𝑒𝑙𝑎 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖çã𝑜 𝑑𝑒 𝑓(𝑥) 𝑛𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑐𝑖𝑟𝑐𝑢𝑛𝑓𝑒𝑟ê𝑛𝑖𝑐𝑎 (𝑥2 +𝑥4 = 1) 𝑒 𝑓𝑎𝑧𝑒𝑟 
𝑜 𝑚𝑒𝑠𝑚𝑜 𝑝𝑟𝑜𝑐𝑒𝑑𝑖𝑚𝑒𝑛𝑡𝑜,𝑚𝑜𝑠𝑡𝑟𝑎𝑛𝑑𝑜 𝑞𝑢𝑒 𝑥 < 0 𝑒 𝑦 < 0.  
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1.11 Prova de Reavaliação da AB2 – 27 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1.  

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 2𝑥 − 1 = sen𝑥  𝑡𝑒𝑚 𝑒𝑥𝑎𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 
2 cos𝑥 − cos(2𝑥) , 𝑥 ∈ [0,2𝜋]. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2.  
 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑡𝑒𝑚 𝑢𝑚 𝑐𝑎𝑡𝑒𝑡𝑜 𝑐𝑜𝑚 𝑙𝑎𝑑𝑜 𝑑𝑒 5𝑚 𝑒 â𝑛𝑔𝑢𝑙𝑜 𝑎𝑔𝑢𝑑𝑜 
𝑜𝑝𝑜𝑠𝑡𝑜 𝑐𝑜𝑚 45°,𝑐𝑜𝑚 𝑢𝑚 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑒𝑟𝑟𝑜 𝑑𝑒 ± 2°. 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑜 
𝑒𝑟𝑟𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑜 𝑜𝑢𝑡𝑟𝑜 𝑐𝑎𝑡𝑒𝑡𝑜. 
 
𝑏) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎, 𝑖𝑛𝑖𝑐𝑖𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑟𝑒𝑝𝑜𝑢𝑠𝑜,𝑑á 𝑢𝑚𝑎 𝑣𝑜𝑙𝑡𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑎 𝑛𝑢𝑚 𝑐í𝑟𝑐𝑢𝑙𝑜, 
𝑟𝑒𝑠𝑝𝑒𝑖𝑡𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒 𝑝𝑜𝑠𝑖çã𝑜 𝑠(𝑡) = 2 − cos[ln(𝑡 + 1)]. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 
𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 , 𝑎𝑝ó𝑠 𝑜 𝑖𝑛í𝑐𝑖𝑜 𝑑𝑜 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜, 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 𝑎𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜. 𝑄𝑢𝑎𝑙 𝑜 

𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 𝑛𝑒𝑠𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 

 
𝑎) 𝑈𝑚 𝑎𝑣𝑖ã𝑜 𝑣𝑜𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑎 𝑢𝑚𝑎 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 𝑑𝑒 2𝑘𝑚, 𝑎 800𝑘𝑚 ℎ⁄ , 𝑒 𝑝𝑎𝑠𝑠𝑎 

𝑑𝑖𝑟𝑒𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑠𝑜𝑏𝑟𝑒 𝑢𝑚𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑑𝑒 𝑟𝑎𝑑𝑎𝑟. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑎 𝑞𝑢𝑎𝑙 𝑎 
𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑒𝑛𝑡𝑟𝑒 𝑜 𝑎𝑣𝑖ã𝑜 𝑒 𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑎𝑢𝑚𝑒𝑛𝑡𝑎, 𝑞𝑢𝑎𝑛𝑑𝑜 𝑒𝑙𝑒 𝑒𝑠𝑡á 𝑎 3𝑘𝑚 𝑑𝑎 𝑒𝑠𝑡𝑎çã𝑜. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠, 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠) 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥√4− 𝑥2. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4.  
 
𝑎) 𝑃𝑒𝑑𝑟𝑖𝑛ℎ𝑜 𝑒𝑠𝑡á 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑖𝑛𝑑𝑜 𝑢𝑚𝑎 𝑝𝑖𝑝𝑎 𝑐𝑜𝑚 3 𝑝𝑎𝑙𝑖𝑡𝑜𝑠 𝑑𝑒 𝑡𝑎𝑚𝑎𝑛ℎ𝑜𝑠 2𝑟 𝑐𝑚, 
𝑐𝑟𝑢𝑧𝑎𝑛𝑑𝑜-𝑠𝑒 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑚é𝑑𝑖𝑜𝑠,𝑐𝑜𝑚𝑜 𝑛𝑎 𝑓𝑖𝑔𝑢𝑟𝑎,𝑜𝑛𝑑𝑒 𝑜 𝑝𝑎𝑙𝑖𝑡𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 é 𝑢𝑚 
𝑒𝑖𝑥𝑜 𝑑𝑒 𝑠𝑖𝑚𝑒𝑡𝑟𝑖𝑎 𝑝𝑎𝑟𝑎 𝑜 ℎ𝑒𝑥á𝑔𝑜𝑛𝑜 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡𝑒.𝑄𝑢𝑎𝑙 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑞𝑢𝑒 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑎 𝑎 
á𝑟𝑒𝑎 𝑑𝑎 𝑝𝑖𝑝𝑎? 

 
 

 
 
 

 
 

 
 
 

 
 

 
 



89 

 

 
 

𝑏) 𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (−1,3) 𝑒 (0,2) 𝑒𝑠𝑡ã𝑜 𝑛𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑎𝑟𝑎 𝑎 𝑞𝑢𝑎𝑙  
𝑓 ′′(𝑥) = 2− 4𝑥.𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑔(𝑥) =
3𝑥2 − 2𝑥3

3
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5.  
 
𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑛𝑎 𝑞𝑢𝑎𝑙 𝑓 ′(𝑥) ≤ 5, 𝑓(2) = −1 𝑒 
𝑓(4) = 10, 𝑞𝑢𝑎𝑛𝑑𝑜 𝑟𝑒𝑠𝑡𝑟𝑖𝑡𝑎 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (2,4). 
 

 
𝑏) 𝐴 𝑓𝑖𝑔𝑢𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎 𝑜 𝑠𝑒𝑡𝑜𝑟 𝑑𝑒 𝑢𝑚 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑐𝑜𝑚 â𝑛𝑔𝑢𝑙𝑜 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝜃. 𝑆𝑒𝑗𝑎 𝐴(𝜃) 𝑎 
á𝑟𝑒𝑎 𝑑𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝑒𝑛𝑡𝑟𝑒 𝑎 𝑐𝑜𝑟𝑑𝑎 𝑃𝑅 𝑒 𝑜 𝑎𝑟𝑐𝑜 𝑃𝑅.𝑆𝑒𝑗𝑎 𝐵(𝜃) 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 

𝑃𝑄𝑅. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 lim
𝜃→0+

𝐴(𝜃)

𝐵(𝜃)
. 

 
 
 

 
 

 
 
 

 
 

 
  



90 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏  
 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 2𝑥 − 1 = sen𝑥  𝑡𝑒𝑚 𝑒𝑥𝑎𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = 2𝑥 − 1 − sen𝑥 . 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑥) 𝑝𝑜𝑠𝑠𝑢𝑖 𝑒𝑥𝑎𝑡𝑎𝑚𝑒𝑛𝑡𝑒 

𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
𝑓(0) = 2. (0) − 1 − sen0 = 0 − 1 − 0 = −1 ;  𝑓(0) = −1 < 0 
𝑓(𝜋) = 2𝜋 − 1− sen𝜋 = 2𝜋 − 1− 0 = 2𝜋 − 1 ;   𝑓(𝜋) = 2𝜋 − 1 > 0 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 
𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,𝜋] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(0) 𝑒 
𝑓(𝜋), 𝑜𝑛𝑑𝑒 𝑓(0) < 0 < 𝑓(𝜋), 𝑒𝑛𝑡ã𝑜 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜,𝑒𝑥𝑖𝑠𝑡𝑒 
𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑥 ∈ (0, 𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑥) = 0. 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙 𝑒𝑚 (0,𝜋). 
 
𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑎 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 a 𝑒 b 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑎) = 𝑓(𝑏) = 0.𝐶𝑜𝑚𝑜 𝑓 
é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑎,𝑏] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 
𝑎𝑏𝑒𝑟𝑡𝑜 (𝑎, 𝑏),𝑒 𝑓(𝑎) = 𝑓(𝑏) 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (𝑎, 𝑏) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′(𝑐) = 0. 

𝑓 ′(𝑥) = 2− cos𝑥 ; 
−1 ≤ −cos 𝑥 ≤ 1 

2 − 1 ≤ 2 − cos𝑥 ≤ 2 + 1 

1 ≤ 𝑓 ′(𝑥) ≤ 3 

 
∗ 𝐿𝑜𝑔𝑜,𝑓 ′(𝑥) > 0,∀𝑥 ∈ ℝ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑒, 𝑝𝑜𝑟 
𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖çã𝑜, 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜 1 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙.𝐶𝑜𝑚𝑜 𝑗á 𝑐𝑜𝑚𝑝𝑟𝑜𝑣𝑎𝑚𝑜𝑠 𝑎 

𝑒𝑥𝑖𝑠𝑡ê𝑛𝑐𝑖𝑎 𝑑𝑒𝑠𝑠𝑎 𝑟𝑎í𝑧 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜, 𝑒𝑛𝑡ã𝑜 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑒𝑥𝑎𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 
2 cos𝑥 − cos(2𝑥) , 𝑥 ∈ [0,2𝜋]. 
 
𝑓 ′(𝑥) = −2sen𝑥 + 2 sen(2𝑥) 
𝑓 ′(𝑥) = −2sen𝑥 + 4 sen𝑥 . cos𝑥 

𝑓 ′(𝑥) = 2sen𝑥 (2cos𝑥 − 1) 
 

 



91 

 

 
 

𝐶𝑜𝑚 𝑒𝑠𝑠𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎 𝑐ℎ𝑒𝑔𝑎𝑚𝑜𝑠 𝑎𝑜 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 𝑓 ′(𝑥): 
 

(0) ++ ++ (
𝜋

3
) −− −− −−(𝜋) + ++ ++ +(

5𝜋

3
) − −− −(2𝜋)    𝑓 ′(𝑥) 

 

𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) > 0, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (0,
𝜋

3
) ∪ (𝜋,

5𝜋

3
). 

𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) < 0,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (
𝜋

3
, 𝜋) ∪ (

5𝜋

3
, 2𝜋). 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐  
 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑡𝑒𝑚 𝑢𝑚 𝑐𝑎𝑡𝑒𝑡𝑜 𝑐𝑜𝑚 𝑙𝑎𝑑𝑜 𝑑𝑒 5𝑚 𝑒 â𝑛𝑔𝑢𝑙𝑜 𝑎𝑔𝑢𝑑𝑜 

𝑜𝑝𝑜𝑠𝑡𝑜 𝑐𝑜𝑚 45°,𝑐𝑜𝑚 𝑢𝑚 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑒𝑟𝑟𝑜 𝑑𝑒 ± 2°. 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑜 
𝑒𝑟𝑟𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑜 𝑜𝑢𝑡𝑟𝑜 𝑐𝑎𝑡𝑒𝑡𝑜. 
 

tg 𝜃 =
5

𝑥
  ; 𝑥 = 5cotg 𝜃  ;  ∆𝜃 = 𝑑𝜃 = ±2

𝜋

180
𝑟𝑎𝑑 = ±

𝜋

90
𝑟𝑎𝑑. 

 
𝐶𝑜𝑚𝑜 𝑑𝜃 ≪ 1𝑟𝑎𝑑, 𝑒𝑛𝑡ã𝑜 ∆𝑥 ≈ 𝑑𝑥. 𝐿𝑜𝑔𝑜, 
 

∆𝑥 ≈ 𝑑𝑥 
∆𝑥 ≈ 𝑥 ′(𝜃).𝑑𝜃 

∆𝑥 ≈ −5.cossec2𝜃 . 𝑑𝜃 

∆𝑥 ≈ −5. cossec2(
𝜋

4
) . (±

𝜋

90
) 

∆𝑥 ≈ −5.(2).(±
𝜋

90
) = ±

𝜋

9
𝑚 

 

𝐿𝑜𝑔𝑜, 𝑜 𝑒𝑟𝑟𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑜 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑜 𝑜𝑢𝑡𝑟𝑜 𝑐𝑎𝑡𝑒𝑡𝑜 é±
𝜋

9
𝑚. 

 
𝑏) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎, 𝑖𝑛𝑖𝑐𝑖𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑟𝑒𝑝𝑜𝑢𝑠𝑜,𝑑á 𝑢𝑚𝑎 𝑣𝑜𝑙𝑡𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑎 𝑛𝑢𝑚 𝑐í𝑟𝑐𝑢𝑙𝑜, 
𝑟𝑒𝑠𝑝𝑒𝑖𝑡𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒 𝑝𝑜𝑠𝑖çã𝑜 𝑠(𝑡) = 2 − cos[ln(𝑡 + 1)]. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 
𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 , 𝑎𝑝ó𝑠 𝑜 𝑖𝑛í𝑐𝑖𝑜 𝑑𝑜 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜, 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 𝑎𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜. 𝑄𝑢𝑎𝑙 𝑜 

𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 𝑛𝑒𝑠𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜? 
 
𝐼𝑛𝑖𝑐𝑖𝑎𝑙𝑚𝑒𝑛𝑡𝑒 (𝑡 = 0) 𝑡𝑒𝑚𝑜𝑠 𝑠(0) = 2− cos[ln(1)] = 2 − cos 0 = 2 − 1 = 1. 

 

𝑠′(𝑡) = 𝑣(𝑡) =
sen[ln(𝑡+ 1)]

𝑡 + 1
 

 
𝑂 𝑚𝑜𝑚𝑒𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 𝑎𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜 𝑟𝑒𝑓𝑒𝑟𝑒 − 𝑠𝑒 𝑎𝑜 𝑡𝑒𝑚𝑝𝑜 𝑡 > 0, 
𝑡𝑎𝑙 𝑞𝑢𝑒 𝑠′(𝑡) = 𝑣(𝑡) = 0.   
 
𝑣(𝑡) = 0⟹ sen[ln(𝑡 + 1)] = 0 

 
ln(𝑡 + 1) = 0⟹ 𝑡 = 0 (𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑡𝑒 𝑎𝑜 𝑖𝑛í𝑐𝑖𝑜 𝑑𝑜 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜)  
ln(𝑡 + 1) = 𝜋 ⟹ 𝑡 = 𝑒𝜋 −1. 
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∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑡 = 𝑒𝜋 − 1 é 𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒, 𝑎𝑝ó𝑠 𝑜 𝑖𝑛í𝑐𝑖𝑜 𝑑𝑜 𝑚𝑜𝑣𝑖𝑚𝑒𝑛𝑡𝑜, 𝑞𝑢𝑒 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 

𝑣𝑜𝑙𝑡𝑎 𝑎𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜. 

 
𝑂 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 𝑛𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜 é 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟 ∆𝑠 = 𝑠(𝑒𝜋 −1) − 𝑠(0). 

 
𝑠(𝑒𝜋 − 1) = 2 − cos[ln(𝑒𝜋)] = 2 − cos𝜋 = 2 − (−1) = 3. 

 
𝐿𝑜𝑔𝑜, 𝑜 𝑑𝑒𝑠𝑙𝑜𝑐𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑓𝑜𝑖 ∆𝑠 = 3− 1 = 2.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝑈𝑚 𝑎𝑣𝑖ã𝑜 𝑣𝑜𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑎 𝑢𝑚𝑎 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒 𝑑𝑒 2𝑘𝑚, 𝑎 800𝑘𝑚 ℎ⁄ , 𝑒 𝑝𝑎𝑠𝑠𝑎 

𝑑𝑖𝑟𝑒𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑠𝑜𝑏𝑟𝑒 𝑢𝑚𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑑𝑒 𝑟𝑎𝑑𝑎𝑟. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑎 𝑞𝑢𝑎𝑙 𝑎 

𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑒𝑛𝑡𝑟𝑒 𝑜 𝑎𝑣𝑖ã𝑜 𝑒 𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑎𝑢𝑚𝑒𝑛𝑡𝑎, 𝑞𝑢𝑎𝑛𝑑𝑜 𝑒𝑙𝑒 𝑒𝑠𝑡á 𝑎 3𝑘𝑚 𝑑𝑎 𝑒𝑠𝑡𝑎çã𝑜. 
 

 
 

𝑃𝑒𝑙𝑎 𝑖𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑎𝑐𝑖𝑚𝑎, 𝑡𝑖𝑟𝑎𝑚𝑜𝑠 𝑎 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑟𝑒𝑙𝑎çã𝑜: 
 

𝐷2 = 22 +𝑥2 
𝐷2 = 4+ 𝑥2 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝐷 = 3𝑘𝑚 𝑡𝑒𝑚𝑜𝑠… 

 

𝑥2 = 𝐷2 − 4 = 9− 4 = 5 ∴ 𝑥 = √5𝑘𝑚 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑡𝑒𝑚𝑝𝑜,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑡
(𝐷2) =

𝑑

𝑑𝑡
(4) +

𝑑

𝑑𝑡
(𝑥2) 

2𝐷.
𝑑𝐷

𝑑𝑡
= 0 + 2𝑥.

𝑑𝑥

𝑑𝑡
 

 

𝑂𝑛𝑑𝑒 
𝑑𝑥

𝑑𝑡
 é 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑎𝑣𝑖ã𝑜,𝑜𝑢 𝑠𝑒𝑗𝑎,800𝑘𝑚 ℎ⁄  𝑒

𝑑𝐷

𝑑𝑡
 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑐𝑜𝑚 𝑎 𝑞𝑢𝑎𝑙 

𝑣𝑎𝑟𝑖𝑎 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑛𝑡𝑟𝑒 𝑜 𝑎𝑣𝑖ã𝑜 𝑒 𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑑𝑒 𝑟𝑎𝑑𝑎𝑟. 𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝐷 = 3𝑘𝑚 𝑒  

𝑥 = √5𝑘𝑚, 𝑡𝑒𝑚𝑜𝑠: 
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2.(3).
𝑑𝐷

𝑑𝑡
= 2. √5.800 

𝑑𝐷

𝑑𝑡
=
800√5

3
𝑘𝑚 ℎ⁄  

∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑛𝑡𝑟𝑒 𝑜 𝑎𝑣𝑖ã𝑜 𝑒 𝑎 𝑒𝑠𝑡𝑎çã𝑜 𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑛𝑑𝑜 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 

800√5

3
𝑘𝑚 ℎ⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑎𝑣𝑖ã𝑜 𝑒𝑠𝑡á 𝑎 3𝑘𝑚 𝑑𝑒 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑑𝑎 𝑒𝑠𝑡𝑎çã𝑜. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠, 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠) 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥√4− 𝑥2. 
 

𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑑𝑒𝑓𝑖𝑛𝑖𝑟 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥). 
 

𝐷(𝑓) = {𝑥 ∈ ℝ; 4 − 𝑥2 ≥ 0} ∴ 𝐷(𝑓) = {𝑥 ∈ ℝ;  −2 ≤ 𝑥 ≤ 2} 
 

𝑓 ′(𝑥) = √4− 𝑥2 −
𝑥2

√4− 𝑥2
=
4− 2𝑥2

√4− 𝑥2
=
2(2 − 𝑥2)

√4 − 𝑥2
 ; 𝐷(𝑓 ′) = {𝑥 ∈ ℝ; −2 < 𝑥 < 2} 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−2,2] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 (−2,2) 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠) 𝑑𝑒 𝑓(𝑥) 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 
𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−2,2]. 

 
𝑂𝑏𝑠1: 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 í𝑚𝑝𝑎𝑟,𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑓(𝑥) = −𝑓(−𝑥) 

 
1. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑎𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑖𝑑𝑎𝑑𝑒𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 
 

𝑓(−2) = −2√4− (−2)2 = −2√4− 4 = −2√0 = 0. 

𝑓(2) =  2√4− (2)2 = 2√4− 4 = 2√0= 0. 
 
2. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠. 
 
∗ 𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 
𝑜𝑢 𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 (−2,2) 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) = 0. 
 

𝑓 ′(𝑥) = 0⟹ 2 − 𝑥2 = 0 ⇒ 𝑥2 = 2 ∴ 𝑥 = ±√2 

𝑓(√2) = √2√4−√2
2
= √2.√4 − 2 = √2√2= 2. 

 

𝑈𝑠𝑎𝑛𝑑𝑜 𝑜 𝑓𝑎𝑡𝑜 𝑑𝑒 𝑞𝑢𝑒 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 í𝑚𝑝𝑎𝑟:𝑓(−√2) = −𝑓(√2) = −2. 

 
3. 𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠 𝑛𝑎𝑠 𝑒𝑡𝑎𝑝𝑎𝑠 1 𝑒 2,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
 

∗ 𝑓(√2) = 2 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 𝑙𝑜𝑐𝑎𝑙 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−2,2]; 

∗ 𝑓(−√2) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 𝑙𝑜𝑐𝑎𝑙 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−2,2];  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒  
 
𝑎) 𝑃𝑒𝑑𝑟𝑖𝑛ℎ𝑜 𝑒𝑠𝑡á 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑖𝑛𝑑𝑜 𝑢𝑚𝑎 𝑝𝑖𝑝𝑎 𝑐𝑜𝑚 3 𝑝𝑎𝑙𝑖𝑡𝑜𝑠 𝑑𝑒 𝑡𝑎𝑚𝑎𝑛ℎ𝑜𝑠 2𝑟 𝑐𝑚, 
𝑐𝑟𝑢𝑧𝑎𝑛𝑑𝑜-𝑠𝑒 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑚é𝑑𝑖𝑜𝑠,𝑐𝑜𝑚𝑜 𝑛𝑎 𝑓𝑖𝑔𝑢𝑟𝑎,𝑜𝑛𝑑𝑒 𝑜 𝑝𝑎𝑙𝑖𝑡𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 é 𝑢𝑚 

𝑒𝑖𝑥𝑜 𝑑𝑒 𝑠𝑖𝑚𝑒𝑡𝑟𝑖𝑎 𝑝𝑎𝑟𝑎 𝑜 ℎ𝑒𝑥á𝑔𝑜𝑛𝑜 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡𝑒.𝑄𝑢𝑎𝑙 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑞𝑢𝑒 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑎 𝑎 
á𝑟𝑒𝑎 𝑑𝑎 𝑝𝑖𝑝𝑎? 

 
𝐶𝑜𝑚𝑜 𝑜 𝑝𝑎𝑙𝑖𝑡𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 é 𝑢𝑚 𝑒𝑖𝑥𝑜 𝑑𝑒 𝑠𝑖𝑚𝑒𝑡𝑟𝑖𝑎 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 
𝑛𝑜𝑠 𝑎𝑡𝑒𝑟 𝑎𝑝𝑒𝑛𝑎𝑠 𝑎 𝑚𝑒𝑡𝑎𝑑𝑒 𝑑𝑜 ℎ𝑒𝑥á𝑔𝑜𝑛𝑜 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡𝑒. 
𝐶𝑜𝑚𝑜 𝑜𝑠 𝑝𝑎𝑙𝑖𝑡𝑜𝑠 𝑒𝑠𝑡ã𝑜 𝑢𝑛𝑖𝑑𝑜𝑠 𝑝𝑒𝑙𝑜 𝑠𝑒𝑢 𝑝𝑜𝑛𝑡𝑜 𝑚é𝑑𝑖𝑜, 
𝑒𝑛𝑡ã𝑜 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑑𝑜𝑠 𝑛𝑜 ℎ𝑒𝑥á𝑔𝑜𝑛𝑜 
𝑠ã𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑐𝑜𝑚 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠 𝑚𝑒𝑑𝑖𝑛𝑑𝑜 𝑟 𝑐𝑚. 
 
𝐷𝑎𝑑𝑜 2 𝑙𝑎𝑑𝑜𝑠 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑒 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡𝑒 𝑒𝑛𝑡𝑟𝑒 𝑒𝑙𝑒𝑠, 
𝑎 á𝑟𝑒𝑎 𝑑𝑒𝑠𝑠𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

 

𝐴 =
1

2
𝑎. 𝑏.sen 𝛼 

 
∗ 𝑂 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑏𝑒𝑟𝑡𝑢𝑟𝑎 𝜃, 𝑐𝑜𝑚 0 < 𝜃 < 𝜋 𝑒𝑛𝑞𝑢𝑎𝑛𝑡𝑜 𝑞𝑢𝑒 𝑜𝑠 𝑜𝑢𝑡𝑟𝑜𝑠 
𝑝𝑜𝑟 𝑠𝑖𝑚𝑒𝑡𝑟𝑖𝑎, 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑏𝑒𝑟𝑡𝑢𝑟𝑎 𝑑𝑒 (𝜋 2⁄ − 𝜃 2⁄ ) 𝑐𝑎𝑑𝑎 𝑢𝑚. 𝐿𝑜𝑔𝑜, 

 

𝐴1 =
1

2
𝑟2 sen 𝜃   𝑒 𝐴2 = 𝐴3 =

1

2
𝑟2 sen(

𝜋

2
−
𝜃

2
) =

1

2
𝑟2 cos

𝜃

2
 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 𝑑𝑜 ℎ𝑒𝑥á𝑔𝑜𝑛𝑜 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡𝑒 (𝑝𝑖𝑝𝑎) é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
 

𝐴𝑇(𝜃) = 𝑟
2 sen 𝜃 + 2𝑟2 cos𝜃 = 𝑟2 (sen𝜃 + 2cos

𝜃

2
) 

                                 𝐴′ 𝑇(𝜃) = 𝑟
2 (cos𝜃 − sen

𝜃

2
)    ;     cos 𝜃 = 1− 2sen2

𝜃

2
 

𝐴𝑇
′ (𝜃) = 𝑟2 (−2sen2

𝜃

2
− sen

𝜃

2
+ 1) 

 

𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑞𝑢𝑎𝑑𝑟á𝑡𝑖𝑐𝑎 𝑒𝑚 𝑖𝑛𝑐ó𝑔𝑛𝑖𝑡𝑎 sen
𝜃

2
, 𝑡𝑒𝑚𝑜𝑠: 

 
∆= 1 + 8 = 9  

 

sen
𝜃

2
=
1± 3

−4
 ⟹ sen

𝜃

2
= −1   𝑒  sen

𝜃

2
=
1

2
 

 

(−1) ++ ++ ++ ++ + (1 2⁄ ) −− −− −− − (1)     (−2sen2
𝜃

2
− sen

𝜃

2
+ 1) 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝐴′𝑇(𝜃), 𝑡𝑒𝑚𝑜𝑠: 
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𝑃𝑒𝑙𝑜 𝑡𝑒𝑠𝑡𝑒 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑝𝑎𝑟𝑎  
𝜃

2
=
𝜋

6
 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 

𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑎 á𝑟𝑒𝑎 𝑑𝑎 𝑝𝑖𝑝𝑎.𝐿𝑜𝑔𝑜, 𝜃 =
𝜋

3
 é 

𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑜 â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑞𝑢𝑒 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑎 𝑎 á𝑟𝑒𝑎 𝑑𝑎 𝑝𝑖𝑝𝑎 𝑞𝑢𝑒 𝑃𝑒𝑑𝑟𝑖𝑛ℎ𝑜 𝑒𝑠𝑡á 
𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑖𝑛𝑑𝑜.   

 
𝑏) 𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (−1,3) 𝑒 (0,2) 𝑒𝑠𝑡ã𝑜 𝑛𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑎𝑟𝑎 𝑎 𝑞𝑢𝑎𝑙  
𝑓 ′′(𝑥) = 2− 4𝑥.𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑔(𝑥) =
3𝑥2 − 2𝑥3

3
. 

 

𝑓 ′(𝑥) = 2𝑥 − 2𝑥2 +𝐶1  ;     𝑓(𝑥) = 𝑥
2 −

2

3
𝑥3 +𝐶1𝑥 + 𝐶2 

 
𝐶𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (0,2) 𝑒 (−1,3) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓, 𝑒𝑛𝑡ã𝑜 𝑓(0) = 2 𝑒 
𝑓(−1) = 3. 𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑒 𝑓(𝑥),𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑓(0) = 𝐶2 ∴   𝐶2 = 2 

 

𝑓(−1) = 1 +
2

3
− 𝐶1 + 2 = 3 ∴ 𝐶1 =

2

3
 

 

𝑓(𝑥) = 𝑥2 −
2

3
𝑥3 +

2

3
𝑥 + 2       ;       𝑔(𝑥) = 𝑥2 −

2

3
𝑥3 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(𝑥) 𝑒 𝑔(𝑥): 

𝑓(𝑥) = 𝑔(𝑥) 

𝑥2 −
2

3
𝑥3 +

2

3
𝑥 + 2 = 𝑥2 −

2

3
𝑥3 

2

3
𝑥 + 2 = 0 

𝑥 = −3 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜: (−3, 𝑔(−3)); 

𝑔(−3) = (−3)2 −
2

3
(−3)3 = 9+ 18 = 27.    𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑃 = (−3,27); 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓  
 
𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑛𝑎 𝑞𝑢𝑎𝑙 𝑓 ′(𝑥) ≤ 5, 𝑓(2) = −1 𝑒 
𝑓(4) = 10, 𝑞𝑢𝑎𝑛𝑑𝑜 𝑟𝑒𝑠𝑡𝑟𝑖𝑡𝑎 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (2,4). 

 
𝑆𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [2,4] 𝑒 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 (2,4),𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 
𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (2,4) 𝑡𝑎𝑙 𝑞𝑢𝑒 

 

𝑓 ′(𝑥) =
𝑓(4) − 𝑓(2)

4 − 2
=
10− (−1)

2
=
11

2
= 5,5 

 
∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 𝑝𝑜𝑑𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑛𝑎 𝑞𝑢𝑎𝑙 𝑓 ′(𝑥) ≤ 5 𝑐𝑜𝑚 𝑒𝑠𝑠𝑎𝑠 
𝑐𝑜𝑛𝑑𝑖çõ𝑒𝑠, 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒,𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠, 
𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (2,4) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑥) = 5,5. 
 
𝑏) 𝐴 𝑓𝑖𝑔𝑢𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎 𝑜 𝑠𝑒𝑡𝑜𝑟 𝑑𝑒 𝑢𝑚 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑐𝑜𝑚 â𝑛𝑔𝑢𝑙𝑜 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝜃. 𝑆𝑒𝑗𝑎 𝐴(𝜃) 𝑎 
á𝑟𝑒𝑎 𝑑𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝑒𝑛𝑡𝑟𝑒 𝑎 𝑐𝑜𝑟𝑑𝑎 𝑃𝑅 𝑒 𝑜 𝑎𝑟𝑐𝑜 𝑃𝑅. 𝑆𝑒𝑗𝑎 𝐵(𝜃) 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 

𝑃𝑄𝑅. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 lim
𝜃→0+

𝐴(𝜃)

𝐵(𝜃)
. 

 

 
 
 

 
 

 
 

𝐴(𝜃) =
1

2
𝜃𝑟2 −

1

2
𝑟2 sen 𝜃 =

𝑟2

2
(𝜃 − sen 𝜃) 

𝐵(𝜃) =
1

2
𝑏 × ℎ =

1

2
(𝑟 − 𝑟. cos𝜃) × (𝑟. sen𝜃) =

𝑟2

2
(1 − cos𝜃) sen𝜃 

 

lim
𝜃→0+

𝐴(𝜃)

𝐵(𝜃)
= lim
𝜃→0+

𝜃 − sen 𝜃

(1 − cos 𝜃) sen 𝜃
 ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜  "

0

0
" 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝜃→0+

𝜃 − sen𝜃

(1 − cos𝜃) sen𝜃
= lim
𝜃→0+

1 − cos𝜃

sen2 𝜃 − cos2𝜃 + cos𝜃
= lim
𝜃→0+

1 − cos𝜃

−2cos2𝜃 + cos𝜃 + 1
; 

lim
𝜃→0+

1 − cos𝜃

−2cos2𝜃 + cos𝜃 + 1
= lim
𝜃→0+

sen 𝜃

4 sen𝜃 cos 𝜃 − sen𝜃
= lim
𝜃→0+

sen 𝜃

sen 𝜃 (4cos𝜃 − 1)
= 

lim
𝜃→0+

1

4cos𝜃 − 1
=

lim
𝜃→0+

1

lim
𝜃→0+

4 cos𝜃 − lim
𝜃→0+

1
=

1

4− 1
=
1

3
.  
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1.12 Prova de Reavaliação da AB2 – 28 de Novembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1  

 
𝑎) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑑𝑒𝑠𝑙𝑜𝑐𝑎 𝑒𝑚 𝑙𝑖𝑛ℎ𝑎 𝑟𝑒𝑡𝑎,𝑑𝑒 𝑎𝑐𝑜𝑟𝑑𝑜 𝑐𝑜𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒 𝑝𝑜𝑠𝑖çã𝑜 

𝑠(𝑡) = ln [
(𝑡 − 2)2 + 1

5
]. 

𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑚𝑜𝑚𝑒𝑛𝑡𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 à 𝑝𝑜𝑠𝑖çã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙. 
𝑖𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑡𝑟á𝑠 𝑜𝑢 𝑝𝑎𝑟𝑎 
𝑓𝑟𝑒𝑛𝑡𝑒 𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑜𝑐𝑎𝑠𝑖ã𝑜 𝑒𝑙𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑒𝑚 𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜. 
 
𝑏) 𝐴 𝑐𝑢𝑟𝑣𝑎 𝑦 = senh[senh(𝑒𝑥) − 𝑒𝑥]  𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙?𝐶𝑎𝑠𝑜 

𝑝𝑜𝑠𝑠𝑢𝑎, 𝑑ê 𝑠𝑢𝑎 𝑒𝑞𝑢𝑎çã𝑜. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝑈𝑚𝑎 𝑝𝑖𝑠𝑐𝑖𝑛𝑎 𝑐𝑜𝑚 𝑏𝑜𝑟𝑑𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑎 𝑑𝑒 10𝑚 𝑑𝑒 𝑙𝑎𝑑𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚 𝑓𝑢𝑛𝑑𝑜 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑑𝑜  

𝑐𝑜𝑚 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 1𝑚 𝑛𝑢𝑚𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙, 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎𝑡é 2𝑚 𝑛𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑜𝑝𝑜𝑠𝑡𝑎. 𝑆𝑒 𝑎 

𝑝𝑖𝑠𝑐𝑖𝑛𝑎 𝑒𝑠𝑡á 𝑠𝑒𝑛𝑑𝑜 𝑒𝑛𝑐ℎ𝑖𝑑𝑎 à 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 0,4 𝑚3 𝑚𝑖𝑛⁄ , 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑛𝑜 𝑛í𝑣𝑒𝑙 𝑑𝑎 á𝑔𝑢𝑎, 𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑒𝑙𝑒 é 𝑑𝑒 0,5𝑚 𝑛𝑎  
𝑒𝑥𝑡𝑟𝑒𝑚𝑖𝑑𝑎𝑑𝑒 𝑚𝑎𝑖𝑠 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑎. 

 

𝑏) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = {
sen𝑥 ,   𝑠𝑒 0 ≤ 𝑥 ≤ 𝜋 2⁄

−
2

𝜋
𝑥 + 2,   𝜋 2⁄ < 𝑥 ≤ 𝜋

.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓(0) = 𝑓(𝜋). 

𝐸𝑥𝑖𝑠𝑡𝑒 𝑐 ∈ (0,𝜋), 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑐) = 0? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = −2 cos𝑥 −
1

4
sen(2𝑥) , 𝑐𝑜𝑚 

0 < 𝑥 < 2𝜋, 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑚í𝑛𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑚á𝑥𝑖𝑚𝑎. 
 
𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑞𝑢𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 à𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑜𝑛𝑑𝑖çõ𝑒𝑠: 𝑓 ′′(𝑥) < 0, 
𝑓 ′(0) = 2 𝑒 𝑓(0) = 1.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓(𝑥) ≤ 2𝑥 + 1, 𝑒𝑚 [−1,1]. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠, 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 

𝑙𝑜𝑐𝑎𝑖𝑠) 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥1 3⁄ +𝑥4 3⁄ . 
 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→
𝜋
2

[
𝑥

cotg𝑥
−

𝜋

2. cos𝑥
]. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 

𝑎) 𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′(𝑥) = 1−
8

𝑥3
 𝑒 𝑞𝑢𝑒 𝑓(2) = 5. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  

ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠,𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠 𝑑𝑒 𝑓,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
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𝑏) 𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥

𝑥2 − 4
, 𝑑𝑒𝑝𝑜𝑖𝑠 𝑑𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 

 
- 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 
- 𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠; 
- 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚; 
- 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑜𝑢 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜; 
- 𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜.   
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏  
 
𝑎) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑑𝑒𝑠𝑙𝑜𝑐𝑎 𝑒𝑚 𝑙𝑖𝑛ℎ𝑎 𝑟𝑒𝑡𝑎,𝑑𝑒 𝑎𝑐𝑜𝑟𝑑𝑜 𝑐𝑜𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒 𝑝𝑜𝑠𝑖çã𝑜 

𝑠(𝑡) = ln [
(𝑡 − 2)2 + 1

5
]. 

 
𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑚𝑜𝑚𝑒𝑛𝑡𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 à 𝑝𝑜𝑠𝑖çã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙. 

𝐴 𝑝𝑜𝑠𝑖çã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑑𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 é 𝑠(0) = ln [
(0 − 2)2 + 1

5
] = ln [

4 + 1

5
] = ln 1 = 0 

𝑄𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠(𝑡) = 0 𝑝𝑎𝑟𝑎 𝑡 ≠ 0. 𝐿𝑜𝑔𝑜, 
 

𝑠(𝑡) = 0⟹ ln [
(𝑡 − 2)2 +1

5
] = 0 ⇒

(𝑡 − 2)2 +1

5
= 𝑒0 = 1 ⇒ (𝑡 − 2)2 +1 = 5 

 
(𝑡 − 2)2 = 4 ∴ (𝑡 − 2) = ±2 ∴ 𝑡 = 0 𝑜𝑢 𝑡 = 4. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑒𝑚 𝑡 = 4 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑣𝑜𝑙𝑡𝑎 à 𝑝𝑜𝑠𝑖çã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙.  
 
𝑖𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑡𝑟á𝑠 𝑜𝑢 𝑝𝑎𝑟𝑎 
𝑓𝑟𝑒𝑛𝑡𝑒 𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑜𝑐𝑎𝑠𝑖ã𝑜 𝑒𝑙𝑎 𝑒𝑠𝑡𝑎𝑟á 𝑒𝑚 𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜. 
 

𝑣(𝑡) = 𝑠′(𝑡) =
5

(𝑡 − 2)2 + 1
.
1

5
. 2(𝑡 − 2) =

2(𝑡 − 2)

(𝑡 − 2)2 + 1
 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 (𝑠𝑖𝑛𝑎𝑙) 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒, 𝑡𝑒𝑚𝑜𝑠: 
 

(0) −− −− −− − (2) + ++ ++ ++ ++    𝑣(𝑡)  
 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜𝑛𝑑𝑒 𝑣(𝑡) < 0 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑡𝑟á𝑠, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑒𝑚 𝑡 ∈ (0,2). 
𝐿𝑜𝑔𝑜, 𝑣(𝑡) > 0 𝑠𝑖𝑔𝑛𝑖𝑓𝑖𝑐𝑎 𝑑𝑖𝑧𝑒𝑟 𝑞𝑢𝑒 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑓𝑟𝑒𝑛𝑡𝑒 𝑒𝑚 

𝑡 ∈ (2,+∞).𝐸 𝑒𝑥𝑐𝑒𝑝𝑐𝑖𝑜𝑛𝑎𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝑡 = 2 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎 − 𝑠𝑒 𝑒𝑚 

𝑖𝑛𝑠𝑡𝑎𝑛𝑡â𝑛𝑒𝑜 𝑟𝑒𝑝𝑜𝑢𝑠𝑜 (𝑣(𝑡) = 0). 

 
𝑏) 𝐴 𝑐𝑢𝑟𝑣𝑎 𝑦 = senh[senh(𝑒𝑥) − 𝑒𝑥]  𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙?𝐶𝑎𝑠𝑜 

𝑝𝑜𝑠𝑠𝑢𝑎, 𝑑ê 𝑠𝑢𝑎 𝑒𝑞𝑢𝑎çã𝑜. 
 

𝑦′ = [𝑒𝑥 . cosh(𝑒𝑥)− 𝑒𝑥].cosh[senh(𝑒𝑥)− 𝑒𝑥] 
𝑦′ = 𝑒𝑥[cosh(𝑒𝑥)− 1] cosh[senh(𝑒𝑥) − 𝑒𝑥]  

 
𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑥 ∈ ℝ 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑦′ = 0.𝐿𝑜𝑔𝑜, 

𝑦′ = 0⟹ {
𝑒𝑥 = 0

cosh(𝑒𝑥) − 1 = 0

cosh[senh(𝑒𝑥) − 𝑒𝑥] = 0
; 

 
∗ 𝑂𝑏𝑠1: 𝑒

𝑥 > 0,∀𝑥 ∈ ℝ. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑛ã𝑜 𝑡𝑒𝑚 𝑠𝑜𝑙𝑢çã𝑜. 
∗ 𝑂𝑏𝑠2: cosh(𝑒

𝑥) > 1, ∀𝑥 ∈ ℝ. 𝐿𝑜𝑔𝑜, cosh(𝑒𝑥) − 1 > 0, ∀𝑥 ∈ ℝ.𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 

𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑛ã𝑜 𝑡𝑒𝑚 𝑠𝑜𝑙𝑢çã𝑜.   
∗ 𝑂𝑏𝑠2: cosh[senh(𝑒

𝑥) − 𝑒𝑥] > 1, ∀𝑥 ∈ ℝ. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑎 𝑡𝑒𝑟𝑐𝑒𝑖𝑟𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑛ã𝑜 𝑡𝑒𝑚 
𝑠𝑜𝑙𝑢çã𝑜. 
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𝐶𝑜𝑚 𝑒𝑠𝑠𝑎𝑠 𝑎𝑛á𝑙𝑖𝑠𝑒𝑠, 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑥 ∈ ℝ 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑦′ = 0 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 
𝑦 = senh[senh(𝑒𝑥)− 𝑒𝑥]  𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙.   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝑈𝑚𝑎 𝑝𝑖𝑠𝑐𝑖𝑛𝑎 𝑐𝑜𝑚 𝑏𝑜𝑟𝑑𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑎 𝑑𝑒 10𝑚 𝑑𝑒 𝑙𝑎𝑑𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚 𝑓𝑢𝑛𝑑𝑜 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑑𝑜  
𝑐𝑜𝑚 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 1𝑚 𝑛𝑢𝑚𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙, 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎𝑡é 2𝑚 𝑛𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑜𝑝𝑜𝑠𝑡𝑎. 𝑆𝑒 𝑎 

𝑝𝑖𝑠𝑐𝑖𝑛𝑎 𝑒𝑠𝑡á 𝑠𝑒𝑛𝑑𝑜 𝑒𝑛𝑐ℎ𝑖𝑑𝑎 à 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 0,4 𝑚3 𝑚𝑖𝑛⁄ , 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑛𝑜 𝑛í𝑣𝑒𝑙 𝑑𝑎 á𝑔𝑢𝑎, 𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 𝑞𝑢𝑒 𝑒𝑙𝑒 é 𝑑𝑒 0,5𝑚 𝑛𝑎  
𝑒𝑥𝑡𝑟𝑒𝑚𝑖𝑑𝑎𝑑𝑒 𝑚𝑎𝑖𝑠 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑎. 

 

𝑉 = 𝐴𝑇𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙 × 𝐶𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 =
1

2
ℎ. 𝑏. 10 = 5ℎ𝑏 

 
𝑃𝑒𝑙𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑙𝑢𝑠𝑡𝑟𝑎𝑑𝑜 𝑛𝑎 𝑓𝑖𝑔𝑢𝑟𝑎 à 𝑑𝑖𝑟𝑒𝑖𝑡𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 

10

1
=
𝑏

ℎ
∴ 𝑏 = 10ℎ ⟹ 𝑉 = 50ℎ2  

 
𝑃𝑒𝑙𝑎 𝑟𝑒𝑔𝑟𝑎 𝑑𝑎 𝑐𝑎𝑑𝑒𝑖𝑎, 
 

𝑑𝑉

𝑑𝑡
=
𝑑𝑉

𝑑ℎ
.
𝑑ℎ

𝑑𝑡
 

0,4 = 100ℎ.
𝑑ℎ

𝑑𝑡
 

𝑑ℎ

𝑑𝑡
=

1

250ℎ
 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑎 á𝑔𝑢𝑎 𝑒𝑠𝑡á 𝑐𝑜𝑚 0,5𝑚 𝑑𝑒 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑑ℎ

𝑑𝑡
|
ℎ=0,5𝑚

=
1

125
𝑚 𝑚𝑖𝑛⁄ = 0,008𝑚 𝑚𝑖𝑛⁄  

 
𝐴 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑛𝑜 𝑛í𝑣𝑒𝑙 𝑑𝑎 á𝑔𝑢𝑎 é 𝑑𝑒 0,008𝑚 𝑚𝑖𝑛⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑒𝑙𝑎 𝑒𝑠𝑡á 
0,5𝑚 𝑑𝑒 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 𝑛𝑎 𝑒𝑥𝑡𝑟𝑒𝑚𝑖𝑑𝑎𝑑𝑒 𝑚𝑎𝑖𝑠 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑎.  
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𝑏) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = {
sen𝑥 ,   𝑠𝑒 0 ≤ 𝑥 ≤ 𝜋 2⁄

−
2

𝜋
𝑥 + 2,   𝜋 2⁄ < 𝑥 ≤ 𝜋

.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓(0) = 𝑓(𝜋). 

𝐸𝑥𝑖𝑠𝑡𝑒 𝑐 ∈ (0,𝜋), 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑐) = 0? 

𝑓(0) = sen 0 = 0   ;    𝑓(𝜋) = −
2

𝜋
𝜋 + 2 = −2+ 2 = 0.  ;    𝑓(0) = 𝑓(𝜋) = 0. 

 
𝑆𝑒 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,𝜋] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (0,𝜋), 
𝑒 𝑓(0) = 𝑓(𝜋), 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (0,𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′(𝑐) = 0. 

 

𝑓 ′(𝑥) = {
cos𝑥 ,   𝑠𝑒 0 < 𝑥 < 𝜋 2⁄

−
2

𝜋
,   𝑠𝑒 𝜋 2⁄ < 𝑥 < 𝜋

 

 

∗ 𝑂𝑏𝑠: 𝑓 ′(𝑥) = 0⟹ cos𝑥 = 0 ∴ 𝑥 =
𝜋

2
. 𝐸𝑛𝑡𝑟𝑒𝑡𝑎𝑛𝑡𝑜, 𝑓+

′ (
𝜋

2
) = −

2

𝜋
 𝑒 𝑓−

′ (
𝜋

2
) = 0. 

𝐶𝑜𝑚𝑜 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚,𝑚𝑎𝑠 𝑠ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 é 
𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 𝜋 2⁄ .  
 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑐 ∈ (0,𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑐) = 0 𝑒 𝑖𝑠𝑠𝑜 𝑛ã𝑜 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑧 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 

𝑑𝑒 𝑅𝑜𝑙𝑙𝑒,𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒, 𝑓 𝑛ã𝑜 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 (0,𝜋).   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = −2 cos𝑥 −
1

4
sen(2𝑥) , 𝑐𝑜𝑚 

0 < 𝑥 < 2𝜋, 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑚í𝑛𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑚á𝑥𝑖𝑚𝑎. 

 
𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑥 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓′′(𝑥) 𝑠𝑒𝑗𝑎 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜, 
𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑓𝑎𝑟𝑒𝑚𝑜𝑠 𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑒 𝑓 ′′′(𝑥) 𝑝𝑎𝑟𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 
𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜𝑠 𝑎𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒. 

 

𝑦 = 𝑓(𝑥) = −2 cos𝑥 −
1

4
sen(2𝑥) 

𝑓 ′(𝑥) = 2sen𝑥 −
1

2
cos(2𝑥) 

𝑓 ′′(𝑥) = 2cos𝑥 + sen(2𝑥) 

 
𝑓 ′′′(𝑥) = −2sen𝑥 + 2 cos(2𝑥)  ;  cos(2𝑥) = 1 − 2 sen2 𝑥 ;  
𝑓 ′′′(𝑥) = −4sen2 𝑥 − 2sen 𝑥 + 2 

 
∆= 4 + 32 = 36 

 

sen𝑥 =
2± 6

−8
∴ sen𝑥1 = −1 𝑜𝑢 sen𝑥2 =

1

2
 

 

∗ sen 𝑥1 = −1 ∴ 𝑥1 =
3𝜋

2
    ; ∗ sen𝑥2 =

1

2
∴ 𝑥2 =

𝜋

6
  𝑒  𝑥2 =

5𝜋

6
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𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 ′′′(𝑥) 𝑝𝑒𝑙𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜 𝑎𝑏𝑎𝑖𝑥𝑜, 𝑡𝑒𝑚𝑜𝑠: 
 

 
 

𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
 
𝑓 ′′(𝑥) é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (0,𝜋 6⁄ ) ∪ (5𝜋 6⁄ , 2𝜋) 𝑒 
𝑓 ′′(𝑥) é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (𝜋 6⁄ , 5𝜋 6⁄ ) 

 

𝐶𝑜𝑚 𝑖𝑠𝑠𝑜 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥 =
3𝜋

2
 é 𝑎𝑝𝑒𝑛𝑎𝑠 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜,𝑛ã𝑜 𝑒𝑠𝑡á 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 

𝑛𝑒𝑛ℎ𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑒𝑥𝑡𝑟𝑒𝑚𝑜 𝑑𝑒 𝑓 ′′(𝑥).𝐸𝑛𝑡𝑟𝑒𝑡𝑎𝑛𝑡𝑜, 𝑝𝑒𝑙𝑜 𝑡𝑒𝑠𝑡𝑒 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 

𝑓 ′′(𝑥) 𝑡𝑒𝑚𝑜𝑠 𝑒𝑚 𝑥 =
𝜋

6
 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 𝑒𝑚 𝑥 =

5𝜋

6
 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜  

𝑙𝑜𝑐𝑎𝑙. 
 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑒𝑚 𝑥 =
𝜋

6
 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑚á𝑥𝑖𝑚𝑎 𝑒 𝑒𝑚 𝑥 =

5𝜋

6
 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 

𝑚í𝑛𝑖𝑚𝑎.     
   
𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑞𝑢𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 à𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑜𝑛𝑑𝑖çõ𝑒𝑠: 𝑓 ′′(𝑥) < 0, 
𝑓 ′(0) = 2 𝑒 𝑓(0) = 1.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓(𝑥) ≤ 2𝑥 + 1, 𝑒𝑚 [−1,1]. 

 
𝑆𝑒𝑗𝑎 ℎ(𝑥) = 𝑓(𝑥)− 2𝑥 − 1. 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 ℎ(𝑥) ≤ 0 𝑒𝑚 [−1,1] 

 
ℎ(−1) = 𝑓(−1) + 1 𝑒 ℎ(1) = 𝑓(1) − 3. 

ℎ′(𝑥) = 𝑓 ′(𝑥)− 2 

ℎ′′(𝑥) = 𝑓 ′′(𝑥) < 0  

 
𝐶𝑜𝑚𝑜 ℎ′′(𝑥) < 0 𝑒𝑚 (−1,1) 𝑒𝑛𝑡ã𝑜,ℎ′(𝑥) é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−1,1).𝐿𝑜𝑔𝑜, 
ℎ′(0) = 𝑓 ′(0)− 2 = 2 − 2 = 0. 𝐸 𝑐𝑜𝑚𝑜 ℎ′(𝑥) é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑛𝑡ã𝑜, 𝑝𝑎𝑟𝑎 𝑥 > 0, 
ℎ′(𝑥) < 0 𝑒 𝑝𝑎𝑟𝑎 𝑥 < 0, ℎ′(𝑥) > 0. 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 ℎ(𝑥) é 
𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−1,0) 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (0,1),𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 

𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙, 𝑝𝑒𝑙𝑜 𝑡𝑒𝑠𝑡𝑒 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎. 

 
ℎ(0) = 𝑓(0) − 2.0 − 1 = 1− 0− 1 = 0.  
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𝐶𝑜𝑚𝑜 ℎ(0) = 0 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 ℎ(𝑥),𝑝𝑜𝑖𝑠, 𝑝𝑒𝑙𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 

𝑑𝑒 ℎ′(𝑥) 𝑡𝑒𝑚𝑜𝑠 ℎ(−1) < ℎ(0) 𝑒 ℎ(0) > ℎ(1),𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−1,1],ℎ(𝑥) ≤ ℎ(0) ⟹  ℎ(𝑥) ≤ 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 
𝑓(𝑥) ≤ 2𝑥 + 1  𝑒𝑚 [−1,1] 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠, 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 (𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑒 

𝑙𝑜𝑐𝑎𝑖𝑠) 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥1 3⁄ +𝑥4 3⁄ .    𝐷(𝑓) = ℝ 

 
𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 

𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 
 

𝑓 ′(𝑥) =
1

3√𝑥2
3

+
4

3
√𝑥
3 =

1+ 4𝑥

3√𝑥2
3

    𝐷(𝑓′) = {𝑥 ∈ ℝ; 𝑥 ≠ 0} 

 

𝑓 ′(𝑥) = 0 ⇒ 1 + 4𝑥 = 0 ⇒ 𝑥 = −
1

4
  𝑒 𝑓 ′(𝑥) ∄ 𝑝𝑎𝑟𝑎 𝑥 = 0. 

𝐶𝑜𝑚𝑜 𝑥 = −
1

4
 𝑒 𝑥 = 0 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓, 𝑎𝑚𝑏𝑜𝑠 𝑠ã𝑜 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 

𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥). 
 

𝑃𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠: (0,0) 𝑒 (−
1

4
,−
3

4
√
1

4

3

) 

𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥), 𝑡𝑒𝑚𝑜𝑠: 

 

− −− −− − (−
1

4
) ++ + (0) + ++ ++ ++ +    𝑓 ′(𝑥) 

 

𝑃𝑒𝑙𝑜 𝑡𝑒𝑠𝑡𝑒 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑓 (−
1

4
) = −

3

4
√
1

4

3

 é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑒 𝑒𝑚 𝑥 = 0 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑞𝑢𝑒 𝑛𝑒𝑚 é 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑛𝑒𝑚 𝑑𝑒  
𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 
 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→
𝜋
2

[
𝑥

cotg𝑥
−

𝜋

2. cos𝑥
] ; 𝐼𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "∞ −∞" 

 

lim
𝑥→
𝜋
2

[
𝑥

cotg𝑥
−

𝜋

2cos𝑥
] = lim

𝑥→
𝜋
2

[
2𝑥. cos𝑥 − 𝜋 cotg 𝑥

2 cos𝑥 . cotg𝑥
] ; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑡𝑖𝑝𝑜 "

0

0
" 

 
∗ cos𝑥 = cotg 𝑥 . sen 𝑥 

 

lim
𝑥→
𝜋
2

[
2𝑥. cos𝑥 − 𝜋 cotg 𝑥

2 cos𝑥 . cotg𝑥
] = lim

𝑥→
𝜋
2

[
2𝑥. cotg𝑥 sen𝑥 − 𝜋 cotg𝑥

2 cos𝑥 . cotg𝑥
] =  lim

𝑥→
𝜋
2

[
2𝑥.sen 𝑥 − 𝜋

2cos𝑥
] ; 
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𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠:   
 

lim
𝑥→
𝜋
2

[
2𝑥. sen𝑥 − 𝜋

2 cos𝑥
] = lim

𝑥→
𝜋
2

[
2 sen 𝑥 + 2𝑥.cos 𝑥

−2.sen 𝑥
] = lim

𝑥→
𝜋
2

[−1 + 𝑥. cotg 𝑥] = 

 
lim
𝑥→
𝜋
2

−1+ lim
𝑥→
𝜋
2

𝑥. cotg𝑥 = −1+ 0 = −1. 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, lim
𝑥→
𝜋
2

[
𝑥

cotg𝑥
−

𝜋

2 cos𝑥
] = −1. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 

𝑎) 𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′(𝑥) = 1−
8

𝑥3
 𝑒 𝑞𝑢𝑒 𝑓(2) = 5. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  

ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠,𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠 𝑑𝑒 𝑓,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
 

𝑓(𝑥) = 𝑥 +
4

𝑥2
+𝐶  ;𝑓(2) = 5 = 2+ 1 +𝐶 ∴ 𝐶 = 2 

 

𝑓(𝑥) = 𝑥 +
4

𝑥2
+ 2 =

𝑥3 +2𝑥2 + 4

𝑥2
 ;   𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ 0}  

 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑐𝑎𝑠𝑜𝑠: 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞      𝑜𝑢      lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 
𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑟 𝑒𝑠𝑠𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 𝐿𝑜𝑔𝑜,𝑣𝑒𝑟𝑖𝑓𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 

𝑎 𝑟𝑒𝑡𝑎 𝑥 = 0 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎. 
 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

𝑥3 + 2𝑥2 +4⏞        

4
↑

𝑥2⏟
↓
0+

= +∞ 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 0 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑢 lim

𝑥→+∞
𝑓(𝑥) = 𝐿 𝑜𝑢 

lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

𝑥3 + 2𝑥2 +4

𝑥2
= lim
𝑥→+∞

𝑥2 (𝑥 + 2 +
4
𝑥2
)

𝑥2
= lim
𝑥→+∞

(𝑥 + 2 +
4

𝑥
) = +∞ 
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lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑥3 + 2𝑥2 +4

𝑥2
= lim
𝑥→−∞

𝑥2 (𝑥 + 2 +
4
𝑥2
)

𝑥2
= lim
𝑥→−∞

(𝑥 + 2 +
4

𝑥
) = −∞ 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 ℎá 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑂𝑏𝑙í𝑞𝑢𝑎𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, lim

𝑥→±∞
[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0 

𝑓(𝑥) = (𝑥 + 2) +
4

𝑥2
  ;   𝑓(𝑥) − (𝑥 + 2) =

4

𝑥2
 

 

lim
𝑥→±∞

[𝑓(𝑥) − (𝑥 + 2)] = lim
𝑥→±∞

4

𝑥2
= 0 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑥 + 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥): 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = 0 𝑒 𝑦 = 𝑥 + 2.  

  

𝑏) 𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥

𝑥2 − 4
, 𝑑𝑒𝑝𝑜𝑖𝑠 𝑑𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 

−𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 
−𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠; 
−𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚; 
−𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑜𝑢 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜; 
−𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜.   

 
1) 𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ −2 𝑒 𝑥 ≠ 2}; 

 
2) 𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠:  (0,0) 
 

𝑓 ′(𝑥) =
−𝑥2 −4

(𝑥2 − 4)2
= −

𝑥2 + 4

(𝑥2 −4)2
 ;       𝑓 ′′(𝑥) =

2𝑥(𝑥2+ 12)

(𝑥2 − 4)3
 

 
3) 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 
 
− −− −− −− −− −− −− −− −− −   (−𝑥2− 4) 
+ ++ + (−2) ++ ++ + (2) ++ ++ +   (𝑥2 −4)2 
− −− − (−2) −− −− − (2) −− −− −    𝑓 ′(𝑥) 
 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 
 
4) 𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠; 
 
𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚𝑖𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑢𝑚𝑎 
𝑓𝑢𝑛çã𝑜. 
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𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢  
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑓 ′(𝑐) ∄. 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑓 ′(𝑥) 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒𝑚 𝑥 = −2 𝑒 𝑒𝑚 𝑥 = 2,𝑚𝑎𝑠 
𝑒𝑠𝑠𝑒𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 ℎá 𝑝𝑜𝑛𝑡𝑜𝑠 
𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑙𝑜𝑐𝑎𝑖𝑠 𝑒𝑚 𝑓(𝑥). 

 
5)𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠: 

 
∗ 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑐𝑎𝑠𝑜𝑠:  

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞     𝑜𝑢      lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝐶𝑜𝑚𝑜 𝑒𝑠𝑠𝑠𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒  𝑑𝑎 𝑓𝑢𝑛çã𝑜, 
𝑣𝑎𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = −2 𝑒 𝑥 = 2 𝑠ã𝑜 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠. 

 

lim
𝑥→−2+

𝑓(𝑥) = lim
𝑥→−2+

𝑥

𝑥2 − 4
= lim
𝑥→−2+

𝑥⏞

−2
↑

(𝑥 − 2)⏟    
↓
−4

(𝑥 + 2)⏟    
↓
0+

= +∞ 

lim
𝑥→−2−

𝑓(𝑥) = lim
𝑥→−2−

𝑥

𝑥2 − 4
= lim
𝑥→−2−

𝑥⏞

−2
↑

(𝑥 − 2)⏟    
↓
−4

(𝑥 + 2)⏟    
↓
0−

= −∞ 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

𝑥

𝑥2 −4
= lim
𝑥→2+

𝑥⏞

2
↑

(𝑥 − 2)⏟    
↓
0+

(𝑥 + 2)⏟    
↓
4

= +∞ 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

𝑥

𝑥2 −4
= lim
𝑥→2−

𝑥⏞

2
↑

(𝑥 − 2)⏟    
↓
0−

(𝑥 + 2)⏟    
↓
4

= −∞  

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 
∗ 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑢 lim

𝑥→+∞
𝑓(𝑥) = 𝐿 

𝑜𝑢 lim
𝑥→+∞

𝑓(𝑥) = 𝐿  
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lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

𝑥

𝑥2 − 4
= lim
𝑥→+∞

𝑥2 (
1
𝑥)

𝑥2 (1 −
4
𝑥2
)
= lim
𝑥→+∞

1
𝑥

1 −
4
𝑥2

=
lim
𝑥→+∞

1
𝑥

lim
𝑥→+∞

1 − lim
𝑥→+∞

4
𝑥

 

=
0

1 − 0
= 0 

 

 lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑥

𝑥2 −4
= lim
𝑥→−∞

𝑥2 (
1
𝑥
)

𝑥2 (1 −
4
𝑥2
)
= lim
𝑥→−∞

1
𝑥

1 −
4
𝑥2

=
lim
𝑥→+∞

1
𝑥

lim
𝑥→+∞

1 − lim
𝑥→+∞

4
𝑥

 

=
0

1 − 0
= 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 0 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
6) 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒 𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝐼𝑛𝑓𝑙𝑒𝑥ã𝑜: 
 

𝑓 ′′(𝑥) =
2𝑥(𝑥2 +12)

(𝑥2 −4)3
 

− −− −− −−(0) ++ ++ ++ ++     (2𝑥) 
+ ++ ++ ++ ++ ++ ++ ++ +      (𝑥2 + 12) 
+ ++(−2) −− −− − (2) ++ ++ +  (𝑥2 − 4)3 
− −−(−2) ++(0) −−(2) ++ ++       𝑓 ′′(𝑥) 

 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑎𝑐𝑖𝑚𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 

 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐶 𝑒𝑚 (−2,0) ∪ (2, +∞)   ;𝐶. 𝑉. 𝐶 − 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐶𝑖𝑚𝑎 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐵 𝑒𝑚 (−∞,−2) ∪ (0,2)   ;𝐶. 𝑉. 𝐵 − 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐵𝑎𝑖𝑥𝑜 
 
∗ 𝐸𝑚 𝑥 = 0 𝑜𝑐𝑜𝑟𝑟𝑒 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,(0,0) é 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓.  𝐸𝑚𝑏𝑜𝑟𝑎 𝑒𝑚 𝑥 = −2 𝑒 𝑥 = 2 𝑜𝑐𝑜𝑟𝑟𝑒 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 

𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒, 𝑒𝑠𝑡𝑒𝑠 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓. 𝐿𝑜𝑔𝑜,(0,0) é 
𝑜 ú𝑛𝑖𝑐𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑒 𝑓. 

 
7) 𝐸𝑠𝑏𝑜ç𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜:  
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1.13 Prova Final – 03 de Dezembro de 2015 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1  

 

𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 lim
𝑥→5

|𝑥 − 5|

𝑥 − 5
. 

 
𝑏) 𝑆𝑒𝑗𝑎 𝑓 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑒𝑚 ℝ 𝑒 𝑡𝑎𝑙 𝑞𝑢𝑒,𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥, |𝑓(𝑥) − 3| ≤ 2|𝑥 − 1|. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 

lim
𝑥→1

𝑓(𝑥). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2  

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥2 = 𝜋cos𝑥  𝑡𝑒𝑚, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 

 

𝑏) 𝑆𝑒𝑗𝑎 𝑐 ∈ (0,
𝜋

2
) . 𝑃𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 tg 𝑐 > 𝑐. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠 𝑎 3,2;3,2 𝑒 2.𝐸𝑠𝑡𝑖𝑚𝑒 𝑠𝑢𝑎 á𝑟𝑒𝑎, 
𝑢𝑠𝑎𝑛𝑑𝑜 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çõ𝑒𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑒𝑠. 
 
𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥 − 1|(log3 𝑥) é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 1? 𝐸𝑚 𝑐𝑎𝑠𝑜 𝑎𝑓𝑖𝑟𝑚𝑎𝑡𝑖𝑣𝑜, 
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓 ′(1). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = log𝑥 2 , 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 

𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 1. 
 

𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 ln 𝑥 . 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

 
𝑓(𝑥) = sen𝑥 . ln(sen𝑥) − sen𝑥, 

 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [
𝜋

6
,
𝜋

2
] . 𝑁𝑜𝑡𝑎: 𝑇𝑜𝑚𝑒 ln 2 = 0,69. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 𝑥3𝑦3− 2𝑥𝑦 = 6𝑥 + 𝑦 + 1, 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 6 

 
𝑎) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = ln[cos(arcsec𝑥)] , 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓 ′(2). 
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𝑏) 𝑈𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑡𝑒𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑓 ′′(𝑥) = 6(𝑥 − 1). 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

𝑓, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜-𝑠𝑒 𝑞𝑢𝑒 𝑠𝑒𝑢 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,1) 𝑒 𝑞𝑢𝑒 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 𝑒𝑙𝑒 é 
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑟𝑒𝑡𝑎 𝑦 = 3𝑥 − 5. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 7 

 
𝑎) 𝑈𝑚 𝑑𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑒 𝑢𝑚 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜,𝑞𝑢𝑒 𝑡𝑒𝑚 𝑝𝑜𝑟 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑜 𝑛ú𝑚𝑒𝑟𝑜 ln 2 , 𝑒𝑠𝑡á 

𝑠𝑖𝑡𝑢𝑎𝑑𝑜 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 5tgh 𝑥  𝑒 é 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜 𝑑𝑜𝑠 𝑜𝑢𝑡𝑟𝑜𝑠 𝑡𝑟ê𝑠  
𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑜𝑢 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑜𝑟𝑖𝑔𝑒𝑚. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 á𝑟𝑒𝑎 

𝑑𝑒𝑠𝑡𝑒 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜. 
 

𝑏) 𝑆𝑒𝑗𝑎 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑓(𝑥) = {
(cos𝑥)

1

𝑥2 ,   𝑥 ≠ 0
1

√𝑒
,   𝑥 = 0.

.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓 é 

𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

 

𝑄𝑢𝑒𝑠𝑡ã𝑜 8. 𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
4𝑥2 +8

−2𝑥 − 2
, 𝑡𝑒𝑛𝑑𝑜 

 

𝑓 ′(𝑥) = −
8(𝑥2 + 𝑥 − 2)

(−2𝑥 − 1)2
      𝑒      𝑓 ′′(𝑥) = −

72

(2𝑥 + 1)3
 

𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜: 
 
(𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 
(𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
(𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 
𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 9. 𝑈𝑚 𝑝𝑒𝑑𝑎ç𝑜 𝑑𝑒 𝑎𝑟𝑎𝑚𝑒 𝑐𝑜𝑚 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑙 𝑠𝑒𝑟á 𝑑𝑜𝑏𝑟𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟  
𝑢𝑚 𝑐í𝑟𝑐𝑢𝑙𝑜, 𝑢𝑚 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑜𝑢 𝑎𝑚𝑏𝑜𝑠 (𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑑𝑜-𝑠𝑒 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑒𝑚 𝑑𝑜𝑖𝑠 𝑝𝑒𝑑𝑎ç𝑜𝑠). 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑐𝑜𝑚𝑜 𝑑𝑖𝑣𝑖𝑑𝑖𝑟 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑎 á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑛𝑡𝑜𝑟𝑛𝑎𝑑𝑎 𝑠𝑒𝑗𝑎 
𝑚á𝑥𝑖𝑚𝑎 𝑜𝑢 𝑠𝑒𝑗𝑎 𝑚í𝑛𝑖𝑚𝑎. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 10. 𝑈𝑚𝑎 𝑒𝑠𝑓𝑒𝑟𝑎 𝑒𝑠𝑡á 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑎 𝑛𝑢𝑚 𝑐𝑢𝑏𝑜 𝑐𝑢𝑗𝑎 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑐𝑟𝑒𝑠𝑐𝑒 à 𝑡𝑎𝑥𝑎 𝑑𝑒. 
 3𝑚𝑚 𝑠⁄ . 𝐶𝑜𝑚 𝑞𝑢𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑒𝑠𝑡𝑎𝑟á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑒𝑠𝑓𝑒𝑟𝑎,𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒  

𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑎𝑟𝑒𝑠𝑡𝑎 𝑚𝑒𝑑𝑖𝑟 √3
4
𝑚𝑚? 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

(𝑎)𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 lim
𝑥→5

|𝑥 − 5|

𝑥 − 5
;    ∗ |𝑥 − 5| = {

𝑥 − 5,   𝑥 ≥ 5
−(𝑥 − 5),   𝑥 < 5

 

 

 lim
𝑥→5+

|𝑥 − 5|

𝑥 − 5
= lim
𝑥→5+

𝑥 − 5

𝑥 − 5
= lim
𝑥→5+

1 = 1 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 5+ , 𝑒𝑛𝑡ã𝑜 𝑥 > 5. 𝐿𝑜𝑔𝑜, |𝑥 − 5| = 𝑥 − 5 

  

lim
𝑥→5−

|𝑥 − 5|

𝑥 − 5
= lim
𝑥→5−

−(𝑥 − 5)

𝑥 − 5
= − lim

𝑥→5−

𝑥 − 5

𝑥 − 5
= − lim

𝑥→5−
1 = −1. 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 5− , 𝑒𝑛𝑡ã𝑜 𝑥 < 5. 𝐿𝑜𝑔𝑜, |𝑥 − 5| = −(𝑥 − 5)  
 

𝐶𝑜𝑚𝑜 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒,𝑚𝑎𝑠 𝑠ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 lim
𝑥→5

|𝑥 − 5|

𝑥 − 5
 

𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
(𝑏) 𝑆𝑒𝑗𝑎 𝑓 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑒𝑚 ℝ 𝑒 𝑡𝑎𝑙 𝑞𝑢𝑒, 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥, |𝑓(𝑥) − 3| ≤ 2|𝑥 − 1|. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒  
lim
𝑥→1

𝑓(𝑥). 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑚𝑜𝑑𝑢𝑙𝑎𝑟, 𝑡𝑒𝑚𝑜𝑠: 
 

−2|𝑥 − 1| ≤ 𝑓(𝑥) − 3 ≤ 2|𝑥 − 1| 
−2|𝑥 − 1| + 3 ≤ 𝑓(𝑥) ≤ 2|𝑥 − 1| + 3 

 
𝑆𝑒 𝑥 ≥ 1, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥 − 1 ≥ 0 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, |𝑥 − 1| = 𝑥 − 1. 𝐿𝑜𝑔𝑜,  

 
−2(𝑥 − 1) + 3 ≤ 𝑓(𝑥) ≤ 2(𝑥 − 1) + 3 

−2𝑥 + 5 ≤ 𝑓(𝑥) ≤ 2𝑥 + 1 

 
𝑆𝑒 − 2𝑥 + 5 ≤ 𝑓(𝑥) ≤ 2𝑥 + 1 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 1 𝑝𝑒𝑙𝑎 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑑𝑒 1 
(𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 1) 𝑒 lim

𝑥→1+
(−2𝑥 + 5) = lim

𝑥→1+
(2𝑥 + 1) = 3, 𝑒𝑛𝑡ã𝑜 𝑝𝑒𝑙𝑜 

𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, 
lim
𝑥→1+

𝑓(𝑥) = 3. 

 
𝑆𝑒 𝑥 < 1, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥 − 1 < 0 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜 |𝑥 − 1| = −(𝑥 − 1). 𝐿𝑜𝑔𝑜, 
 

2(𝑥 − 1) + 3 ≥ 𝑓(𝑥) ≥ −2(𝑥 − 1) + 3 

2𝑥 + 1 ≥ 𝑓(𝑥) ≥ −2𝑥 + 5 

−2𝑥 + 5 ≤ 𝑓(𝑥) ≤ 2𝑥 + 1 

 
𝑆𝑒 − 2𝑥 + 5 ≤ 𝑓(𝑥) ≤ 2𝑥 + 1 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 1 𝑝𝑒𝑙𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑑𝑒 1 
(𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 1) 𝑒 lim

𝑥→1−
(−2𝑥 + 5) = lim

𝑥→1−
(2𝑥 + 1) = 3,𝑒𝑛𝑡ã𝑜 𝑝𝑒𝑙𝑜 

𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜,𝑡𝑒𝑚𝑜𝑠 
lim
𝑥→1−

𝑓(𝑥) = 3 

 
𝐶𝑜𝑚𝑜 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑒 𝑠ã𝑜 𝑖𝑔𝑢𝑎𝑖𝑠, 𝑖𝑠𝑡𝑜 é, lim

𝑥→1+
𝑓(𝑥) = lim

𝑥→1−
𝑓(𝑥),  

𝑒𝑛𝑡ã𝑜 lim
𝑥→1

𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim
𝑥→1

𝑓(𝑥) = 3. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥2 = 𝜋 cos𝑥  𝑡𝑒𝑚, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥2 −𝜋 cos𝑥 . 𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 
𝑟𝑒𝑎𝑙.  𝑆𝑎𝑏𝑒𝑛𝑑𝑜 − 𝑠𝑒 𝑞𝑢𝑒 𝑓(0) = −𝜋  𝑒  𝑓(𝜋) = 𝜋2 + 𝜋, 𝑡𝑒𝑚𝑜𝑠 𝑓(0) < 0 𝑒 𝑓(𝜋) > 0. 

 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑠𝑡𝑖𝑡𝑢í𝑑𝑎  𝑝𝑜𝑟 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑎𝑚𝑏𝑎𝑠 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 
[0,𝜋] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(0) 𝑒 𝑓(𝜋), 𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0, 𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓(𝑥) = 0. (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜) 

 
𝐶𝑜𝑚𝑜 𝑓(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0,𝜋), 𝑒𝑛𝑡ã𝑜 … 

𝑓(𝑥) = 0⟹ 𝑥2 − 𝜋cos𝑥 = 0 ∴ 𝑥2 = 𝜋cos𝑥  , 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0,𝜋). 
 
𝐶𝑜𝑚 𝑖𝑠𝑠𝑜 𝑚𝑜𝑠𝑡𝑟𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎𝑑𝑎 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎𝑖𝑧 𝑟𝑒𝑎𝑙. 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 



113 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 

(𝑏)  𝑆𝑒𝑗𝑎 𝑐 ∈ (0,
𝜋

2
) . 𝑃𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 tg 𝑐 > 𝑐. 

 

𝑆𝑒𝑗𝑎 𝑓(𝑐) = tg 𝑐 − 𝑐.  𝑄𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑐) > 0, ∀𝑐 ∈ (0,
𝜋

2
). 

 
𝑓 ′(𝑐) = sec2 𝑐 − 1.  

 

𝐶𝑜𝑚𝑜 sec2 𝑐 > 1,∀𝑐 ∈ (0,
𝜋

2
) , 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) > 0 𝑒𝑚 (0,

𝜋

2
). 

 

𝐶𝑜𝑚𝑜 𝑓 ′(𝑐) > 0 𝑒𝑚 (0,
𝜋

2
) , 𝑝𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑛𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,
𝜋

2
)  𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓(𝑐) > 𝑓(0),∀𝑐 ∈ (0,

𝜋

2
). 

 
𝐿𝑜𝑔𝑜,   

𝑓(𝑐) > 𝑓(0) 
tg 𝑐 − 𝑐 > tg 0 − 0 
tg 𝑐 − 𝑐 > 0 

                            tg 𝑐 > 𝑐         ,∀𝑐 ∈ (0,
𝜋

2
) 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
(𝑎)𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠 𝑎 3,2; 3,2 𝑒 2.𝐸𝑠𝑡𝑖𝑚𝑒 𝑠𝑢𝑎 á𝑟𝑒𝑎, 
𝑢𝑠𝑎𝑛𝑑𝑜 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çõ𝑒𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑒𝑠. 

 
 
𝐷𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 à 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑑𝑎 𝑖𝑚𝑎𝑔𝑒𝑚, 𝑡𝑒𝑚𝑜𝑠: 

𝑥2 = 12 + ℎ2 
ℎ2 = 𝑥2 − 1 

ℎ = √𝑥2 − 1 

 
𝐴 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑐𝑜𝑚 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠 𝑚𝑒𝑑𝑖𝑛𝑑𝑜 𝐶: 

 

𝐴 =
𝑏 × ℎ

2
=
2× √𝑥2 −1

2
 

𝐴(𝑥) = √𝑥2 − 1 

 

𝑃𝑎𝑟𝑎 𝑥 = 3, 𝑡𝑒𝑚𝑜𝑠 𝐴(3) = √8= 2√2 𝑢.𝐴. 
 

𝐴′(𝑥) =
𝑥

√𝑥2− 1
 ;    𝐴′(3) =

3

2√2
=
3√2

4
  

 
𝑃𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑢 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜 𝑒𝑚 𝑥 = 3, 𝑡𝑒𝑚𝑜𝑠: 

 
𝐿(𝑥) = 𝐴(3)+ 𝐴′(3).(𝑥 − 3) 

𝐿(𝑥) = 2√2+
3√2

4
(𝑥 − 3) 

𝑃𝑎𝑟𝑎 𝑥 = 3,2 , 𝑡𝑒𝑚𝑜𝑠: 

𝐿(3,2) = 2√2+
3√2

4
(3,2 − 3) 

𝐿(3,2) = 2√2+
3√2

4
(0,2) 

𝐿(3,2) = 2√2+
3√2

4
.
2

10
 

𝐿(3,2) = 2√2+
3√2

20
=
43√2

20
 𝑢. 𝐴 

𝐿𝑜𝑔𝑜, 𝑎 á𝑟𝑒𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑎𝑐𝑖𝑚𝑎 é  
43√2

20
 𝑢. 𝐴  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
(𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥 − 1|(log3 𝑥) é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 1?𝐸𝑚 𝑐𝑎𝑠𝑜 𝑎𝑓𝑖𝑟𝑚𝑎𝑡𝑖𝑣𝑜, 
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓 ′(1). 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:   𝐷(𝑓) = {𝑥 ∈ ℝ;𝑥 > 0} 
 

𝑓(𝑥) = {
(𝑥 − 1) log3 𝑥 ,   𝑥 > 1

−(𝑥 − 1) log3 𝑥 ,   0 < 𝑥 < 1
 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (0,+∞).  

 
𝑆𝑒 𝑥 > 1, 𝑒𝑛𝑡ã𝑜: 
 

𝑓 ′(𝑥) =
𝑑

𝑑𝑥
[(𝑥− 1) log3 𝑥] = log3 𝑥 +

𝑥 − 1

𝑥. ln 3
 

 
𝑆𝑒 0 < 𝑥 < 1, 𝑒𝑛𝑡ã𝑜: 
 

𝑓 ′(𝑥) =
𝑑

𝑑𝑥
[−(𝑥− 1) log3 𝑥] = −log3 𝑥 −

(𝑥 − 1)

𝑥. ln 3
 

 
𝐿𝑜𝑔𝑜, 𝑢𝑚𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é: 

 

𝑓 ′(𝑥) = {
log3 𝑥 +

𝑥 − 1

𝑥. ln 3
,   𝑥 > 1

− log3 𝑥 −
(𝑥 − 1)

𝑥. ln 3
,   0 < 𝑥 < 1

 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 1,𝑡𝑒𝑚𝑜𝑠: 
 

𝑓+
′ (1) = log31 +

1 − 1

ln 3
= 0+ 0 = 0. 

 

𝑓−
′(1) = −log31 −

1 − 1

ln 3
= −0− 0 = 0. 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 1 𝑒 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑒 𝑠ã𝑜 𝑖𝑔𝑢𝑎𝑖𝑠, 𝑖𝑠𝑡𝑜 é, 
𝑓+
′ (1) = 𝑓−

′(1),𝑒𝑛𝑡ã𝑜 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 1 𝑒 𝑓 ′(1) = 0. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
(𝑎) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = log𝑥2 , 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 1. 

 
𝑓(𝑥) = 1⟹ log𝑥 2 = 1⟹ 2 = 𝑥1 ∴ 𝑥 = 2.   𝑃𝑜𝑛𝑡𝑜 𝑃(2,1) 

 

𝑓(𝑥) = log𝑥2 =
ln 2

ln 𝑥
 (𝑀𝑢𝑑𝑎𝑛ç𝑎 𝑑𝑒 𝐵𝑎𝑠𝑒) 

 

𝑓 ′(𝑥) = −
ln 2

𝑥(ln 𝑥)2
 ;   𝑓 ′(2) = −

ln 2

2(ln 2)2
= −

1

2 ln2
= −

1

ln 22
= −

1

ln 4
. 

 

𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 𝑥 = 2 é 𝑚𝑛 = −
1

𝑓 ′(2)
= ln 4. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(2,1): 

 
𝑦− 1 = ln 4(𝑥 − 2) 
𝑦 = 𝑥. ln 4 − 2. ln 4 + 1 
𝑦 = 𝑥. ln 4 − ln 16 + 1 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
(𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥 ln 𝑥 . 
 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:   𝐷(𝑓) = {𝑥 ∈ ℝ;𝑥 > 0} 

 
ln 𝑓(𝑥) = ln 𝑥 ln 𝑥  

ln 𝑓(𝑥) = (ln 𝑥). ln 𝑥 

ln 𝑓(𝑥) = (ln 𝑥)2 
 
𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑓 ′(𝑥)

𝑓(𝑥)
= 2. ln 𝑥 .

1

𝑥
 

 

𝑓 ′(𝑥) = 𝑓(𝑥) [2. ln 𝑥 .
1

𝑥
] 

 
𝑓 ′(𝑥) = 𝑥 ln 𝑥[2. ln 𝑥 . 𝑥−1] 

 
𝑓 ′(𝑥) = 2𝑥 ln𝑥−1. ln 𝑥 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
(𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑓(𝑥) = sen𝑥 . ln(sen𝑥) − sen 𝑥 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [
𝜋

6
,
𝜋

3
] . 𝑵𝒐𝒕𝒂: 𝑇𝑜𝑚𝑒 ln 2 = 0,69 

 
𝐷(𝑓) = {𝑥 ∈ ℝ; sen𝑥 > 0} 

𝐷(𝑓) = {𝑥 ∈ ℝ; 2𝑘𝜋 < 𝑥 < (2𝑘 + 1)𝜋,   𝑐𝑜𝑚 𝑘 ∈ ℤ} 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑒 𝑓𝑢𝑛çã𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 𝑒 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑠𝑒𝑛𝑑𝑜 𝑎𝑠 
𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎𝑠 𝑒𝑚 ℝ 𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎 ln(sen𝑥)  𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑎𝑝𝑒𝑛𝑎𝑠 
𝑝𝑎𝑟𝑎 𝑜 𝑙𝑜𝑔𝑎𝑟𝑖𝑡𝑚𝑎𝑛𝑑𝑜 𝑚𝑎𝑖𝑜𝑟 𝑑𝑜 𝑞𝑢𝑒.𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 
𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑒𝑙𝑜 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑘 = 0, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (0,𝜋) 𝑒, 

𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [
𝜋

6
,
𝜋

2
]. 

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 
 
1) 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 
 

𝑓 (
𝜋

6
) = sen (

𝜋

6
) [ln (sen

𝜋

6
) − 1] =

1

2
[ln
1

2
− 1] =

1

2
[−ln 2 − 1] = −

1,69

2
= −0,845. 

 

𝑓 (
𝜋

2
) = sen (

𝜋

2
) [ln (sen

𝜋

2
) − 1] = 1[ln1 − 1] = −1 

 

2) 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (
𝜋

6
,
𝜋

2
). 

 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 
 

𝑓 ′(𝑥) = cos𝑥 [ln(sen𝑥) − 1] + sen 𝑥 [
cos𝑥

sen𝑥
]  ;  sen𝑥 ≠ 0, ∀𝑥 ∈ (

𝜋

6
,
𝜋

2
). 

 
𝑓 ′(𝑥) = cos𝑥 [ln(sen𝑥) − 1] + cos𝑥 

𝑓 ′(𝑥) = cos𝑥 . ln(sen𝑥) 

 

𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (
𝜋

6
,
𝜋

2
)  𝑠𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑛𝑒𝑠𝑠𝑒 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜, 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 𝐿𝑜𝑔𝑜, 
 

𝑓 ′(𝑥) = 0 ⟹ {
cos𝑥 = 0
𝑜𝑢

ln(sen𝑥) = 0
⟹ {

cos𝑥 = 0
𝑜𝑢

sen𝑥 = 1
∴ 𝑥 =

𝜋

2
 ; (𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜!) 

𝐿𝑜𝑔𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑒𝑚 (
𝜋

6
,
𝜋

2
). 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,−1 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒− 0,845 é 𝑜 
𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝜋 6⁄ , 𝜋 2⁄ ]. 



119 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
(𝑏)𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 𝑥3𝑦3 −2𝑥𝑦 = 6𝑥 + 𝑦 + 1, 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0.  
 
𝑃𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜: 𝑃(0,−1) 
 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑥
(𝑥𝑦)3 −2.

𝑑

𝑑𝑥
(𝑥𝑦) = 6.

𝑑

𝑑𝑥
(𝑥) +

𝑑

𝑑𝑥
(𝑦) +

𝑑

𝑑𝑥
(1) 

 
3(𝑥𝑦)2[𝑦 + 𝑥𝑦′] − 2(𝑦 + 𝑥𝑦′) = 6 + 𝑦′ + 0 

 
𝑦′[3𝑥(𝑥𝑦)2 −2𝑥 − 1] = 6+ 2𝑦 − 3𝑦(𝑥𝑦)2 

 

𝑦′ =
6 + 2𝑦 − 3𝑦(𝑥𝑦)2

3𝑥(𝑥𝑦)2− 2𝑥 − 1
 

 
𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(0,−1), 𝑡𝑒𝑚𝑜𝑠 𝑦′ = −4. 𝐿𝑜𝑔𝑜, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 

𝑒𝑚 𝑃(0,−1) é 𝑚𝑛 =
1

4
. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 𝑒𝑚 𝑃: 
 

𝑦 − (−1) =
1

4
(𝑥 − 0) 

𝑦 + 1 =
1

4
𝑥  

𝑦 =
1

4
𝑥 − 1 

4𝑦− 𝑥 + 4 = 0  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟔 

 
(𝑎) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = ln[cos(arcsec𝑥)], 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓 ′(2) 
 

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 1} 

 

∗ arcsec𝑥 = arccos(
1

𝑥
) 

 

𝑓(𝑥) = ln [cos(arccos(
1

𝑥
))] 

 

𝑓(𝑥) = ln
1

𝑥
 

 
𝑓(𝑥) = − ln 𝑥 

 

𝑓 ′(𝑥) = −
1

𝑥
 

 

𝑓 ′(2) = −
1

2
.  

 
− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− − 

 
∗ 𝐶𝑎𝑠𝑜 𝑓ô𝑠𝑠𝑒𝑚𝑜𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑟 𝑝𝑒𝑙𝑎 𝑟𝑒𝑔𝑟𝑎 𝑑𝑎 𝑐𝑎𝑑𝑒𝑖𝑎, 𝑡𝑒𝑟í𝑎𝑚𝑜𝑠: 

 

𝑓 ′(𝑥) =
1

cos(arcsec𝑥)
. [−sen(arcsec𝑥)].

1

𝑥√𝑥2 − 1
 

 

𝑓 ′(𝑥) = −
tg(arcsec𝑥)

𝑥√𝑥2 −1
 

 

𝜃 = arcsec𝑥 ⟹ sec𝜃 = 𝑥 ;  tg2 𝜃 = sec2 𝜃 − 1⟹ tg2𝜃 = 𝑥2 −1 ∴ tg 𝜃 = √𝑥2 −1 

 

𝑓 ′(𝑥) = −
√𝑥2− 1

𝑥√𝑥2 −1
= −

1

𝑥
 ;   𝑓 ′(2) = −

1

2
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟔 

 
(𝑏)𝑈𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑡𝑒𝑚 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑓 ′′(𝑥) = 6(𝑥 − 1).𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 
𝑓, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 − 𝑠𝑒 𝑞𝑢𝑒 𝑠𝑒𝑢 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,1) 𝑒 𝑞𝑢𝑒 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 𝑒𝑙𝑒 é 
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑟𝑒𝑡𝑎 𝑦 = 3𝑥 − 5. 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑝𝑎𝑟𝑎 𝑓 ′′(𝑥) é: 

 
𝑓 ′(𝑥) = 3(𝑥 − 1)2 + 𝐶 

 
𝑃𝑒𝑙𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 
𝑝𝑜𝑛𝑡𝑜 (2,1) é 3.𝐿𝑜𝑔𝑜,𝑓 ′(2) = 3. 
 

𝑓 ′(2) = 3(2 − 1)2 + 𝐶 = 3 

3(1)2+ 𝐶 = 3 

𝐶 = 0 

 
𝑓 ′(𝑥) = 3(𝑥 − 1)2 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑝𝑎𝑟𝑎 𝑓 ′(𝑥) é: 
 

𝑓(𝑥) = (𝑥 − 1)3 + 𝐾 

 
𝐶𝑜𝑚𝑜 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,1) 𝑒𝑛𝑡ã𝑜 𝑓(2) = 1. 
 

𝑓(2) = (2 − 1)2 + 𝐾 = 1 

12 +𝐾 = 1 
𝐾 = 0 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = (𝑥 − 1)3 = 𝑥3 − 3𝑥2 +3𝑥 − 1 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟕 

 
(𝑎) 𝑓(𝑥) = 5 tgh 𝑥 ; 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = ln2  𝑗𝑢𝑛𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑐𝑜𝑚 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 
𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜𝑠 𝑎 𝑒𝑙𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 à 𝑜𝑟𝑖𝑔𝑒𝑚,𝑓𝑜𝑟𝑚𝑎𝑚 𝑜𝑠 
4 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑒 𝑢𝑚 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜. 

 

𝑓(ln2) = 5 tgh(ln 2) = 5.
𝑒 ln 2 − 𝑒−ln 2

𝑒 ln 2 + 𝑒−ln 2
= 5.

2 −
1
2

2+
1
2

= 5.
3

5
= 3. 

 
𝑃𝑜𝑛𝑡𝑜 𝐴(ln2 , 3) 
 
𝑃𝑜𝑛𝑡𝑜 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑥 ∶ 𝐵(ln2 , −3) 
 
𝑃𝑜𝑛𝑡𝑜 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑜𝑟𝑖𝑔𝑒𝑚: 𝐶(−ln 2 ,−3) 

 
𝑃𝑜𝑛𝑡𝑜 𝑠𝑖𝑚é𝑡𝑟𝑖𝑐𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑦: 𝐷(−ln 2 , 3) 

 
Á𝑟𝑒𝑎 𝑑𝑜 𝑟𝑒𝑡ê𝑛𝑔𝑢𝑙𝑜 𝐴𝐵𝐶𝐷: 

 
𝐴𝐴𝐵𝐶𝐷 = 𝑏 × 𝑙 = (2 × ln 2) × (2 × 3) = 12 ln 2  𝑢. 𝐴  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟕 

 

(𝑏) 𝑆𝑒𝑗𝑎 𝑓 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑓(𝑥) = {
(cos𝑥)

1

𝑥2 ,   𝑥 ≠ 0
1

√𝑒
,   𝑥 = 0.

.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓 é 

𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 
 
𝑀𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎 é 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 
 

𝑓(𝑎) = lim
𝑥→𝑎

𝑓(𝑥) 

 
𝑃𝑎𝑟𝑎 𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑎) 𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟 𝑒 lim

𝑥→𝑎
𝑓(𝑥)  𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟. 

 

𝑃𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) 𝑎𝑐𝑖𝑚𝑎, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(0) =
1

√𝑒
. 

 

lim
𝑥→0

𝑓(𝑥) ;   𝑠𝑒 𝑥 → 0, 𝑒𝑛𝑡ã𝑜 𝑥 ≠ 0 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓(𝑥) = (cos𝑥)
1

𝑥2 . 

 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0
(cos𝑥)

1

𝑥2 = lim
𝑥→0

𝑒 ln(cos𝑥)
1

𝑥2
= lim
𝑥→0
𝑒
ln(cos𝑥)

𝑥2 = 𝑒
lim
𝑥→0

ln(cos𝑥)

𝑥2 ; 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒,𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑥→0

ln(cos𝑥)

𝑥2
;  𝐼𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "

0

0
"  

 
∗ 𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 

lim
𝑥→0

ln(cos𝑥)

𝑥2
= lim
𝑥→0

− tg 𝑥

2𝑥
= lim
𝑥→0

−sec2 𝑥

2
= −

lim
𝑥→0

sec2 𝑥

lim
𝑥→0

2
= −

sec2 0

2
= −

1

2
. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0
(cos𝑥)

1

𝑥2 = 𝑒
lim
𝑥→0

ln(cos𝑥)

𝑥2 = 𝑒
−
1
2 =

1

𝑒
1
2

=
1

√𝑒
 

 
𝐶𝑜𝑚𝑜 𝑓(0) = lim

𝑥→0
𝑓(𝑥)  𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0.  

 

 
 
 

 
 

 
 
 



124 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟖 

 

𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
4𝑥2 + 8

−2𝑥 − 1
, 𝑡𝑒𝑛𝑑𝑜  

 

𝑓 ′(𝑥) = −
8(𝑥2 +𝑥 − 2)

(−2𝑥 − 1)2
      𝑒      𝑓 ′′(𝑥) = −

72

(2𝑥 + 1)3
 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:  𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ −1 2⁄ } 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠:   𝐴(0,−4) 
 
(𝑎) 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠, 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑒 𝑂𝑏𝑙í𝑞𝑢𝑎𝑠: 
 
∗ 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 → 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑐𝑎𝑠𝑜𝑠 ∶  lim

𝑥→𝑎+
𝑓(𝑥) = ±∞      𝑜𝑢       lim

𝑥→𝑎−
𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑥 = 𝑎, 𝑎𝑠 
𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒  𝑑𝑎 𝑓𝑢𝑛çã𝑜. 
𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙. 

lim
𝑥→−

1
2

+
𝑓(𝑥) = lim

𝑥→−
1
2

+

4𝑥2 + 8⏞    

12
↑

−2𝑥 − 1⏟    
↓
0−

= −∞      𝑒     lim
𝑥→−

1
2

−𝑓(𝑥) = lim
𝑥→−

1
2

−

4𝑥2 + 8⏞    

12
↑

−2𝑥 − 1⏟    
↓
0+

= +∞    

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −1 2⁄  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 
∗ 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 → 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 lim

𝑥→+∞
𝑓(𝑥) = 𝐿  𝑜𝑢 

lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

4𝑥2 + 8

−2𝑥 − 1
= lim
𝑥→+∞

8𝑥

−2
= lim
𝑥→+∞

−4𝑥 = −∞ 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

4𝑥2 + 8

−2𝑥 − 1
= lim
𝑥→−∞

8𝑥

−2
= lim
𝑥→−∞

−4𝑥 = +∞ 

 
𝐿𝑜𝑔𝑜, 𝑛ã𝑜 ℎá 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
∗ 𝑂𝑏𝑙í𝑞𝑢𝑎𝑠 → 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎  𝑜𝑏𝑙í𝑞𝑢𝑎 𝑠𝑒, 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, 
lim
𝑥→±∞

[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0 . 

𝑓(𝑥) =
4𝑥2 + 8

−2𝑥 − 1
= −2𝑥 + 1 +

9

−2𝑥 − 1
 

𝑓(𝑥) − (−2𝑥 + 1) =
9

−2𝑥 − 1
 

lim
𝑥→±∞

[𝑓(𝑥) − (−2𝑥 + 1)] = lim
𝑥→±∞

9

−2𝑥 − 1
 

lim
𝑥→±∞

[𝑓(𝑥)− (−2𝑥 + 1)] = 0 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −2𝑥 + 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  
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(𝑏) 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠: 
 

𝑓 ′(𝑥) = −
8(𝑥2 + 𝑥 − 2)

(−2𝑥 − 1)2
 

 
− −− −− − (−2) ++ ++ ++ ++ ++(1) −− −− −−     − 8(𝑥2 + 𝑥 − 2) 
+ ++ ++ ++ ++ ++(−1 2⁄ ) + ++ ++ ++ ++ ++       (−2𝑥 − 1)2 
− −− −− − (−2) ++ + (−1 2⁄ ) + ++ (1)− − −− −          𝑓 ′(𝑥) 
 
𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
 
𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−2,−1) ∪ (−1,1) 𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−∞,−2) ∪ (1,+∞). 
 
𝐸𝑚 𝑥 = −2 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 (𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜) 𝑒 𝑒𝑚 𝑥 = 1 𝑡𝑒𝑚𝑜𝑠 𝑢𝑚 
𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 (𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜).   𝑃𝑜𝑛𝑡𝑜𝑠  𝐵(−2,8)  𝑒  𝐶(1,−4) 

 
(𝑐) 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒 𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝐼𝑛𝑓𝑙𝑒𝑥ã𝑜: 

 

 𝑓 ′′(𝑥) = −
72

(2𝑥 + 1)3
  

 
++ ++ ++ +(−1 2⁄ )−− −− −− −     𝑓 ′′(𝑥) 

 
𝑃𝑒𝑙𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
 
𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒𝑚 (−∞,−1 2⁄ ) 𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 

𝑑𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜 𝑒𝑚 (−1 2⁄ , +∞). 

 
𝐸𝑚𝑏𝑜𝑟𝑎 𝑜𝑐𝑜𝑟𝑟𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = −1 2⁄ , 𝑜 𝑚𝑒𝑠𝑚𝑜 𝑛ã𝑜 
𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 é 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜.𝐿𝑜𝑔𝑜,𝑛ã𝑜 

ℎá 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑛𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  
 
𝐸𝑠𝑏𝑜ç𝑜 𝐺𝑟á𝑓𝑖𝑐𝑜: 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟗 

 
𝑈𝑚 𝑝𝑒𝑑𝑎ç𝑜 𝑑𝑒 𝑎𝑟𝑎𝑚𝑒 𝑐𝑜𝑚 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑙 𝑠𝑒𝑟á 𝑑𝑜𝑏𝑟𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟 𝑢𝑚 
𝑐í𝑟𝑐𝑢𝑙𝑜, 𝑢𝑚 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 𝑜𝑢 𝑎𝑚𝑏𝑜𝑠 (𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑑𝑜-𝑠𝑒 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑒𝑚 𝑑𝑜𝑖𝑠 𝑝𝑒𝑑𝑎ç𝑜𝑠). 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑐𝑜𝑚𝑜 𝑑𝑖𝑣𝑖𝑑𝑖𝑟 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑎 á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑛𝑡𝑜𝑟𝑛𝑎𝑑𝑎 𝑠𝑒𝑗𝑎 
𝑚á𝑥𝑖𝑚𝑎 𝑜𝑢 𝑠𝑒𝑗𝑎 𝑚í𝑛𝑖𝑚𝑎. 

 

 
𝐷𝑒 𝑡𝑜𝑑𝑜 𝑜 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑙 𝑢𝑚𝑎 𝑝𝑎𝑟𝑡𝑒 𝑥 𝑠𝑒𝑟á 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟 𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 

𝑒 𝑎 𝑝𝑎𝑟𝑡𝑒 (𝑙 − 𝑥) 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟 𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

𝑃𝑐í𝑟𝑐𝑢𝑙𝑜 = 𝑥 ⟹ 2𝜋𝑟 = 𝑥 ∴ 𝑟 =
𝑥

2𝜋
 

𝑃𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 = 𝑙 − 𝑥 ⟹ 4𝑦 = 𝑙 − 𝑥 ∴ 𝑦 =
1

4
(𝑙 − 𝑥) 

 

𝐴𝑐í𝑟𝑐𝑢𝑙𝑜 = 𝜋𝑟
2 = 𝜋(

𝑥

2𝜋
)
2

=
𝑥2

4𝜋
 ;   𝐴𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 = 𝑦

2 =
1

16
(𝑙 − 𝑥)2 

 

𝐴𝑡𝑜𝑡𝑎𝑙 = 𝐴𝑐í𝑟𝑐𝑢𝑙𝑜 + 𝐴𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 =
𝑥2

4𝜋
+
1

16
(𝑙 − 𝑥)2  ;    0 ≤ 𝑥 ≤ 𝑙 

 
𝐶𝑜𝑚𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒,𝑝𝑜𝑟𝑡𝑎𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 
𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0, 𝑙],𝑝𝑎𝑟𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 
𝐴(𝑥) 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑚𝑜𝑠 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜. 
 
1) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝐴 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 
 

𝐴(0) =
𝑙2

16
 (𝑡𝑜𝑑𝑜 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟 𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜) 

𝐴(𝑙) =
𝑙2

4𝜋
 (𝑡𝑜𝑑𝑜 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑓𝑜𝑟𝑚𝑎𝑟 𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜) 

 
2) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝐴 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝐴 𝑒𝑚 (0, 𝑙): 

 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒". 
 

𝐴′(𝑥) =
𝑥

2𝜋
−
(𝑙 − 𝑥)

8
=
4𝑥 − 𝜋(𝑙 − 𝑥)

8𝜋
=
𝑥(4 + 𝜋) − 𝜋𝑙

8𝜋
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𝐶𝑜𝑚𝑜 𝐴 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑠𝑒 𝐴 𝑎𝑑𝑚𝑖𝑡𝑒 
𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑒𝑛𝑡ã𝑜 𝐴′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝐴′(𝑐) = 0. 

 
𝑆𝑒 𝐴 𝑡𝑖𝑣𝑒𝑟 𝑢𝑚 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 𝑐 𝑒 𝑠𝑒 𝐴′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑖𝑟, 𝑒𝑛𝑡ã𝑜 𝐴′(𝑐) = 0 
(𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝐹𝑒𝑟𝑚𝑎𝑡) 

 

𝐴′(𝑥) = 0⟹ 𝑥(4 + 𝜋) − 𝜋𝑙 = 0 ∴ 𝑥 =
𝜋𝑙

4 + 𝜋
  

𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 
𝜋𝑙

4 + 𝜋
 𝑒𝑠𝑡á 

𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 

 

𝐴 (
𝜋𝑙

4 + 𝜋
) =

(
𝜋𝑙
4 + 𝜋)

2

4𝜋
+
1

16
(𝑙 −

𝜋𝑙

4 + 𝜋
)
2

=
𝜋𝑙2

4(4 + 𝜋)2
+

(4𝑙)2

16(4 + 𝜋)2
=

𝑙2

(4 + 𝜋)2
[
𝜋

4
+ 1] 

𝐴 (
𝜋𝑙

4 + 𝜋
) =

𝑙2

4(4 + 𝜋)
 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,
𝑙2

4(4 + 𝜋)
 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 

𝑙2

4𝜋
 

é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0, 𝑙]. 

 
∗ 𝑃𝑎𝑟𝑎 𝑜𝑏𝑡𝑒𝑟𝑚𝑜𝑠 𝑎 á𝑟𝑒𝑎 𝑐𝑜𝑛𝑡𝑜𝑟𝑛𝑎𝑑𝑎 𝑠𝑒𝑛𝑑𝑜 𝑎 𝑚á𝑥𝑖𝑚𝑎 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 
𝑡𝑜𝑑𝑜 𝑜 𝑎𝑟𝑎𝑚𝑒 𝑛𝑎 𝑐𝑜𝑛𝑓𝑒𝑐çã𝑜 𝑑𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜. 
 
∗ 𝑃𝑎𝑟𝑎 𝑜𝑏𝑡𝑒𝑟𝑚𝑜𝑠 𝑎 á𝑟𝑒𝑎 𝑐𝑜𝑛𝑡𝑜𝑟𝑛𝑎𝑑𝑎 𝑠𝑒𝑛𝑑𝑜 𝑎 𝑚í𝑛𝑖𝑚𝑎 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 
𝜋𝑙

4 + 𝜋
 𝑑𝑒 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑜 𝑎𝑟𝑎𝑚𝑒 𝑝𝑎𝑟𝑎 𝑐𝑜𝑛𝑓𝑒𝑐𝑐𝑖𝑜𝑛𝑎𝑟 𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑒

4𝑙

4 + 𝜋
 𝑝𝑎𝑟𝑎 

𝑓𝑜𝑟𝑚𝑎𝑟 𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏𝟎 
 
𝑈𝑚𝑎 𝑒𝑠𝑓𝑒𝑟𝑎 𝑒𝑠𝑡á 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑎 𝑛𝑢𝑚 𝑐𝑢𝑏𝑜 𝑐𝑢𝑗𝑎 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑐𝑟𝑒𝑠𝑐𝑒 à 𝑡𝑎𝑥𝑎 𝑑𝑒 3𝑚𝑚 𝑠⁄ . 
𝐶𝑜𝑚 𝑞𝑢𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑒𝑠𝑡𝑎𝑟á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑒𝑠𝑓𝑒𝑟𝑎, 𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 𝑞𝑢𝑒 

𝑎 𝑎𝑟𝑒𝑠𝑡𝑎 𝑚𝑒𝑑𝑖𝑟 √3
4
𝑚𝑚? 

 
𝑑 = 2𝑟√3 

𝑑𝑑

𝑑𝑡
= 2√3.

𝑑𝑟

𝑑𝑡
 

3 = 2√3.
𝑑𝑟

𝑑𝑡
 

𝑑𝑟

𝑑𝑡
=

3

2√3
=
√3

2
𝑚𝑚 𝑠⁄  

 

𝑉𝑒𝑠𝑓𝑒𝑟𝑎 =
4

3
𝜋𝑟3  

 
𝑑𝑉

𝑑𝑡
=
𝑑𝑉

𝑑𝑟
.
𝑑𝑟

𝑑𝑡
 

𝑑𝑉

𝑑𝑡
= (4𝜋𝑟2).

√3

2
 

 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑟 = √3
4

2⁄ 𝑚𝑚, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑑𝑉

𝑑𝑡
|
𝑟=
√3
4

2

= (4𝜋
√3

4
).
√3

2
=
3𝜋

2
𝑚𝑚3 𝑠⁄  

 
𝑂 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑒𝑠𝑓𝑒𝑟𝑎 𝑒𝑠𝑡á𝑟á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 3𝜋 2⁄  𝑚𝑚3 𝑠⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑟𝑎𝑖𝑜 𝑑𝑒𝑙𝑎 

𝑓𝑜𝑟 √3
4

2⁄ 𝑚𝑚 𝑐𝑜𝑚 𝑜 𝑟𝑎𝑖𝑜 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
√3

2
 𝑚𝑚 𝑠⁄ .  
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Capítulo 15  

2015.2 

2.1 1ª Prova – 12 de Fevereiro de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 
 

𝑎) lim
𝑥→3

√4− 𝑥 − 1

√7− 𝑥 − 2
; 

 

𝑏) lim
𝑥→0+

√𝑥 [1 + sen2 (
2𝜋

𝑥
)] ; 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
1

√4− 𝑥2
. 

 
𝑏) lim

𝑥→
3𝜋
2

−
(2cos𝑥 . tg 𝑥) ; 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 

 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑘 𝑎 𝑓𝑖𝑚 𝑑𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {

𝑥4 − 16

2 − 𝑥
, 𝑥 ≠ 2

𝑘2 +12𝑘, 𝑥 = 2

 

𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 
 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜cos𝑥 = 𝑥 
𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑒𝑚 ℝ. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) =
2𝑥 − 4

√𝑥2 −1
. 

 

𝑏)𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2√𝑥 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,2). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 
 
𝑎) 𝐸𝑠𝑡𝑢𝑑𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ⟦sen 𝑥⟧, 𝑠𝑒 𝑥 ∈ [0,𝜋]. 

 

𝑏) 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = tg 𝑥 − |tg 𝑥|, 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑒 𝑥 =
𝜋

2
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏.𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 
 

𝑎) lim
𝑥→3

√4− 𝑥 − 1

√7− 𝑥 − 2
; 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑡𝑖𝑝𝑜 "

0

0
"  

 

 lim
𝑥→3

√4− 𝑥 − 1

√7− 𝑥 − 2
= lim

𝑥→3
[
√4 − 𝑥 − 1

√7− 𝑥 − 2
.
√4 − 𝑥 + 1

√4− 𝑥 + 1
.
√7 − 𝑥 + 2

√7− 𝑥 + 2
] = lim

𝑥→3

(3 − 𝑥)(√7 − 𝑥 + 2)

(3 − 𝑥)(√4 − 𝑥 + 1)
; 

 
∗ 𝑆𝑒 𝑥 → 3 𝑒𝑛𝑡ã𝑜 𝑥 ≠ 3. 𝐿𝑜𝑔𝑜,(3 − 𝑥) ≠ 0. 

 

lim
𝑥→3

(3 − 𝑥)(√7 − 𝑥 + 2)

(3 − 𝑥)(√4 − 𝑥 + 1)
= lim
𝑥→3

√7− 𝑥 + 2

√4− 𝑥 + 1
=
lim
𝑥→3
(√7 − 𝑥 + 2)

lim
𝑥→3
(√4 − 𝑥 + 1)

=
lim
𝑥→3

√7− 𝑥 + lim
𝑥→3

2

lim
𝑥→3

√4− 𝑥 + lim
𝑥→3

1
= 

√7− 3 + 2

√4− 3 + 1
=
√4+ 2

√1+ 1
=
2 + 2

1 + 1
=
4

2
= 2. 

 

𝑏) lim
𝑥→0+

√𝑥 [1 + sen2 (
2𝜋

𝑥
)] ; 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 

0 ≤ sen2 (
2𝜋

𝑥
) ≤ 1 

1 ≤ 1+ sen2 (
2𝜋

𝑥
) ≤ 2 

∗ 𝑆𝑒 𝑥 → 0+ , 𝑥 > 0 𝑒, 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒 , √𝑥 > 0. 𝐿𝑜𝑔𝑜, 

√𝑥 ≤ √𝑥 [1 + sen
2 (
2𝜋

𝑥
)] ≤ 2√𝑥 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = √𝑥, 𝑔(𝑥) = √𝑥 [1 + sen
2 (
2𝜋

𝑥
)]  𝑒 ℎ(𝑥) = 2√𝑥. 𝐸𝑛𝑡ã𝑜, 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥). 

∗ lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

√𝑥 = √0 = 0; 

∗ lim
𝑥→0+

ℎ(𝑥) = lim
𝑥→0+

2√𝑥 = 2√0 = 0; 

 
𝑆𝑒 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 0 𝑝𝑒𝑙𝑎 𝑑𝑖𝑟𝑒𝑖𝑡𝑎, 𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 
𝑒𝑚 0,𝑒 lim

𝑥→0+
𝑓(𝑥) = lim

𝑥→0+
ℎ(𝑥) = 0 𝑒𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim

𝑥→0+
𝑔(𝑥) = 0.  

lim
𝑥→0+

𝑔(𝑥) = lim
𝑥→0+

√𝑥 [1 + sen2 (
2𝜋

𝑥
)] = 0. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
1

√4− 𝑥2
. 

∗ 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑚𝑜𝑠 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
𝐷(𝑓) = {𝑥 ∈ ℝ; 4 − 𝑥2 > 0}  ;    4− 𝑥2 > 0 ⇒ −2 < 𝑥 < 2 

𝐷(𝑓) = {𝑥 ∈ ℝ ; −2 < 𝑥 < 2}; 

 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠: 

 



131 

 

 
 

𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑐𝑎𝑠𝑜𝑠, 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞     𝑜𝑢     lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜,𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 
𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 
𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑥 = −2 𝑒 𝑥 = 2 𝑠ã𝑜 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠. 𝑃𝑎𝑟𝑎 𝑖𝑠𝑠𝑜 𝑠ó 

𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 (𝑑𝑒𝑣𝑖𝑑𝑜 𝑎𝑜 𝐷(𝑓)) lim
𝑥→−2+

𝑓(𝑥)  𝑒 lim
𝑥→2−

𝑓(𝑥). 

 
∗ 𝑆𝑒 𝑥 → −2+ , 𝑒𝑛𝑡ã𝑜 4 − 𝑥2 → 0+ . 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,  
 

lim
𝑥→−2+

𝑓(𝑥) = lim
𝑥→−2+

1

√4− 𝑥2
= lim
𝑥→−2+

1

√(2− 𝑥)(2 + 𝑥)⏟          
↓

0+

= +∞ 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
∗ 𝑆𝑒 𝑥 → 2− , 𝑒𝑛𝑡ã𝑜 4 − 𝑥2 → 0+ . 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

1

√4− 𝑥2
= lim
𝑥→2−

1

√(2 − 𝑥)(2 + 𝑥)⏟          
↓

0+

= +∞ 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒, 
 

lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 ∈ (−2,2), 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝐼𝑚(𝑓) 𝑝𝑎𝑟𝑎 

𝑥 > 2 𝑜𝑢 𝑥 < −2. 𝐿𝑜𝑔𝑜, lim
𝑥→∞

𝑓(𝑥)∄. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝒏ã𝒐 𝒉á 𝒂𝒔𝒔í𝒏𝒕𝒐𝒕𝒂𝒔 𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒊𝒔 𝑛𝑜 

𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 
𝑏) lim

𝑥→
3𝜋
2

−
(2cos𝑥 . tg 𝑥) ; 

𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 

 
−1 ≤ cos𝑥 ≤ 1 

2−1 ≤ 2cos𝑥 ≤ 21 
 
∗ 𝑂𝑏𝑠: 𝑜 𝑠𝑒𝑛𝑡𝑖𝑑𝑜 𝑑𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑖𝑛𝑎𝑙𝑡𝑎𝑟𝑒𝑑𝑜 𝑝𝑜𝑟𝑞𝑢𝑒 𝑎 𝑏𝑎𝑠𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 
é 𝑚𝑎𝑖𝑜𝑟 𝑑𝑜 𝑞𝑢𝑒 1. 

1

2
≤ 2cos𝑥 ≤ 2 
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𝑆𝑒 𝑥 →
3𝜋

2

−

 𝑒𝑛𝑡ã𝑜 tg 𝑥 > 0. 𝐿𝑜𝑔𝑜, 

1

2
tg 𝑥 ≤ 2cos𝑥 . tg 𝑥 ≤ 2tg 𝑥 

 

𝑆𝑒𝑗𝑎 𝑓(𝑥) =
1

2
tg 𝑥 , 𝑔(𝑥) = 2cos𝑥 . tg 𝑥  𝑒 ℎ(𝑥) = 2 tg 𝑥 . 𝑆𝑒 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) 𝑞𝑢𝑎𝑛𝑑𝑜 

𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 
3𝜋

2
 𝑝𝑒𝑙𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑒 lim

𝑥→
3𝜋
2

− 𝑓(𝑥) = +∞ 𝑒 lim
𝑥→
3𝜋
2

− ℎ(𝑥) = +∞ 𝑒𝑛𝑡ã𝑜 

 lim
𝑥→
3𝜋
2

− 𝑔(𝑥) =  lim
𝑥→
3𝜋
2

−
(2cos𝑥 . tg 𝑥) = +∞. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑. 
 

𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑘 𝑎 𝑓𝑖𝑚 𝑑𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {

𝑥4 −16

2− 𝑥
, 𝑥 ≠ 2

𝑘2 +12𝑘, 𝑥 = 2

 

𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 
 
𝑅𝑒𝑒𝑠𝑐𝑟𝑒𝑣𝑒𝑛𝑑𝑜 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓… 

 

𝑥4 −16

2− 𝑥
=
(𝑥2 −4)(𝑥2 +4)

−(𝑥 − 2)
=
(𝑥 − 2)(𝑥 + 2)(𝑥2 +4)

−(𝑥 − 2)
 

 
𝐶𝑜𝑚𝑜 𝑒𝑠𝑠𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 é 𝑣á𝑙𝑖𝑑𝑎 ∀𝑥 ≠ 2, 𝑒𝑛𝑡ã𝑜 (𝑥 − 2) ≠ 0. 𝐿𝑜𝑔𝑜, 

 

𝑓(𝑥) = {
−(𝑥 + 2)(𝑥2 + 4),𝑥 ≠ 2

𝑘2 + 12𝑘, 𝑥 = 2
 

 
𝐴 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ,𝑝𝑜𝑟é𝑚, 𝑒𝑠𝑡𝑎 𝑓𝑢𝑛çã𝑜 é 𝑣á𝑙𝑖𝑑𝑎 𝑎𝑝𝑒𝑛𝑎𝑠 𝑝𝑎𝑟𝑎 

 𝑥 ≠ 2. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,2) ∪ (2,+∞).𝐷𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑎 
𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 2 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑛ú𝑚𝑒𝑟𝑜 a 𝑠𝑒,𝑠𝑜𝑚𝑒𝑛𝑡𝑒  𝑠𝑒, lim

𝑥→𝑎
𝑓(𝑥) = 𝑓(𝑎). 

𝑃𝑎𝑟𝑎 𝑖𝑠𝑠𝑜, 𝑓(𝑎) 𝑒 lim
𝑥→𝑎

𝑓(𝑥)𝑑𝑒𝑣𝑒𝑚 𝑒𝑥𝑖𝑠𝑡𝑖𝑟. 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑒𝑚 𝑥 = 2, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(2) = 𝑘2 +12𝑘 

lim
𝑥→2

𝑓(𝑥) = lim
𝑥→2
[−(𝑥 + 2)(𝑥2 +4)] = [lim

𝑥→2
−(𝑥 + 2)] × [ lim

𝑥→2 
(𝑥2+ 4)] = (−4)(8) = −32 

 
𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 2, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 lim

𝑥→2
𝑓(𝑥) = 𝑓(2). 

 
−32 = 𝑘2 +12𝑘 
𝑘2 + 12𝑘 + 32 = 0 
∆= 144 − 128 = 16 

𝑘 =
−12± 4

2
 ⇒ 𝑘 = −4 𝑒 𝑘 = −8 
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𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑘 = −4 𝑜𝑢 𝑘 = −8, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 2 𝑒, 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 𝑓 é 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,+∞),𝑜𝑢 𝑠𝑒𝑗𝑎,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑝𝑎𝑟𝑎 𝑘 = −4 𝑜𝑢 𝑘 = −8. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜cos𝑥 = 𝑥 

𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑒𝑚 ℝ. 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = cos𝑥 − 𝑥.𝐴 𝑓𝑢𝑛çã𝑜 𝑎𝑠𝑠𝑖𝑚 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 é 𝑢𝑚 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 

𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ.𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ.𝐴𝑖𝑛𝑑𝑎 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(0) = 1 𝑒  𝑓(𝜋) = −(1 + 𝜋). 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎  𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 
[0,𝜋] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(0) 𝑒 𝑓(𝜋), 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0,𝜋) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑥) = 0. 
𝑓(𝑥) = 0 ⇒ cos𝑥 − 𝑥 = 0 ∴ cos𝑥 = 𝑥, 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0, 𝜋), 𝑐𝑜𝑚 𝑥 ∈ ℝ. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒. 
 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) =
2𝑥 − 4

√𝑥2 −1
. 

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 < −1 𝑜𝑢 𝑥 > 1} 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒, 
 

 lim
𝑥→+∞

𝑓(𝑥) = 𝐿   𝑜𝑢  lim
𝑥→−∞

𝑓(𝑥) = 𝐿  

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

2𝑥 − 4

√𝑥2 −1
= lim
𝑥→+∞

2𝑥 − 4

√𝑥2 (1 −
1
𝑥2
)

= lim
𝑥→+∞

2𝑥 − 4

|𝑥|√1 −
1
𝑥2

 ; 

∗ 𝑆𝑒 𝑥 → +∞,𝑒𝑛𝑡ã𝑜 |𝑥| = 𝑥. 𝐿𝑜𝑔𝑜, 
 

lim
𝑥→+∞

2𝑥 − 4

|𝑥|√1−
1
𝑥2

− lim
𝑥→+∞

2𝑥 − 4

𝑥√1 −
1
𝑥2

= lim
𝑥→+∞

2 −
4
𝑥

√1−
1
𝑥2

=
lim
𝑥→+∞

2 − lim
𝑥→+∞

4
𝑥

√ lim
𝑥→+∞

1 − lim
𝑥→+∞

1
𝑥2

=
2 − 0

√1− 0
= 2. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

2𝑥 − 4

√𝑥2 −1
= lim
𝑥→−∞

2𝑥 − 4

√𝑥2 (1 −
1
𝑥2
)

= lim
𝑥→−∞

2𝑥 − 4

|𝑥|√1 −
1
𝑥2

; 

∗ 𝑆𝑒 𝑥 → −∞,𝑒𝑛𝑡ã𝑜 |𝑥| = −𝑥. 𝐿𝑜𝑔𝑜, 

 

lim
𝑥→−∞

2𝑥 − 4

|𝑥|√1−
1
𝑥2

= lim
𝑥→−∞

2𝑥 − 4

−𝑥√1 −
1
𝑥2

= lim
𝑥→−∞

−2 +
4
𝑥

√1 −
1
𝑥2

=
lim
𝑥→−∞

−2+ lim
𝑥→−∞

4
𝑥

√ lim
𝑥→−∞

1 − lim
𝑥→−∞

1
𝑥2

=
−2+ 0

√1− 0
= −2 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
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𝑏)𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2√𝑥 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,2) 

 

𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎 − 𝑠𝑒 𝑞𝑢𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 = (1,2) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 2√𝑥.𝐿𝑜𝑔𝑜,𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 
𝑎𝑛𝑔𝑢𝑙𝑎𝑟 m 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 1 é 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟: 
 

𝑚 = lim
𝑥→1

𝑓(𝑥)− 𝑓(1)

𝑥 − 1
= lim
𝑥→1

2√𝑥 − 2

𝑥 − 1
= lim
𝑥→1

2(√𝑥 − 1)

𝑥 − 1
= lim
𝑥→1

[
2(√𝑥 − 1)(√𝑥 + 1)

(𝑥 − 1)(√𝑥 + 1)
] = 

lim
𝑥→1

2(𝑥 − 1)

(𝑥 − 1)(√𝑥 + 1)
= lim
𝑥→1

2

√𝑥 + 1
=

2

√1+ 1
=
2

2
= 1. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,2) 𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 = 1: 

𝑦 − 2 = 1(𝑥 − 1) 
𝑦 = 𝑥 + 1  

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓. 
 
𝑎) 𝐸𝑠𝑡𝑢𝑑𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ⟦sen 𝑥⟧, 𝑠𝑒 𝑥 ∈ [0,𝜋]. 

 
∗ 𝑃𝑎𝑟𝑎 𝑥 ∈ [0, 𝜋], 𝑡𝑒𝑚𝑜𝑠 0 ≤ sen 𝑥 ≤ 1.𝐿𝑜𝑔𝑜, 

 

𝑓(𝑥) = ⟦sen 𝑥⟧ = {
0,   𝑠𝑒 𝑥 ≠

𝜋

2

1,   𝑠𝑒 𝑥 =
𝜋

2

     𝑥 ∈ [0,𝜋] 

 

𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 𝑥 ∈ [0,𝜋] 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑥 ≠
𝜋

2
, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 (0,
𝜋

2
) ∪ (

𝜋

2
, 𝜋) . 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 =

𝜋

2
, 𝑡𝑒𝑚𝑜𝑠 lim

𝑥→
𝜋
2

𝑓(𝑥) = 0 𝑒 

𝑓 (
𝜋

2
) = 1. 𝐶𝑜𝑚𝑜 lim

𝑥→
𝜋
2

𝑓(𝑥) ≠ 𝑓 (
𝜋

2
) , 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 

𝜋

2
 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 

𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (0,
𝜋

2
) ∪ (

𝜋

2
, 𝜋). 

 

𝑏) 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = tg 𝑥 − |tg 𝑥|, 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑒 𝑥 =
𝜋

2
. 

 

∗ 𝑃𝑎𝑟𝑎 𝑥 ∈ (0,
𝜋

2
) , tg 𝑥 > 0 𝑒 𝑝𝑎𝑟𝑎 𝑥 ∈ (

𝜋

2
, 𝜋) , tg 𝑥 < 0 

 

∗ 𝑆𝑒 𝑥 →
𝜋

2

−

, 𝑒𝑛𝑡ã𝑜 𝑥 <
𝜋

2
 , tg 𝑥 > 0 𝑒,𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, |tg 𝑥| = tg 𝑥 . 𝐿𝑜𝑔𝑜, 

 
lim
𝑥→
𝜋
2

−
𝑓(𝑥) = lim

𝑥→
𝜋
2

−
[tg 𝑥 − tg 𝑥] = lim

𝑥→
𝜋
2

−
0 = 0. 

 

∗ 𝑆𝑒 𝑥 →
𝜋

2

+

, 𝑒𝑛𝑡ã𝑜 𝑥 >
𝜋

2
, tg 𝑥 < 0 𝑒, 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, |tg 𝑥| = − tg 𝑥 .𝐿𝑜𝑔𝑜, 

 
lim
𝑥→
𝜋
2

+
𝑓(𝑥) = lim

𝑥→
𝜋
2

+
[tg 𝑥 + tg 𝑥] = lim

𝑥→
𝜋
2

+
2tg 𝑥 = −∞. 
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2.2 1ª Prova – 13 de Fevereiro de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 

 

𝑎) lim
𝑥→0

𝑥3.2− sen
(
1
𝑥
)
; 

 

𝑏) lim
𝑥→−1

|
𝑥2 − 𝑥 − 2

𝑥 + 1
|. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜𝑠 𝑔𝑟á𝑓𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥3 + 1

6𝑥2 −2𝑥3
. 

 
𝑏) 𝑁𝑎 𝑇𝑒𝑜𝑟𝑖𝑎 𝑑𝑎 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑖𝑑𝑎𝑑𝑒, 𝑎 𝑚𝑎𝑠𝑠𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑐𝑜𝑚 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑣 é 

𝑚 =
𝑚𝑜

√1 − 𝑣2 𝑐2⁄
 

𝑜𝑛𝑑𝑒 𝑚𝑜 é 𝑎 𝑚𝑎𝑠𝑠𝑎 𝑑𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑒𝑚 𝑟𝑒𝑝𝑜𝑢𝑠𝑜 𝑒 𝑐, 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑑𝑒 𝑑𝑎 𝑙𝑢𝑧. 𝑂 𝑞𝑢𝑒 
𝑎𝑐𝑜𝑛𝑡𝑒𝑐𝑒 𝑠𝑒 𝑣 → 𝑐−? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 
 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑚𝑎𝑖𝑜𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑜𝑢 𝑟𝑒𝑢𝑛𝑖ã𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠) 𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

𝑓(𝑥) = {

𝑥 + 5,   𝑥 < −3              

√9 − 𝑥2, −3 ≤ 𝑥 ≤ 3
3− 𝑥,   𝑥 > 3                   

 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜  
𝑓(𝑥) = 𝑥3 −9𝑥2 + 20𝑥 − 5 𝑝𝑜𝑠𝑠𝑢𝑖, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠,𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜 𝑑𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 =
√𝑥2 +1

3𝑥 − 2
. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑒 𝑡𝑜𝑑𝑎𝑠 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑐𝑜𝑚 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 -1  

𝑞𝑢𝑒 𝑠𝑒𝑗𝑎𝑚 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑦 =
1

𝑥 − 1
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 
 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 lim

𝑥→𝑎
(⟦𝑥⟧2 + ⟦𝑥2⟧) , 𝑛𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑎 = 2 𝑒 𝑎 = 1,5. 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→1

√𝑥
3 −1

√𝑥 − 1
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏.𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 
 

𝑎) lim
𝑥→0

𝑥3.2− sen
(
1
𝑥
)
; 

 

lim
𝑥→0

𝑥3.2−sen
(
1
𝑥
)
= lim
𝑥→0

𝑥3. (
1

2
)
sen(

1
𝑥
)

; 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 

 

−1 ≤ sen(
1

𝑥
) ≤ 1 

𝐶𝑜𝑚𝑜 0 <
1

2
< 1, 𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 (

1

2
)
sen(

1
𝑥
)

 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒. 𝐿𝑜𝑔𝑜, 𝑜 𝑠𝑖𝑛𝑎𝑙 

𝑑𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑒. 

(
1

2
)
−1

≥ (
1

2
)
sen(

1
𝑥
)

≥ (
1

2
)
1

 

𝑅𝑒𝑒𝑠𝑐𝑟𝑒𝑣𝑒𝑛𝑑𝑜 𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒, 

1

2
≤ (
1

2
)
sen(

1
𝑥
)

≤ 2 

∗ 𝑂𝑏𝑠: 𝑆𝑒 𝑥 → 0+ ,𝑥3 > 0 𝑒 𝑠𝑒 𝑥 → 0− ,𝑥3 < 0. 𝐸𝑛𝑡ã𝑜,  
 
1º 𝑐𝑎𝑠𝑜: 𝑥3 < 0.  𝐴 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑒 𝑛𝑜𝑣𝑎𝑚𝑒𝑛𝑡𝑒 𝑑𝑒 𝑠𝑒𝑛𝑡𝑖𝑑𝑜. 

1

2
𝑥3 ≥ 𝑥3 (

1

2
)
sen(

1
𝑥
)

≥ 2𝑥3 

2𝑥3 ≤ 𝑥3 (
1

2
)
sen(

1
𝑥
)

≤
1

2
𝑥3 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = 2𝑥3, 𝑔(𝑥) =  𝑥3 (
1

2
)
sen(

1
𝑥
)

 𝑒 ℎ(𝑥) =
1

2
𝑥3. 𝐸𝑛𝑡ã𝑜, 𝑠𝑒 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) 

𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 0 𝑝𝑒𝑙𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑒, lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

ℎ(𝑥) = 0, 𝑒𝑛𝑡ã𝑜 

lim
𝑥→0−

𝑔(𝑥) = 0. (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜) 

 
2º 𝑐𝑎𝑠𝑜: 𝑥3 > 0. 𝐴 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑎 𝑚𝑒𝑠𝑚𝑎. 

 
1

2
𝑥3 ≤ 𝑥3 (

1

2
)
sen(

1
𝑥
)

≤ 2𝑥3 

𝑆𝑒𝑗𝑎 𝑓(𝑥) =
1

2
𝑥3,𝑔(𝑥) =  𝑥3 (

1

2
)
sen(

1
𝑥
)

 𝑒 ℎ(𝑥) = 2𝑥3. 𝐸𝑛𝑡ã𝑜, 𝑠𝑒 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) 

𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑒 0 𝑝𝑒𝑙𝑎 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑒, lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

ℎ(𝑥) = 0, 𝑒𝑛𝑡ã𝑜  

lim
𝑥→0+

𝑔(𝑥) = 0. (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜) 

 
𝐶𝑜𝑚𝑜 lim

𝑥→0+
𝑔(𝑥) = lim

𝑥→0−
𝑔(𝑥) , 𝑒𝑛𝑡ã𝑜 lim

𝑥→0
𝑔(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim

𝑥→0
𝑔(𝑥) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

lim
𝑥→0

𝑥3. (
1

2
)
sen(

1
𝑥
)

= 0 
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𝑏) lim
𝑥→−1

|
𝑥2 − 𝑥 − 2

𝑥 + 1
|  ;  (𝑁𝑜 𝑓𝑖𝑛𝑎𝑙 𝑑𝑜 𝑎𝑟𝑞𝑢𝑖𝑣𝑜 𝑡𝑒𝑚 𝑎 𝑟𝑒𝑠𝑜𝑙𝑢çã𝑜 𝑚𝑎𝑖𝑠 𝑑𝑒𝑡𝑎𝑙ℎ𝑎𝑑𝑎) 

 

lim
𝑥→−1

|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = lim

𝑥→−1
|
(𝑥 + 1)(𝑥 − 2)

𝑥 + 1
| = lim

𝑥→−1

|𝑥 + 1|. |𝑥 − 2|

|𝑥 + 1|
 ; 

 
∗ 𝑆𝑒 𝑥 → −1, 𝑒𝑛𝑡ã𝑜 𝑥 ≠ −1 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑥 + 1 ≠ 0 ⇒ |𝑥 + 1| ≠ 0. 𝐿𝑜𝑔𝑜, 
  

lim
𝑥→−1

|𝑥 + 1|. |𝑥 − 2|

|𝑥 + 1|
= lim
𝑥→−1

|𝑥 − 2| = |−1− 2| = |−3| = 3.  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜𝑠 𝑔𝑟á𝑓𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥3 + 1

6𝑥2 −2𝑥3
 ; 

𝑓(𝑥) =
𝑥3 + 1

2𝑥2(3 − 𝑥)
 ;   𝐷(𝑓) = {𝑥 ∈ ℝ ; 𝑥 ≠ 0 𝑒 𝑥 ≠ 3} 𝑜𝑢 𝐷(𝑓) = ℝ− {0,3} 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 
 

lim
𝑥→𝑎+

𝑓(𝑥) = ±∞     𝑜𝑢      lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜,𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 

𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝐿𝑜𝑔𝑜,𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑚𝑜𝑠 lim
𝑥→0
𝑓(𝑥)  𝑒 lim

𝑥→3
𝑓(𝑥). 

 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

𝑥3 +1⏞    

1
↑

2𝑥2⏟
↓
0+

(3 − 𝑥)⏟    
↓
3

= lim
𝑥→0+

𝑥3 +1⏞    

1
↑

2𝑥2(3 − 𝑥)⏟      
↓
0+

= +∞ 

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑟𝑒𝑡𝑎 𝑥 = 0 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥). 
 

lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3+

𝑥3 +1⏞    

1
↑

2𝑥2⏟
↓
18

(3 − 𝑥)⏟    
↓
0−

= lim
𝑥→3+

𝑥3 +1⏞    

1
↑

2𝑥2(3 − 𝑥)⏟      
↓
0−

= −∞   

 
∗ 𝐿𝑜𝑔𝑜,𝑎 𝑟𝑒𝑡𝑎 𝑥 = 3 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥). 
 
𝑏) 𝑁𝑎 𝑇𝑒𝑜𝑟𝑖𝑎 𝑑𝑎 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑖𝑑𝑎𝑑𝑒, 𝑎 𝑚𝑎𝑠𝑠𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑐𝑜𝑚 𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑣 é 
 

𝑚 =
𝑚𝑜

√1 − 𝑣2 𝑐2⁄
 

𝑜𝑛𝑑𝑒 𝑚𝑜 é 𝑎 𝑚𝑎𝑠𝑠𝑎 𝑑𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑒𝑚 𝑟𝑒𝑝𝑜𝑢𝑠𝑜 𝑒 𝑐, 𝑎 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑑𝑒 𝑑𝑎 𝑙𝑢𝑧. 𝑂 𝑞𝑢𝑒 
𝑎𝑐𝑜𝑛𝑡𝑒𝑐𝑒 𝑠𝑒 𝑣 → 𝑐−? 
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lim
𝑣→𝑐−

𝑚 = lim
𝑣→𝑐−

𝑚𝑜

√1− 𝑣2 𝑐2⁄
 ; 

 

∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑣 → 𝑐− , 𝑒𝑛𝑡ã𝑜 
𝑣2

𝑐2
→ 1− . 𝐿𝑜𝑔𝑜,

𝑣2

𝑐2
< 1 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, (1 −

𝑣2

𝑐2
) → 0+ . 

lim
𝑣→𝑐−

𝑚𝑜

√1− 𝑣2 𝑐2⁄
= lim
𝑣→𝑐−

𝑚𝑜

√1 − 𝑣2 𝑐2⁄⏟        
↓

0+

= +∞ 

𝐶𝑜𝑛𝑐𝑙𝑢𝑠ã𝑜: 𝑄𝑢𝑎𝑛𝑑𝑜 𝑣 → 𝑐− 𝑎 𝑚𝑎𝑠𝑠𝑎 𝑑𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑠𝑒 𝑒𝑥𝑝𝑎𝑛𝑑𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑚𝑎𝑖𝑜𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑜𝑢 𝑟𝑒𝑢𝑛𝑖ã𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠) 𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

𝑓(𝑥) = {

𝑥 + 5,   𝑥 < −3              

√9 − 𝑥2, −3 ≤ 𝑥 ≤ 3
3− 𝑥,   𝑥 > 3                   

 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙, 𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎 𝑝𝑜𝑟 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒 𝑓𝑢𝑛çã𝑜 𝑟𝑎í𝑧, 
𝑐𝑎𝑑𝑎 𝑢𝑚𝑎 𝑑𝑒𝑠𝑠𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑚 𝑠𝑢𝑎𝑠 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟𝑖𝑑𝑎𝑑𝑒𝑠. 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑜𝑛𝑑𝑒 𝑐𝑎𝑑𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑓𝑜𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎, 𝑟𝑒𝑠𝑝𝑒𝑖𝑡𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡ã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎𝑠. 

 
𝐴𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑖𝑠 (𝑥+ 5) 𝑒 (3 − 𝑥) 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ.𝑃𝑜𝑟é𝑚, 𝑐𝑜𝑚𝑜 𝑒𝑠𝑡𝑎𝑠 
𝑓𝑢𝑛çõ𝑒𝑠 𝑠ã𝑜 𝑣á𝑙𝑖𝑑𝑎𝑠, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒, 𝑝𝑎𝑟𝑎 𝑥 ∈ (−∞,−3) 𝑒 𝑥 ∈ (3, +∞),𝑒𝑛𝑡ã𝑜 𝑓 

é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,−3) ∪ (3, +∞). 

 

𝐴 𝑓𝑢𝑛çã 𝑟𝑎í𝑧 √9− 𝑥2 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑒𝑚 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 𝐿𝑜𝑔𝑜, 
𝑒𝑠𝑠𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 (9 − 𝑥2) ≥ 0 ⇒ −3 ≤ 𝑥 ≤ 3. 𝐶𝑜𝑚𝑜 𝑒𝑠𝑡𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 

é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 ∈ [−3,3],𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−3,3). 
 
𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = −3 𝑒 𝑒𝑚 𝑥 = 3,𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) 
𝑚𝑢𝑑𝑎 𝑑𝑒 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜, 𝑡𝑒𝑚𝑜𝑠: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 a 𝑠𝑒,𝑠𝑜𝑚𝑒𝑛𝑡𝑒  𝑠𝑒, 
 

 lim
𝑥→𝑎

𝑓(𝑥) = 𝑓(𝑎) 

 
𝐸𝑚 𝑥 = −3, 𝑡𝑒𝑚𝑜𝑠: 

 

𝑓(−3) = √9− (−3)2 = √9− 9 = √0 = 0. 

lim
𝑥→−3−

𝑓(𝑥) = lim
𝑥→−3−

(𝑥 + 5) = 3+ 5 = 8 

lim
𝑥→−3+

𝑓(𝑥) = lim
𝑥→−3+

√9 − 𝑥2 = √9 − (= 3)2 = √9− 9 = √0 = 0. 

 
∗ 𝐶𝑜𝑚𝑜  lim

𝑥→−3+
𝑓(𝑥) ≠ lim

𝑥→−3−
𝑓(𝑥)  𝑒𝑛𝑡ã𝑜 lim

𝑥→−3
𝑓(𝑥) ∄. 

 
𝐿𝑜𝑔𝑜, 𝑓 𝑛ã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = −3.  
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𝐸𝑚 𝑥 = 3, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓(3) = √9 − (3)2 = √9− 9 = √0 = 0. 
lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→−3−

(3 − 𝑥) = 3 − 3 = 0 

lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3−

√9− 𝑥2 = √9− (3)2 = √9− 9 = √0 = 0. 

 
∗ 𝐶𝑜𝑚𝑜  lim

𝑥→3+
𝑓(𝑥) = lim

𝑥→3−
𝑓(𝑥)  𝑒𝑛𝑡ã𝑜 lim

𝑥→3
𝑓(𝑥) = 0.  𝑓(3) = lim

𝑥→3
𝑓(𝑥). 

𝐿𝑜𝑔𝑜, 𝑓  é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 3.  

 
𝑅𝑒𝑢𝑛𝑖𝑛𝑑𝑜 𝑜𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑑𝑜𝑠, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,−3) ∪ (−3,+∞). 
𝐸𝑠𝑠𝑎 é 𝑎 𝑚𝑎𝑖𝑜𝑟 𝑟𝑒𝑢𝑛𝑖ã𝑜 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎. 
 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜  
𝑓(𝑥) = 𝑥3 −9𝑥2 + 20𝑥 − 5 𝑝𝑜𝑠𝑠𝑢𝑖, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠, 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠. 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑝𝑎𝑟𝑎 𝑥 = {0,1,4} 𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(0) = 03 −9 × 02 + 20 × 0 − 5 = −5 ;                                                𝑓(0) = −5 

𝑓(1) = 13 −9 × 12 + 20 × 1 − 5 = 7     ;                                               𝑓(1) = 7 
𝑓(4) = 43 −9 × 42 + 20 × 4 − 5 = 64− 144 + 80 − 5 = −5;      𝑓(4) = −5  

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜𝑠 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑓𝑒𝑐ℎ𝑎𝑑𝑜𝑠 [0,1] 𝑒 [1,4] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(0) 𝑒 𝑓(1),𝑎𝑠𝑠𝑖𝑚 𝑐𝑜𝑚𝑜, 
𝑒𝑛𝑡𝑟𝑒 𝑓(1) 𝑒 𝑓(4),𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 c ∈ (0,1) 𝑒 𝑎𝑙𝑔𝑢𝑚 d ∈ (1,4) 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑐) = 0 

𝑒 𝑓(𝑑) = 0. 𝐿𝑜𝑔𝑜,𝑓 𝑝𝑜𝑠𝑠𝑢𝑖, 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠, 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 c 𝑒 d . 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜 𝑑𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 =
√𝑥2 +1

3𝑥 − 2
 ; 

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ 2 3⁄ } 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙: 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒 
𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑎𝑠𝑜𝑠: 

 
lim
𝑥→𝑎+

𝑓(𝑥) = ±∞     𝑜𝑢      lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜,𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 

𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝐿𝑜𝑔𝑜,𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑚𝑜𝑠 lim
𝑥→2 3⁄

𝑓(𝑥). 

lim
𝑥→
2
3

+
𝑓(𝑥) = lim

𝑥→
2
3

+

√𝑥2+ 1
⏞    

√13
3⁄

↑

3𝑥 − 2⏟  
↓
0+

= +∞ 

∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 2 3⁄ + , 𝑒𝑛𝑡ã𝑜 𝑥 > 2 3⁄ . 𝐿𝑜𝑔𝑜,3𝑥 − 2 > 0. 
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𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 2 3⁄  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙: 
 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 
𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠  𝑐𝑎𝑠𝑜𝑠: 

lim
𝑥→+∞

𝑓(𝑥) = 𝐿   𝑜𝑢    lim
𝑥→−∞

𝑓(𝑥) = 𝐿  

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

√𝑥2 +1

3𝑥 − 2
= lim
𝑥→+∞

√𝑥2 (1 +
1
𝑥2
)

3𝑥 − 2
= lim
𝑥→+∞

|𝑥|√1 +
1
𝑥2

3𝑥 − 2
 ; 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → +∞,𝑒𝑛𝑡ã𝑜 |𝑥| = 𝑥. 
  

lim
𝑥→+∞

|𝑥|√1 +
1
𝑥2

3𝑥 − 2
= lim
𝑥→+∞

𝑥√1 +
1
𝑥2

3𝑥 − 2
= lim
𝑥→+∞

√1+
1
𝑥2

3 −
2
𝑥

=
lim
𝑥→+∞

√1+
1
𝑥2

lim
𝑥→+∞

(3 −
2
𝑥)
= 

√ lim
𝑥→+∞

1 + lim
𝑥→+∞

1
𝑥2

lim
𝑥→+∞

3 − lim
𝑥→+∞

2
𝑥

=
√1+ 0

3 − 0
=
√1

3
=
1

3
. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 1 3⁄  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

√𝑥2 +1

3𝑥 − 2
= lim
𝑥→−∞

√𝑥2 (1 +
1
𝑥2
)

3𝑥 − 2
= lim
𝑥→−∞

|𝑥|√1 +
1
𝑥2

3𝑥 − 2
 ; 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → +∞,𝑒𝑛𝑡ã𝑜 |𝑥| = −𝑥. 
  

lim
𝑥→−∞

|𝑥|√1 +
1
𝑥2

3𝑥 − 2
= lim
𝑥→−∞

−𝑥√1 +
1
𝑥2

3𝑥 − 2
= lim
𝑥→−∞

√1 +
1
𝑥2

−3 +
2
𝑥

=
lim
𝑥→−∞

√1+
1
𝑥2

lim
𝑥→−∞

(−3+
2
𝑥)
= 

√ lim
𝑥→−∞

1 + lim
𝑥→−∞

1
𝑥2

lim
𝑥→−∞

−3+ lim
𝑥→−∞

2
𝑥

=
√1+ 0

−3 + 0
=
√1

−3
= −

1

3
. 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = − 1 3⁄  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜 𝑑𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑒 𝑓(𝑥) 𝑠ã𝑜 ∶ 𝐴 = (
2

3
,
1

3
)  𝑒 𝐵 = (

2

3
, −
1

3
). 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑒 𝑡𝑜𝑑𝑎𝑠 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑐𝑜𝑚 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 -1 

𝑞𝑢𝑒 𝑠𝑒𝑗𝑎𝑚 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑦 =
1

𝑥 − 1
. 
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𝑃𝑟𝑒𝑐𝑖𝑠𝑎𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟, 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 =
1

𝑥 − 1
 𝑜𝑛𝑑𝑒 𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 = −1. 
 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑢𝑚𝑎 𝑐𝑢𝑟𝑣𝑎 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎 
𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛𝑎𝑞𝑢𝑒𝑙𝑒 𝑝𝑜𝑛𝑡𝑜.𝐿𝑜𝑔𝑜, 

 

𝑦′ = lim
∆𝑥→0

𝑦(𝑥 + ∆𝑥)− 𝑦(𝑥)

∆𝑥
= lim
∆𝑥→0

1
𝑥 + ∆𝑥 − 1 −

1
𝑥 − 1

∆𝑥
= lim
∆𝑥→0

𝑥 − 1− (𝑥 + ∆𝑥 − 1)

∆𝑥(𝑥+ ∆𝑥 − 1)(𝑥 − 1)
= 

lim
∆𝑥→0

𝑥 − 1− 𝑥 − ∆𝑥 + 1

∆𝑥(𝑥 + ∆𝑥 − 1)(𝑥 − 1)
= lim
∆𝑥→0

−∆𝑥

∆𝑥(𝑥 + ∆𝑥 − 1)(𝑥 − 1)
= lim
∆𝑥→0

−1

(𝑥 + ∆𝑥 − 1)(𝑥 − 1)
= 

−1

(𝑥 − 1)2
  ∴    𝑦′ = −

1

(𝑥 − 1)2
. 

 
∗ 𝑂𝑛𝑑𝑒 𝑦′ = −1? 
  

−
1

(𝑥 − 1)2
= −1 ⇒ (𝑥 − 1)2 = 1 ∴ 𝑥 = 0 𝑒 𝑥 = 2. 

 
𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑠𝑢𝑖 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 − 1: 𝐴 = (0, −1) 𝑒 𝐵 = (2,1). 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 𝑒 𝐵: 

 
𝑦1 − (−1) = −1(𝑥 − 0)          𝑦2 − 1 = −1(𝑥 − 2) 

                       𝑦1 = −𝑥 − 1                 𝑦2 = −𝑥 + 3                      
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 lim

𝑥→𝑎
(⟦𝑥⟧2 + ⟦𝑥2⟧) , 𝑛𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑎 = 2 𝑒 𝑎 = 1,5. 

  

lim
𝑥→2
(⟦𝑥⟧2 + ⟦𝑥2⟧) ; 𝐶𝑜𝑚𝑜 𝑥 = 2 ∈ ℤ 𝑣𝑎𝑚𝑜𝑠 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠! 

 
lim
𝑥→2+

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→2+

⟦𝑥⟧2 + lim
𝑥→2+

⟦𝑥2⟧ ; 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 2+ , 𝑒𝑛𝑡ã𝑜 ⟦𝑥⟧ = 2, 𝑥2 → 4+ 𝑒 ,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,⟦𝑥2⟧ = 4. 𝐿𝑜𝑔𝑜, 
  
lim
𝑥→2+

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→2+

⟦𝑥⟧2 + lim
𝑥→2+

⟦𝑥2⟧ = 22 + 4 = 4 + 4 = 8. 

− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− − 
lim
𝑥→2−

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→2−

⟦𝑥⟧2 + lim
𝑥→2+

⟦𝑥2⟧ ;  

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 2− , 𝑒𝑛𝑡ã𝑜 ⟦𝑥⟧ = 1, 𝑥2 → 4− 𝑒 ,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,⟦𝑥2⟧ = 3. 𝐿𝑜𝑔𝑜, 
  

lim
𝑥→2−

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→2−

⟦𝑥⟧2 + lim
𝑥→2−

⟦𝑥2⟧ = 12 + 3 = 1 + 3 = 4. 

 
𝐶𝑜𝑚𝑜 lim

𝑥→2+
(⟦𝑥⟧2 + ⟦𝑥2⟧) ≠ lim

𝑥→2−
(⟦𝑥⟧2 + ⟦𝑥2⟧)  𝑒𝑛𝑡ã𝑜 lim

𝑥→2
(⟦𝑥⟧2 + ⟦𝑥2⟧) ∄.  
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lim
𝑥→1,5

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→1,5

⟦𝑥⟧2 + lim
𝑥→1,5

⟦𝑥2⟧ ; 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 1,5, 𝑒𝑛𝑡ã𝑜 ⟦𝑥⟧ = 1, 𝑥2 → 2,25 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,⟦𝑥2⟧ = 2. 𝐿𝑜𝑔𝑜, 
  
lim
𝑥→1,5

(⟦𝑥⟧2 + ⟦𝑥2⟧) = lim
𝑥→1,5

⟦𝑥⟧2 + lim
𝑥→1,5

⟦𝑥2⟧ = 12 +2 = 1+ 2 = 3. 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→1

√𝑥
3 − 1

√𝑥 − 1
 ; 

 

lim
𝑥→1

√𝑥
3 − 1

√𝑥 − 1
= lim
𝑥→1
[
√𝑥
3 − 1

√𝑥 − 1
.
√𝑥 + 1

√𝑥 + 1
.
√𝑥2
3

+ √𝑥
3 +1

√𝑥2
3

+ √𝑥
3 +1

] = lim
𝑥→1

(𝑥 − 1)(√𝑥 + 1)

(𝑥 − 1)(√𝑥2
3

+ √𝑥
3 + 1)

 ; 

 
∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → 1, 𝑒𝑛𝑡ã𝑜 𝑥 ≠ 1. 𝐿𝑜𝑔𝑜, (𝑥 − 1) ≠ 0. 
 

lim
𝑥→1

(𝑥 − 1)(√𝑥 + 1)

(𝑥 − 1)(√𝑥2
3

+ √𝑥
3 +1)

= lim
𝑥→1

√𝑥+ 1

√𝑥2
3

+ √𝑥
3 + 1

=
lim
𝑥→1

√𝑥 + lim
𝑥→1

1

lim
𝑥→1

√𝑥2
3

+ lim
𝑥→1

√𝑥
3 + lim

𝑥→1
1
= 

√1+ 1

√12
3

+ √1
3 +1

=
1+ 1

1+ 1+ 1
=
2

3
. 

 
− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− − 

 
𝐷𝐸𝑇𝐴𝐿𝐻𝐴𝑀𝐸𝑁𝑇𝑂 𝐷𝐴 𝑄𝑈𝐸𝑆𝑇Ã𝑂 1 𝐼𝑇𝐸𝑀 b 
 

lim
𝑥→−1

|
𝑥2 − 𝑥 − 2

𝑥 + 1
| 

 
𝐻á 3 𝑓𝑜𝑟𝑚𝑎𝑠 𝑑𝑒 𝑟𝑒𝑠𝑜𝑙𝑣𝑒𝑟 𝑒𝑠𝑠𝑒 𝑙𝑖𝑚𝑖𝑡𝑒 𝑐𝑢𝑗𝑎 𝑓𝑢𝑛çã𝑜 é 𝑚𝑜𝑑𝑢𝑙𝑎𝑟.𝐴 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑙𝑎𝑠 é 
𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 |𝑥2 −𝑥 − 2| 𝑒 |𝑥 + 1| 𝑠𝑒𝑝𝑎𝑟𝑎𝑑𝑎𝑚𝑒𝑛𝑡𝑒 𝑒, 𝑜𝑏𝑟𝑖𝑔𝑎𝑡𝑜𝑟𝑖𝑎𝑚𝑒𝑛𝑡𝑒, 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟  

𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑚 𝑥 = −1; 𝐴 𝑠𝑒𝑔𝑢𝑛𝑑𝑎, 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑐𝑎𝑟 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑒, 
𝑎𝑖𝑛𝑑𝑎 𝑎𝑠𝑠𝑖𝑚, 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 𝑜𝑠 𝑙𝑖𝑚𝑖𝑡𝑒𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠, 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒: 
 

|𝑥 + 1| = {
𝑥 + 1, 𝑥 ≥ −1
−(𝑥 + 1),   𝑥 < −1

, 𝑝𝑜𝑟é𝑚, 𝑡𝑒𝑚𝑜𝑠 |
𝑥 + 1

𝑥 + 1
| = 1, 𝑥 ≠ −1. 

 
𝐴 𝑡𝑒𝑟𝑐𝑒𝑖𝑟𝑎 𝑓𝑜𝑟𝑚𝑎 𝑓𝑜𝑖 𝑎𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑛𝑑𝑎 𝑛𝑜 𝑖𝑛í𝑐𝑖𝑜 𝑑𝑎 𝑟𝑒𝑠𝑜𝑙𝑢çã𝑜 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑓𝑎𝑡𝑜𝑟 
|𝑥 + 1| 𝑛ã𝑜 𝑛𝑢𝑙𝑜,𝑝𝑜𝑖𝑠 |𝑥 + 1| → 0, 𝑙𝑜𝑔𝑜 |𝑥+ 1| ≠ 0.  

 
1º) 

lim
𝑥→−1

|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = lim

𝑥→−1

|𝑥2 − 𝑥 − 2|

|𝑥 + 1|
 ; 

 

∗ |𝑥2 −𝑥 − 2| = {
𝑥2 − 𝑥 − 2, 𝑥 ≤ −1 𝑜𝑢 𝑥 ≥ 2

−(𝑥2 − 𝑥 − 2), −1 < 𝑥 < 2
 ; 

 

∗ |𝑥 + 1| = {
𝑥 + 1,   𝑥 ≥ −1

−(𝑥 + 1),   𝑥 < −1
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∗ 𝑆𝑒 𝑥 → −1+ , 𝑒𝑛𝑡ã𝑜 𝑥 > −1. 𝐿𝑜𝑔𝑜, |𝑥2 −𝑥 − 2| = −(𝑥2 − 𝑥 − 2) 𝑒 |𝑥 + 1| = (𝑥 + 1). 
 

lim
𝑥→−1+

|𝑥2 −𝑥 − 2|

|𝑥 + 1|
= lim
𝑥→−1+

−(𝑥2 − 𝑥 − 2)

𝑥 + 1
= lim
𝑥→−1+

−(𝑥 + 1)(𝑥 − 2)

(𝑥 + 1)
= lim
𝑥→−1+

−(𝑥 − 2) 

= −(−1− 2) = −(−3) = 3. 

 
∗ 𝑆𝑒 𝑥 → −1− , 𝑒𝑛𝑡ã𝑜 𝑥 < −1. 𝐿𝑜𝑔𝑜, |𝑥2 −𝑥 − 2| = (𝑥2 −𝑥 − 2) 𝑒 |𝑥 + 1| = −(𝑥 + 1). 

 

lim
𝑥→−1+

|𝑥2 −𝑥 − 2|

|𝑥 + 1|
= lim
𝑥→−1+

𝑥2 − 𝑥 − 2

−(𝑥 + 1)
= lim
𝑥→−1+

(𝑥 + 1)(𝑥 − 2)

−(𝑥 + 1)
= lim
𝑥→−1+

−(𝑥 − 2) 

= −(−1− 2) = −(−3) = 3. 

 

𝐶𝑜𝑚𝑜 lim
𝑥→−1+

|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = lim

𝑥→−1−
|
𝑥2 − 𝑥 − 2

𝑥 + 1
|  𝑒𝑛𝑡ã𝑜 lim

𝑥→−1
|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = 3. 

 
− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− 

 

2º) lim
𝑥→−1

|
𝑥2 −𝑥 − 2

𝑥 + 1
| = lim

𝑥→−1

|𝑥 + 1||𝑥 − 2|

|𝑥 + 1|
; 

 

∗ |𝑥 + 1| = {
𝑥 + 1,   𝑥 ≥ −1

−(𝑥 + 1),   𝑥 < −1
; 

∗ |𝑥 − 2| = {
𝑥 − 2,   𝑥 ≥ 2

−(𝑥 − 2),   𝑥 < 2
 ; 

 
∗ 𝑆𝑒 𝑥 → −1+ , 𝑒𝑛𝑡ã𝑜 𝑥 > −1. 𝐿𝑜𝑔𝑜, |𝑥 + 1| = (𝑥 + 1) 𝑒 |𝑥− 2| = −(𝑥 − 2); 
  

lim
𝑥→−1+

|𝑥 + 1||𝑥 − 2|

|𝑥 + 1|
= lim
𝑥→−1+

(𝑥 + 1)[−(𝑥 − 2)]

(𝑥 + 1)
= lim
𝑥→−1+

−(𝑥 + 1)(𝑥 − 2)

(𝑥 + 1)
= 

lim
𝑥→−1+

−(𝑥 − 2) = −(−1− 2) = −(−3) = 3. 

 
∗ 𝑆𝑒 𝑥 → −1− , 𝑒𝑛𝑡ã𝑜 𝑥 < −1. 𝐿𝑜𝑔𝑜, |𝑥 + 1| = −(𝑥 + 1) 𝑒 |𝑥− 2| = −(𝑥 − 2); 
  

lim
𝑥→−1−

|𝑥 + 1||𝑥 − 2|

|𝑥 + 1|
= lim
𝑥→−1−

[−(𝑥 + 1)][−(𝑥 − 2)]

−(𝑥 + 1)
= lim
𝑥→−1−

(𝑥 + 1)(𝑥 − 2)

−(𝑥 + 1)
= 

lim
𝑥→−1−

−(𝑥 − 2) = −(−1− 2) = −(−3) = 3. 

 

𝐶𝑜𝑚𝑜 lim
𝑥→−1+

|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = lim

𝑥→−1−
|
𝑥2 − 𝑥 − 2

𝑥 + 1
|  𝑒𝑛𝑡ã𝑜 lim

𝑥→−1
|
𝑥2 − 𝑥 − 2

𝑥 + 1
| = 3. 
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2.3 2ª Prova – 11 de Março de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝑃𝑎𝑟𝑎 𝑞𝑢𝑎𝑖𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 m 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
sen(2𝑥) , 𝑥 ≤ 0
𝑚𝑥, 𝑥 > 0

 é 

𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙? 
 
𝑏) 𝑂𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑒𝑙𝑖𝑝𝑠𝑒 𝑥2 − 𝑥𝑦+ 𝑦2 = 3, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (−1,1) 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 

𝑒𝑙𝑖𝑝𝑠𝑒 𝑢𝑚𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑣𝑒𝑧? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝑦(𝑡) 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑦2 +𝑘𝑦 = 0, 𝑜𝑛𝑑𝑒 𝑘 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑡𝑜𝑑𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 

𝑏) 𝐴 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥𝑒
−𝑥2

, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠. 𝐷ê 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 
𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑒 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑜𝑟 𝑒𝑠𝑠𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝑆𝑒 𝑓(𝑥) = 2 cos𝑥 + cos2 𝑥 , 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 
𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = arccos(sec(ln 𝑥))  𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→∞

(1 +
2

3𝑥
)

4𝑥
5
; 

 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 3
ln 𝑥
𝑥 , 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑓(𝑥) =
2𝑥(cotg𝑥)3√𝑥

(𝑥3− 1)5
. 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
ℎ→0

arcsec(2 + ℎ) − arcsec(2)

ℎ
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝑃𝑎𝑟𝑎 𝑞𝑢𝑎𝑖𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 m 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
sen(2𝑥) , 𝑥 ≤ 0
𝑚𝑥, 𝑥 > 0

 é 

𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙? 
 
𝐴 𝑝𝑟𝑖𝑜𝑟𝑖,𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑓𝑢𝑛çã𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 

𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎 𝑐𝑜𝑚 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 
𝑙𝑖𝑛𝑒𝑎𝑟, 𝑐𝑜𝑚𝑜 𝑒𝑠𝑠𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 
é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (−∞,0) ∪ (0,+∞). 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0, 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 

𝑥 = 0. 𝐿𝑜𝑔𝑜, 
 
𝑓(0) = sen(2 × 0) = sen(0) = 0. 
lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

𝑚𝑥 = 𝑚 lim
𝑥→0+

𝑥 = 𝑚 × 0 = 0. 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

sen(2𝑥) = sen(0) = 0 

∴ lim
𝑥→0
𝑓(𝑥) = 0 ,𝑒 𝑎𝑖𝑛𝑑𝑎, lim

𝑥→0
𝑓(𝑥) = 𝑓(0).𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

 

𝑓−
′(0) = lim

𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim
𝑥→0−

sen(2𝑥) − 0

𝑥 − 0
= lim
𝑥→0−

sen(2𝑥)

𝑥
.
2

2
= lim
𝑥→0−

2sen(2𝑥)

2𝑥
; 

  

lim
𝑥→0−

2 sen(2𝑥)

2𝑥
= lim
𝑥→0−

2 × lim
𝑥→0−

sen(2𝑥)

2𝑥
= 2 × 1 = 2. 

 

∗ 𝑂𝑏𝑠: 𝐿𝑖𝑚𝑖𝑡𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜 lim
𝑥→0

sen(𝑘𝑥)

𝑘𝑥
= 1  

 

𝑓+
′ (0) = lim

𝑥→0+

𝑓(𝑥)− 𝑓(0)

𝑥 − 0
= lim
𝑥→0+

𝑓(𝑥)− 𝑓(0)

𝑥 − 0
= lim
𝑥→0+

𝑚𝑥 − 0

𝑥 − 0
= lim
𝑥→0+

𝑚𝑥

𝑥
= 𝑚. 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0, 𝑓−

′(0) = 𝑓+
′ (0).𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑚 = 2. 

𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑚 = 2 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 
 
𝑏) 𝑂𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑒𝑙𝑖𝑝𝑠𝑒 𝑥2 − 𝑥𝑦+ 𝑦2 = 3, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (−1,1) 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 

𝑒𝑙𝑖𝑝𝑠𝑒 𝑢𝑚𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑣𝑒𝑧?   𝑃𝑜𝑛𝑡𝑜 𝑃 = (−1,1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎! 
 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 à 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑒𝑙𝑖𝑝𝑠𝑒, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑥
(𝑥2) −

𝑑

𝑑𝑥
(𝑥𝑦) +

𝑑

𝑑𝑥
(𝑦2) =

𝑑

𝑑𝑥
(3) 

2𝑥 − 𝑦 − 𝑥𝑦′ +2𝑦𝑦′ = 0 

𝑦′(2𝑦 − 𝑥) = −(2𝑥 − 𝑦) 

𝑦′ = −
2𝑥 − 𝑦

2𝑦 − 𝑥
 

𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 (−1,1),𝑦(−1,1)
′ = −

(−2) − 1

2 − (−1)
= −

(−3)

3
= 1. 𝐸𝑠𝑠𝑒 é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 

𝑚1 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑃.𝐶𝑜𝑚𝑜 𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠ã𝑜 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟𝑒𝑠 
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𝑒𝑛𝑡ã𝑜 𝑚1.𝑚2 = −1.  𝐿𝑜𝑔𝑜,𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 é 𝑚 = −1. 
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙: 

𝑦 − 1 = −1(𝑥 + 1) 
𝑦 = −𝑥 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑒𝑙𝑖𝑝𝑠𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑥2 − 𝑥(−𝑥)+ (−𝑥)2 = 3 

𝑥2 +𝑥2 + 𝑥2 = 3 

3𝑥2 = 3 

𝑥2 = 1 
𝑥 = ±1 

 
𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜: 𝑃 = (−1,1) 𝑒 𝐴 = (1, −1). 
 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 (−1,1) 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑎 𝑒𝑙𝑖𝑝𝑠𝑒 𝑢𝑚𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑣𝑒𝑧 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 

𝐴 = (1, −1).  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝑦(𝑡) 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑦2 +𝑘𝑦 = 0, 𝑜𝑛𝑑𝑒 𝑘 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑡𝑜𝑑𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝑀𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑡𝑜𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑦(𝑡) é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 

ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙, é 𝑝𝑟𝑜𝑣𝑎𝑟 𝑞𝑢𝑒 𝑦′(𝑡) = 0 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑡 ∈ 𝐷(𝑦) (𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑦). 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎𝑑𝑎 𝑎𝑐𝑖𝑚𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑡
(𝑦2) +

𝑑

𝑑𝑡
(𝑘𝑦) =

𝑑

𝑑𝑡
(0) 

 
2𝑦(𝑡). 𝑦′(𝑡) + 𝑘. 𝑦′(𝑡) = 0 

 
𝑦′(𝑡)[2𝑦(𝑡) + 𝑘] = 0 

𝑦′(𝑡) = 0 𝑜𝑢 𝑦(𝑡) = −
𝑘

2
 

𝑆𝑒 𝑦(𝑡) = −
𝑘

2
, 𝑜𝑛𝑑𝑒 𝑘 é 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒, 𝑒𝑛𝑡ã𝑜 𝑦′(𝑡) = 0,𝑐𝑜𝑛𝑓𝑖𝑟𝑚𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 

𝑠𝑜𝑙𝑢çã𝑜 𝑎𝑐𝑖𝑚𝑎. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑦′(𝑡) = 0, ∀𝑡 ∈ 𝐷(𝑦). 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑡𝑜𝑑𝑎 
𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦(𝑡) é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙.   
 

𝑏) 𝐴 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥𝑒
−𝑥2

, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠. 𝐷ê 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 
𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑒 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑜𝑟 𝑒𝑠𝑠𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜.    𝑓(1) = 1 ↷ 𝑃 = (1,1)  
 

𝑓(𝑥) = 𝑥𝑒
−𝑥2

 

ln 𝑓(𝑥) = ln 𝑥𝑒
−𝑥2

 

ln 𝑓(𝑥) = 𝑒−𝑥
2
. ln 𝑥 
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𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 
𝑓 ′(𝑥)

𝑓(𝑥)
= (−2𝑥)𝑒−𝑥

2
. ln 𝑥 + 𝑒−𝑥

2
.
1

𝑥
 

𝑓 ′(𝑥) = 𝑓(𝑥) [−2𝑥. 𝑒−𝑥
2
. ln 𝑥 +

𝑒−𝑥
2

𝑥
] 

𝑓 ′(1) = 𝑓(1) [−2.𝑒−1 . ln 1 +
𝑒−1

1
] 

𝑓 ′(1) =
1

𝑒
 (𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑚1 𝑒𝑚 𝑥 = 1) 

 

𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑚2 = −
1

𝑚1
= −𝑒. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙: 

𝑦 − 1 = −𝑒(𝑥 − 1) 
𝑦 = −𝑒𝑥 + 𝑒 + 1 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐çã𝑜 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠  (𝑦 = 0): 
 

0 = −𝑒𝑥 + 𝑒 + 1 

𝑥 =
𝑒 + 1

𝑒
 ; 𝑝𝑜𝑛𝑡𝑜 (

𝑒 + 1

𝑒
, 0) 

𝑅𝑒𝑡𝑎 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑜𝑟 𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 é 𝑎 𝑟𝑒𝑡𝑎 𝑥 =
𝑒+ 1

𝑒
. 

  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝑆𝑒 𝑓(𝑥) = 2 cos𝑥 + cos2 𝑥 , 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 
𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝐴 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
 
𝑓 ′(𝑥) = −2sen𝑥 − 2 sen𝑥 cos𝑥 

𝑓 ′(𝑥) = −2sen𝑥 (1 + cos𝑥) 

𝑓 ′(𝑥) = 0 ⇒ {
sen𝑥 = 0
𝑜𝑢

cos𝑥 = −1

∴ 𝑥1 = 𝑘𝜋  𝑒 𝑥2 = 𝜋 + 2𝑘𝜋, 𝑐𝑜𝑚 𝑘 ∈ ℤ . 

 
𝑂𝑏𝑠𝑒𝑟𝑣𝑒 𝑞𝑢𝑒 𝑥2 ⊂ 𝑥1.𝐿𝑜𝑔𝑜, 𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑔𝑒𝑟𝑎𝑙 é 𝑥1 = 𝑘𝜋, 𝑐𝑜𝑚 𝑘 ∈ ℤ. 
𝑓(𝑥1) = −1 ⟹ 𝑃𝑜𝑛𝑡𝑜𝑠 (𝑘𝜋, −1) 𝑐𝑜𝑚 𝑘 = 2𝑛 + 1, 𝑛 ∈ ℤ (𝑘 é í𝑚𝑝𝑎𝑟) 
𝑓(𝑥1) = 3⟹ 𝑃𝑜𝑛𝑡𝑜𝑠 (𝑘𝜋, 3) 𝑐𝑜𝑚 𝑘 = 2𝑛, 𝑛 ∈ ℤ (𝑘 é 𝑝𝑎𝑟) 

 
𝐸𝑠𝑠𝑒𝑠 𝑠ã𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
  
𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = arccos(sec(ln 𝑥))  𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙. 
 
𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑚𝑜𝑠 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑐𝑜𝑚 𝑎𝑡𝑒𝑛çã𝑜‼! 
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1º) ln 𝑥  𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑎𝑟𝑎 𝑥 > 0; 
2º) |sec𝑥| ≥ 1, 𝑜𝑢 𝑠𝑒𝑗𝑎, sec𝑥 ≥ 1 𝑜𝑢 sec𝑥 ≤ −1, 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ. 
3º)𝐷(arccos𝑥) = {𝑥 ∈ ℝ;−1 ≤ 𝑥 ≤ 1} 

 
𝐶𝑜𝑚𝑝𝑜𝑛𝑑𝑜 𝑎𝑠 3 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠 𝑎𝑐𝑖𝑚𝑎, 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑞𝑢𝑒 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 
𝑓 é 𝑟𝑒𝑠𝑡𝑟𝑖𝑡𝑜 à 𝑓𝑢𝑛çã𝑜 ln 𝑥 , 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑥 > 0. 𝑃𝑜𝑟é𝑚,𝑎 𝑓𝑢𝑛çã𝑜 sec𝑥  𝑝𝑜𝑠𝑠𝑢𝑖 𝑖𝑚𝑎𝑔𝑒𝑚 

𝐼𝑚(sec𝑥) = (−∞,−1] ∪ [1,+∞) 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑓𝑢𝑛çã𝑜 arccos(sec(ln 𝑥))  𝑠ó 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑣𝑎𝑙𝑜𝑟 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑎𝑟𝑎 𝑥 ∈ ℝ 𝑡𝑎𝑙 𝑞𝑢𝑒sec(ln 𝑥) = ±1. 

 
𝐸𝑠𝑠𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑝𝑒𝑟𝑚𝑖𝑡𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 𝑓 𝑛ã𝑜 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑥 ∈ ℝ. 
 
∗ 𝑂𝑏𝑠: 𝐴 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑑𝑎 𝑝𝑜𝑟 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑜𝑠, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑎𝑙𝑔𝑢𝑚 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑏𝑒𝑟𝑡𝑜.𝐿𝑜𝑔𝑜,𝑛ã𝑜 ℎá 𝑛𝑒𝑐𝑒𝑠𝑠𝑖𝑑𝑎𝑑𝑒 

𝑒𝑚 𝑑𝑒𝑟𝑖𝑣𝑎𝑟 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 𝑓 é 𝑑𝑒𝑠𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 
 
𝑃𝑎𝑟𝑎 𝑑𝑒𝑖𝑥𝑎𝑟 𝑚𝑎𝑖𝑠 𝑐𝑙𝑎𝑟𝑎 𝑒𝑠𝑠𝑎 𝑒𝑥𝑝𝑙𝑖𝑐𝑎çã𝑜… 

 

𝑓 ′(𝑥) = −
1

√1 − sec2(ln𝑥)
. sec(ln 𝑥) . tg(ln 𝑥) .

1

𝑥
 

 
𝐿𝑒𝑚𝑏𝑟𝑒𝑚𝑜𝑠 𝑞𝑢𝑒sec2(ln𝑥) ≥ 1,𝑑𝑒𝑠𝑑𝑒  𝑞𝑢𝑒 𝑒𝑠𝑡𝑒𝑗𝑎 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑝𝑎𝑟𝑎 𝑥 > 0. 
𝐸 𝑐𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑞𝑢𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑓 ′(𝑥) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒! 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 
𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑥 ∈ 𝐷(𝑓).  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→∞

(1 +
2

3𝑥
)

4𝑥
5
; 

 

∗ 𝐹𝑎ç𝑎𝑚𝑜𝑠 𝑎 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖çã𝑜 𝑥 =
2

3
𝑛. 𝑆𝑒 𝑥 → ∞, 𝑒𝑛𝑡ã𝑜 𝑛 → ∞. 𝐴𝑗𝑢𝑠𝑡𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒… 

lim
𝑥→∞

(1 +
2

3𝑥
)

4𝑥
5
= lim
𝑛→∞

(1 +
1

𝑛
)

8
15𝑛

= lim
𝑛→∞

[(1 +
1

𝑛
)
𝑛

]

8
15

= [ lim
𝑛→∞

(1 +
1

𝑛
)
𝑛

]

8
15

= 

[ lim
𝑛→∞

(1 +
1

𝑛
)
𝑛

]

8
15

= 𝑒
8
15 .  

∗ 𝑂𝑏𝑠: 𝐿𝑖𝑚𝑖𝑡𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 lim
𝑛→±∞

(1 +
1

𝑛
)
𝑛

= 𝑒. 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 3
ln 𝑥
𝑥 , 

𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 0} 
 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎 𝑝𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 𝑡𝑒𝑚𝑜𝑠: 

𝑓 ′(𝑥) = 3
ln 𝑥
𝑥 . ln 3 .

𝑑

𝑑𝑥
[
ln𝑥

𝑥
] 

𝑓 ′(𝑥) = 3
ln 𝑥
𝑥 . ln3 . [

1
𝑥
. 𝑥 − ln 𝑥 . 1

𝑥2
] 



149 

 

 
 

𝑓 ′(𝑥) =
1− ln𝑥

𝑥2
. 3
ln 𝑥
𝑥 . ln 3 

𝑂𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 (𝑓 ′(𝑥) = 0)  𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 
é 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙, 𝑐𝑢𝑗𝑎 𝑒𝑞𝑢𝑎çã𝑜 é 𝑥 = 𝑥0,𝑜𝑛𝑑𝑒 𝑓

′(𝑥0) = 0. 
 

𝑓 ′(𝑥) = 0 ⇔ 1− ln 𝑥 = 0 ∴ 𝑥 = 𝑒 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 é 𝑎 𝑟𝑒𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑥 = 𝑒. 
  
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑓(𝑥) =
2𝑥(cotg𝑥)3√𝑥

(𝑥3− 1)5
. 

 

ln 𝑓(𝑥) = ln [
2𝑥(cotg𝑥)3√𝑥

(𝑥3− 1)5
] 

ln 𝑓(𝑥) = ln 2𝑥 + ln(cotg 𝑥)3 + ln 𝑥
1
2 − ln(𝑥3 − 1)5 

ln 𝑓(𝑥) = 𝑥. ln 2 + 3. ln(cotg𝑥) +
1

2
ln 𝑥 − 5. ln(𝑥3 −1) 

 
𝑃𝑜𝑟 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 
𝑓 ′(𝑥)

𝑓(𝑥)
= ln 2 − 3

cossec2 𝑥

cotg𝑥
+
1

2𝑥
− 5

3𝑥2

𝑥3 − 1
 

𝑓 ′(𝑥) = 𝑓(𝑥) [ln 2 −
3

sen𝑥 . cos𝑥
+
1

2𝑥
−
15𝑥2

𝑥3 −1
] 

𝑓 ′(𝑥) =
2𝑥(cotg𝑥)3√𝑥

(𝑥3 −1)5
 . [ln 2 −

3

sen𝑥 . cos𝑥
+
1

2𝑥
−
15𝑥2

𝑥3 − 1
] 

 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
ℎ→0

arcsec(2 + ℎ) − arcsec(2)

ℎ
. 

 
𝐸𝑠𝑠𝑒 𝑙𝑖𝑚𝑖𝑡𝑒 é,𝑒𝑚 𝑜𝑢𝑡𝑟𝑎𝑠 𝑝𝑎𝑙𝑎𝑣𝑟𝑎𝑠, 𝑓 ′(2) 𝑜𝑛𝑑𝑒 𝑓(𝑥) = arcsec𝑥. 
 
𝑆𝑒𝑗𝑎 𝑦 = sec𝑥 , 𝑓𝑎ç𝑎𝑚𝑜𝑠 𝑎 𝑡𝑟𝑜𝑐𝑎 𝑒𝑛𝑡𝑟𝑒 𝑎𝑠 𝑣𝑎𝑟𝑖á𝑣𝑒𝑖𝑠. 𝐸𝑛𝑡ã𝑜, 

𝑥 = sec 𝑦   ,   𝑦 ∈ [0,
𝜋

2
) ∪ [𝜋,

3𝜋

2
) 

𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒, 𝑠𝑒𝑛𝑑𝑜 𝑦 = 𝑓(𝑥),𝑡𝑒𝑚𝑜𝑠: 
𝑑

𝑑𝑥
(𝑥) =

𝑑

𝑑𝑥
sec(𝑦) 

1 = sec𝑦 . tg 𝑦 . 𝑦′ 

                                                 𝑦′ =
1

sec 𝑦 . tg 𝑦
   ; tg 𝑦 > 0 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 

                      𝑦′ =
1

sec 𝑦 . √sec2𝑦 − 1
;   sec 𝑦 = 𝑥 
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 𝑦′ =
1

𝑥√𝑥2 −1
 

 

𝑦′ = 𝑓 ′(𝑥) =
𝑑

𝑑𝑥
[arcsec𝑥]  

𝑓 ′(2) =
1

2√4− 1
=
1

2√3
=
√3

6
 

 
𝐿𝑜𝑔𝑜,  

 

lim
ℎ→0

arcsec(2 + ℎ) − arcsec(2)

ℎ
= lim
ℎ→0

𝑓(2 + ℎ) − 𝑓(2)

ℎ
= 𝑓 ′(2) =

√3

6
.  
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2.4 2ª Prova – 12 de Março de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥 𝑎𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚. 
 

𝑏) 𝑇𝑜𝑚𝑒 𝑦 = arcsec𝑥 , 𝑐𝑜𝑚 0 ≤ 𝑦 ≤
𝜋

2
 𝑜𝑢 𝜋 ≤ 𝑦 ≤

3𝜋

2
 𝑒 𝑒𝑠𝑡𝑎𝑏𝑒𝑙𝑒ç𝑎 𝑢𝑚𝑎 𝑓ó𝑟𝑚𝑢𝑙𝑎 

𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 
𝑑𝑦

𝑑𝑥
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 

𝑎) 𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log2[arcsen(𝑥
2)] .

(ln2)𝜋√3

12
,𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒  𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑘, 

𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑓 ′(
√2

2
) = 2𝑘 . 

 

𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
𝑥, −1 ≤ 𝑥 < 0

tg 𝑥 , 0 ≤ 𝑥 ≤
𝜋

4

 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0? 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎  
𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = (sen𝑥)ln 𝑥 ,𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1. 

 
𝑏) 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑗𝑒𝑡𝑖𝑣𝑎, 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒 𝑞𝑢𝑒 𝑠𝑢𝑎 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑎  

𝑓−1, 𝑠𝑒𝑗𝑎 𝑡𝑎𝑚𝑏é𝑚 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙. 𝑆𝑒 𝑓(2) = 10 𝑒 𝑓 ′(2) =
3

5
,𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 [𝑓−1]′(10). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑝𝑎𝑟𝑎 𝑎𝑠 𝑑𝑢𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎𝑚 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑠ã𝑜  
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑥2 −4𝑥 + 𝑦2 +3 = 0. 
 

𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

(1 +
10

𝑥
)
𝑥

. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝐻á 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = 2log3 𝑥 . ln3 , 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 
𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 1. 𝑇𝑎𝑙 𝑟𝑒𝑡𝑎 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜-𝑦 𝑛𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑢𝑗𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 é  

𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 ln (
𝑎

𝑏
) . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑠𝑠𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎. 

 

𝑏)𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = 𝑥𝑒
𝑥𝑒

, 𝑐𝑎𝑙𝑐𝑢𝑙𝑒 𝑓 ′(𝑥).  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥 𝑎𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 
𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚. 
 

𝑦 = 𝑓(𝑥) = √𝑥  ;    𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≥ 0} 
 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 ≥ 0, 𝑡𝑒𝑚𝑜𝑠 𝑎𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎çõ𝑒𝑠: 
 
1) 𝑓(0) = 0  𝑒 lim

𝑥→0+
𝑓(𝑥) = 0 

2)𝑓(0) = lim
𝑥→0+

𝑓(𝑥) = 0. 𝐿𝑜𝑔𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 à 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑑𝑒 𝑧𝑒𝑟𝑜! 

 

𝑓+
′ (0) = lim

𝑥→0+

𝑓(𝑥)− 𝑓(0)

𝑥 − 0
= lim
𝑥→0+

√𝑥

𝑥
= lim
𝑥→0+

1

√𝑥
= +∞. 

 
𝐴 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑥 = 𝑎 é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑒𝑚 𝑥 = 𝑎.𝑀𝑎𝑡𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑚𝑒𝑛𝑡𝑒, 𝑒𝑠𝑠𝑒 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 
𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 = 𝑓 ′(𝑎) = tg 𝛼 , 𝑜𝑛𝑑𝑒 𝛼 é 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑒𝑛𝑡𝑟𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑒 𝑎 𝑑𝑖𝑟𝑒çã𝑜 
𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑑𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 . 
 

𝐿𝑜𝑔𝑜,𝑚 = 𝑓+
′ (0) → +∞,𝑒𝑛𝑡ã𝑜 tg 𝛼 →∞ 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝛼 → 90° 𝑜𝑢 

𝜋

2
. 

𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 à 𝑑𝑖𝑟𝑒𝑖𝑡𝑎 𝑑𝑒 𝑧𝑒𝑟𝑜 𝑒 lim
𝑥→0+

|𝑓 ′(𝑥)| = ∞, 𝑒𝑛𝑡ã𝑜 𝑓 

𝑎𝑑𝑚𝑖𝑡𝑒 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑒𝑚 𝑥 = 0 𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥 = 0. 

 

𝑏) 𝑇𝑜𝑚𝑒 𝑦 = arcsec𝑥 , 𝑐𝑜𝑚 0 ≤ 𝑦 ≤
𝜋

2
 𝑜𝑢 𝜋 ≤ 𝑦 ≤

3𝜋

2
 𝑒 𝑒𝑠𝑡𝑎𝑏𝑒𝑙𝑒ç𝑎 𝑢𝑚𝑎 𝑓ó𝑟𝑚𝑢𝑙𝑎 

𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 
𝑑𝑦

𝑑𝑥
. 

 
𝑦 = arcsec𝑥 ⇔ sec 𝑦 = 𝑥  

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑥, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑑

𝑑𝑥
[sec𝑦] =

𝑑

𝑑𝑥
(𝑥) 

sec 𝑦 . tg 𝑦 .
𝑑𝑦

𝑑𝑥
= 1 

𝑑𝑦

𝑑𝑥
=

1

sec 𝑦 . tg 𝑦
 

∗ 𝐶𝑜𝑚𝑜 0 ≤ 𝑦 ≤
𝜋

2
 𝑜𝑢 𝜋 ≤ 𝑦 ≤

3𝜋

2
, 1º 𝑒 3º 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒,𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒 , 𝑙𝑜𝑔𝑜 

tg 𝑦 > 0. 

tg2 𝑦+ 1 = sec2𝑦 ⇒ tg 𝑦 = √sec2𝑦 − 1 

 
𝑑𝑦

𝑑𝑥
=

1

sec 𝑦 √sec2𝑦 − 1
 

∗ sec 𝑦 = 𝑥 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
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𝑑𝑦

𝑑𝑥
=

1

𝑥√𝑥2 − 1
  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 

𝑎) 𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log2[arcsen(𝑥
2)] .

(ln2)𝜋√3

12
,𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒  𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑘, 

𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑓 ′(
√2

2
) = 2𝑘 . 

∗ 𝑆𝑒𝑗𝑎 𝑢 = 𝑥2;𝑣 = arcsen𝑢  𝑒 𝑓(𝑣) =
(ln 2)𝜋√3

12
. log2 𝑣 . 𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 

 

𝑓 ′(𝑥) =
𝑑𝑓

𝑑𝑥
=
𝑑𝑓

𝑑𝑣
.
𝑑𝑣

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
 

𝑓 ′(𝑥) =
(ln2)𝜋√3

12
.
1

𝑣. ln 2
.

1

√1 − 𝑢2
. (2𝑥) 

 

𝑓 ′(𝑥) =
𝜋√3

12
.

1

arcsen(𝑥2)
.

1

√1− 𝑥4
(2𝑥) 

 

𝑓 ′ (
√2

2
) =

𝜋√3

12
.

1

arcsen(
1
2)
.
1

√3
4

. (√2) 

𝑓 ′ (
√2

2
) =

𝜋√3

12
.
6

𝜋
.
2

√3
. √2 

𝑓 ′ (
√2

2
) = √2 = 2

1
2 = 2𝑘 ∴ 𝑘 =

1

2
  

 

𝑏) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
𝑥, −1 ≤ 𝑥 < 0

tg 𝑥 , 0 ≤ 𝑥 ≤
𝜋

4
 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0? 

∗ 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0 𝑝𝑜𝑖𝑠, 𝑠ó 𝑒𝑛𝑡ã𝑜 𝑝𝑜𝑑𝑒𝑟𝑒𝑚𝑜𝑠 
𝑎𝑛𝑎𝑙𝑖𝑠𝑎𝑟 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 0. 

 
1) 𝑓(0) 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜;   𝑓(0) = 0 
2) lim

𝑥→0−
𝑓(𝑥) = lim

𝑥→0−
𝑥 = 0 ; lim

𝑥→0+
𝑓(𝑥) = lim

𝑥→0+
tg 𝑥 = tg 0 = 0. 

lim
𝑥→0

𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒 ; lim
𝑥→0

𝑓(𝑥) = 0. 

 
3) 𝑓(0) = lim

𝑥→0
𝑓(𝑥)  𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠: 

 

𝑓−
′(0) = lim

𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim
𝑥→0−

𝑥

𝑥
= lim
𝑥→0−

1 = 1. 

𝑓+
′ (0) = lim

𝑥→0+

𝑓(𝑥)− 𝑓(0)

𝑥 − 0
= lim
𝑥→0+

tg 𝑥

𝑥
= lim
𝑥→0+

[
sen 𝑥

𝑥
.
1

cos𝑥
] = lim

𝑥→0+

sen 𝑥

𝑥
× lim
𝑥→0+

1

cos 𝑥
 



154 

 

 
 

= 1 ×
1

cos0
= 1. 

 
𝐿𝑜𝑔𝑜, 𝑐𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0 𝑒 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑒 𝑠ã𝑜 𝑖𝑔𝑢𝑎𝑖𝑠,  
𝑓−
′(0) = 𝑓+

′(0) ,𝑒𝑛𝑡ã𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0 𝑒 𝑓 ′(0) = 1. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎  
𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = (sen𝑥)ln 𝑥 ,𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 1. 

 
ln 𝑓(𝑥) = ln(sen𝑥)ln 𝑥 
ln 𝑓(𝑥) = ln 𝑥 . ln(sen𝑥) 
𝑃𝑜𝑟 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 
𝑓 ′(𝑥)

𝑓(𝑥)
=
1

𝑥
ln(sen𝑥) + ln 𝑥 .

cos𝑥

sen𝑥
 

𝑓 ′(𝑥) = 𝑓(𝑥) [
1

𝑥
ln(sen𝑥) + ln 𝑥 . cotg 𝑥] 

𝑓 ′(𝑥) = (sen𝑥)ln 𝑥 [
1

𝑥
ln(sen𝑥) + ln 𝑥 . cotg 𝑥] 

𝑓 ′(1) = (sen1)ln 1 [
1

1
ln(sen1) + ln 1 . cotg 1]  ; ln 1 = 0   𝑒 (sen1)0 = 1 

𝑓 ′(1) = ln(sen1) 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 𝑥 = 1 é 𝑚𝑁 = −
1

𝑓 ′(1)
. 𝐿𝑜𝑔𝑜, 

𝑚𝑁 = −
1

ln(sen1)
.  

 
𝑏) 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑗𝑒𝑡𝑖𝑣𝑎, 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒 𝑞𝑢𝑒 𝑠𝑢𝑎 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑎  

𝑓−1, 𝑠𝑒𝑗𝑎 𝑡𝑎𝑚𝑏é𝑚 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙. 𝑆𝑒 𝑓(2) = 10 𝑒 𝑓 ′(2) =
3

5
,𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 [𝑓−1]′(10). 

 
𝑆𝑒 𝑓 𝑎𝑑𝑚𝑖𝑡𝑒 𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑎,𝑒𝑛𝑡ã𝑜 𝑓−1(𝑓(𝑥)) = 𝑥. 𝑃𝑒𝑙𝑜 𝑡𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 

𝑓𝑢𝑛çã𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑎, 𝑡𝑒𝑚𝑜𝑠: 

[𝑓−1]′(𝑓(𝑥)) =
1

𝑓 ′(𝑥)
 

[𝑓−1]′(𝑓(𝑥)) = [𝑓−1]′(10) ⇔ 𝑓(𝑥) = 10. 𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑥 = 2, 𝑡𝑒𝑚𝑜𝑠 𝑓(2) = 10. 

𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠… 

 [𝑓−1]′(𝑓(2))=
1

𝑓 ′(2)
 

[𝑓−1]′(10) =
1

(
3
5
)
 

[𝑓−1]′(10) =
5

3
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑝𝑎𝑟𝑎 𝑎𝑠 𝑑𝑢𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎𝑚 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑠ã𝑜  
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 à 𝑐𝑢𝑟𝑣𝑎 𝑥2 −4𝑥 + 𝑦2 +3 = 0. 

 
𝑃𝑟𝑒𝑐𝑖𝑠𝑎𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑜𝑛𝑑𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑎𝑐𝑖𝑚𝑎. 
 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 (0,0): 

𝑦− 0 = 𝑚(𝑥 − 0) 
𝑦 = 𝑚𝑥 

𝑂𝑛𝑑𝑒 𝑚 é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑒 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 

𝑒𝑚 𝑞𝑢𝑒 𝑒𝑠𝑠𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑎 𝑐𝑢𝑟𝑣𝑎.𝐿𝑜𝑔𝑜,𝑑𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 

𝑑𝑎 𝑐𝑢𝑟𝑣𝑎,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑑

𝑑𝑥
(𝑥2) −

𝑑

𝑑𝑥
(4𝑥) +

𝑑

𝑑𝑥
(𝑦2) +

𝑑

𝑑𝑥
(3) =

𝑑

𝑑𝑥
(0) 

2𝑥 − 4+ 2𝑦. 𝑦′ +0 = 0 

𝑦′ =
2− 𝑥

𝑦
 

 
→ 𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑚 = 𝑦′𝑛𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎… 

 

𝑦 =
(2 − 𝑥)

𝑦
𝑥 

𝑦2 = 2𝑥 − 𝑥2 
𝑦2 + 𝑥2 = 2𝑥  

 
∗ 𝑃𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦2 + 𝑥2 = 4𝑥 − 3. 
 

4𝑥 − 3 = 2𝑥 
2𝑥 = 3 

𝑥 =
3

2
 

𝑦2 = 2𝑥 − 𝑥2 = 3 −
9

4
=
3

4
∴ 𝑦 = ±

√3

2
. 

 

𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎: 𝐴 = (
3

2
, −
√3

2
) 𝑒 𝐵 = (

3

2
,
√3

2
) 

𝑃𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚, 𝑡𝑒𝑚𝑜𝑠 𝑚 =
𝑦

𝑥
. 𝑁𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴 𝑒 𝐵, 

𝑡𝑒𝑚𝑜𝑠 𝑚𝐴 = −
1

√3
= −

√3

3
  𝑒 𝑚𝐵 =

1

√3
=
√3

3
.  

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠: 

𝑦1 = −
√3

3
𝑥     𝑒      𝑦2 =

√3

3
𝑥  
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𝑏) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

(1 +
10

𝑥
)
𝑥

. 

 
∗ 𝑆𝑒𝑗𝑎 𝑥 = 10𝑛. 𝑆𝑒 𝑥 → +∞,𝑒𝑛𝑡ã𝑜 𝑛 → +∞.𝐴𝑗𝑢𝑠𝑡𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒, 𝑡𝑒𝑚𝑜𝑠: 

 

lim
𝑥→+∞

(1 +
10

𝑥
)
𝑥

= lim
𝑛→+∞

(1 +
10

10𝑛
)
10𝑛

= lim
𝑛→+∞

(1 +
1

𝑛
)
10𝑛

= lim
𝑛→+∞

[(1 +
1

𝑛
)
𝑛

]

10

; 

 

lim
𝑛→+∞

[(1 +
1

𝑛
)
𝑛

]

10

= [ lim
𝑛→+∞

(1 +
1

𝑛
)
𝑛

]

10

= 𝑒10. 

 

∗ 𝑂𝑏𝑠: 𝐿𝑖𝑚𝑖𝑡𝑒 𝐹𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 lim
𝑛→±∞

(1 +
1

𝑛
)
𝑛

= 𝑒  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝐻á 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑐𝑖𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = 2log3 𝑥 . ln3 , 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 
𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 1. 𝑇𝑎𝑙 𝑟𝑒𝑡𝑎 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑒𝑖𝑥𝑜-𝑦 𝑛𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑐𝑢𝑗𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 é  

𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 ln (
𝑎

𝑏
) . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑒𝑠𝑠𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎. 

 
𝑓(1) = 2log3 1. ln 3 = 20. ln 3 = ln 3 .   𝑃𝑜𝑛𝑡𝑜 𝑃 = (1, ln 3) 

𝑓 ′(𝑥) = 2log3 𝑥 .
1

𝑥. ln 3
. ln 2 . ln 3 

𝑓 ′(𝑥) = 2log3 𝑥 .
ln 2

𝑥
 ;    𝑓 ′(1) = ln 2 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑃 = (1, ln 3): 

 
𝑦 − ln 3 = ln 2(𝑥 − 1) 
𝑦 = ln 3 + 𝑥. ln 2 − ln 2 

𝐸𝑚 𝑥 = 0 (𝑖𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜  𝑒𝑖𝑥𝑜 𝑦), 𝑡𝑒𝑚𝑜𝑠 𝑦 = ln 3 − ln 2 = ln(
3

2
).  

 

𝑏)𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = 𝑥𝑒
𝑥𝑒

, 𝑐𝑎𝑙𝑐𝑢𝑙𝑒 𝑓 ′(𝑥).  
 

ln 𝑓(𝑥) = ln(𝑥)𝑒
𝑥𝑒

 

ln 𝑓(𝑥) = 𝑒𝑥
𝑒
ln 𝑥 

 
𝑃𝑒𝑙𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑚𝑜𝑠 𝑎 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

 
𝑓 ′(𝑥)

𝑓(𝑥)
= 𝑒𝑥

𝑒
(𝑒𝑥𝑒−1). ln 𝑥 + 𝑒𝑥

𝑒
.
1

𝑥
 

𝑓 ′(𝑥) = 𝑓(𝑥).𝑒𝑥
𝑒
[𝑒𝑥𝑒−1 ln 𝑥 +

1

𝑥
] 

𝑓 ′(𝑥) = 𝑥𝑒
𝑥𝑒

𝑒𝑥
𝑒
[𝑒𝑥𝑒−1. ln 𝑥 +

1

𝑥
] , 𝑜𝑢 𝑎𝑖𝑛𝑑𝑎, 𝑓 ′(𝑥) = 𝑥𝑒

𝑥𝑒−1. 𝑒𝑥
𝑒
+ 𝑒𝑥

𝑒+1𝑥𝑒
𝑥𝑒+𝑒−1 ln 𝑥 
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2.5 3ª Prova – 08 de Abril de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑉1(0,0),𝑉2(50,0) 𝑒 𝑉3(0,30).  𝑂 𝑣é𝑟𝑡𝑖𝑐𝑒 𝑉2  

𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑎 𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 2𝑚 ℎ⁄  𝑒 𝑜 𝑣é𝑟𝑡𝑖𝑐𝑒 𝑉3  𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑎 

𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 3𝑚 ℎ⁄ . 

 
𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑎 á𝑟𝑒𝑎 𝑐𝑟𝑒𝑠𝑐𝑒 𝑎𝑝ó𝑠 5ℎ. 
𝑖𝑖. 𝐸𝑚 𝑞𝑢𝑒 𝑚𝑜𝑚𝑒𝑛𝑡𝑜 𝑎 á𝑟𝑒𝑎 𝑝𝑎𝑟𝑎 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑒𝑟? 
 
𝑏) 𝑈𝑚 𝑖𝑛𝑐ê𝑛𝑑𝑖𝑜 𝑒𝑚 𝑢𝑚 𝑐𝑎𝑚𝑝𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 𝑠𝑒 𝑎𝑙𝑎𝑠𝑡𝑟𝑎 𝑒𝑚 𝑓𝑜𝑟𝑚𝑎 𝑑𝑒 𝑐í𝑟𝑐𝑢𝑙𝑜. 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑜 
𝑐í𝑟𝑐𝑢𝑙𝑜 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 à 𝑟𝑎𝑧ã𝑜 𝑑𝑒 1𝑚 𝑚𝑖𝑛⁄ . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 à 𝑞𝑢𝑎𝑙 𝑎 á𝑟𝑒𝑎 𝑖𝑛𝑐𝑒𝑛𝑑𝑖𝑎𝑑𝑎 

𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑛𝑑𝑜, 𝑞𝑢𝑎𝑛𝑑 𝑜 𝑟𝑎𝑖𝑜 é 𝑑𝑒 20 𝑚𝑒𝑡𝑟𝑜𝑠. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 
𝑎) 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑎 𝑞𝑢𝑎𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑡𝑖𝑛𝑡𝑎 𝑛𝑒𝑐𝑒𝑠𝑠á𝑟𝑖𝑎 𝑝𝑎𝑟𝑎 𝑎𝑝𝑙𝑖𝑐𝑎𝑟 
𝑢𝑚𝑎 𝑐𝑎𝑚𝑎𝑑𝑎 𝑑𝑒 𝑡𝑖𝑛𝑡𝑎 𝑑𝑒 0,01𝑐𝑚 𝑎 𝑢𝑚𝑎 𝑠𝑒𝑚𝑖-𝑒𝑠𝑓𝑒𝑟𝑎 𝑐𝑜𝑚 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜 𝑑𝑒 100 𝑚𝑒𝑡𝑟𝑜𝑠. 
 

𝑏) 𝑈𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 √99,8. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

senh𝑥

𝑒𝑥
; 

 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒𝑥 sech 𝑥 , 𝑛𝑜 

𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑥 = 0.   

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 2 cos𝑥 − 2sen 2𝑥  𝑞𝑢𝑒 𝑒𝑠𝑡ã𝑜 
𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋] 𝑒, 𝑒𝑚 𝑠𝑒𝑔𝑢𝑖𝑑𝑎, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜  

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 

 

𝑏) 𝑆𝑒 𝑓(𝑥) = √(𝑥− 1)2
3

+ 2, 𝑎𝑐ℎ𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,9]. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 
 

𝑎) 𝐷𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑒 𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 arcsen(
𝑥 − 1

𝑥 + 1
) − 2 arctg√𝑥 = −

𝜋

2
. 

 
𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = senh2 𝑥 + cosh2 𝑥 

𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑚𝑎𝑖𝑠 𝑞𝑢𝑒 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑉1(0,0),𝑉2(50,0) 𝑒 𝑉3(0,30).  𝑂 𝑣é𝑟𝑡𝑖𝑐𝑒 𝑉2  
𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑎 𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 2𝑚 ℎ⁄  𝑒 𝑜 𝑣é𝑟𝑡𝑖𝑐𝑒 𝑉3  𝑠𝑒 𝑚𝑜𝑣𝑒 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑎 

𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 3𝑚 ℎ⁄ . 

 
𝑖. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑎 á𝑟𝑒𝑎 𝑐𝑟𝑒𝑠𝑐𝑒 𝑎𝑝ó𝑠 5ℎ. 
 

𝐴 =
1

2
𝑏 × ℎ 

𝑑𝐴

𝑑𝑡
=
1

2
[
𝑑𝑏

𝑑𝑡
. ℎ + 𝑏.

𝑑ℎ

𝑑𝑡
] 

𝑑𝐴

𝑑𝑡
=
1

2
[−2ℎ + 3𝑏] 

  
 
∗ 𝐴𝑝ó𝑠 5ℎ,𝑏 = 50 − 2× 5 = 40𝑚  𝑒  ℎ = 30 + 3 × 5 = 45𝑚. 𝐿𝑜𝑔𝑜, 
 

𝑑𝐴

𝑑𝑡
|
𝑏=60𝑚
ℎ=45𝑚

=
1

2
[−2 × 45+ 40 × 3] =

1

2
[−90+ 120] =

1

2
[30] = 15𝑚2 ℎ⁄  

 
∗ 𝐴 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑐𝑟𝑒𝑠𝑐𝑒 à 𝑡𝑎𝑥𝑎 𝑑𝑒 15𝑚2 ℎ⁄  𝑎𝑝ó𝑠 5ℎ.  

 
𝑖𝑖. 𝐸𝑚 𝑞𝑢𝑒 𝑚𝑜𝑚𝑒𝑛𝑡𝑜 𝑎 á𝑟𝑒𝑎 𝑝𝑎𝑟𝑎 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑒𝑟? 

 

𝐴 á𝑟𝑒𝑎 𝑝𝑎𝑟𝑎 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑒𝑟 𝑞𝑢𝑎𝑛𝑑𝑜 
𝑑𝐴

𝑑𝑡
= 0. 𝑃𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑑𝑏

𝑑𝑡
. ℎ = −𝑏.

𝑑ℎ

𝑑𝑡
 

−2ℎ = −3𝑏 

ℎ =
3

2
𝑏 

ℎ(𝑡) = 30 + 3𝑡 ;   𝑏(𝑡) = 50 − 2𝑡 

30 + 3𝑡 =
3

2
(50 − 2𝑡) 

30 + 3𝑡 = 75− 3𝑡 
6𝑡 = 45 
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𝑡 =
45

6
=
15

2
= 7,5ℎ 𝑜𝑢 7ℎ30𝑚𝑖𝑛 

 
𝑏) 𝑈𝑚 𝑖𝑛𝑐ê𝑛𝑑𝑖𝑜 𝑒𝑚 𝑢𝑚 𝑐𝑎𝑚𝑝𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 𝑠𝑒 𝑎𝑙𝑎𝑠𝑡𝑟𝑎 𝑒𝑚 𝑓𝑜𝑟𝑚𝑎 𝑑𝑒 𝑐í𝑟𝑐𝑢𝑙𝑜. 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑜 
𝑐í𝑟𝑐𝑢𝑙𝑜 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 à 𝑟𝑎𝑧ã𝑜 𝑑𝑒 1𝑚 𝑚𝑖𝑛⁄ . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 à 𝑞𝑢𝑎𝑙 𝑎 á𝑟𝑒𝑎 𝑖𝑛𝑐𝑒𝑛𝑑𝑖𝑎𝑑𝑎 

𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑛𝑑𝑜, 𝑞𝑢𝑎𝑛𝑑 𝑜 𝑟𝑎𝑖𝑜 é 𝑑𝑒 20 𝑚𝑒𝑡𝑟𝑜𝑠. 

                  
𝐴 = 𝜋𝑟2  

𝑑𝐴

𝑑𝑡
=
𝑑𝐴

𝑑𝑟
.
𝑑𝑟

𝑑𝑡
 

𝑑𝐴

𝑑𝑡
= 2𝜋𝑟. 1 

𝑑𝐴

𝑑𝑡
= 2𝜋𝑟 

𝑑𝐴

𝑑𝑡
|
𝑟=20𝑚

= 40𝜋𝑚2 𝑚𝑖𝑛⁄  

 
∗ 𝐴 á𝑟𝑒𝑎 𝑖𝑛𝑐𝑒𝑛𝑑𝑖𝑎𝑑𝑎 𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑛𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 40𝜋𝑚2 𝑚𝑖𝑛⁄ 𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑟𝑎𝑖𝑜 é 𝑑𝑒 
20 𝑚𝑒𝑡𝑟𝑜𝑠.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 
𝑎) 𝑈𝑠𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑎 𝑞𝑢𝑎𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑡𝑖𝑛𝑡𝑎 𝑛𝑒𝑐𝑒𝑠𝑠á𝑟𝑖𝑎 𝑝𝑎𝑟𝑎 𝑎𝑝𝑙𝑖𝑐𝑎𝑟 
𝑢𝑚𝑎 𝑐𝑎𝑚𝑎𝑑𝑎 𝑑𝑒 𝑡𝑖𝑛𝑡𝑎 𝑑𝑒 0,01𝑐𝑚 𝑎 𝑢𝑚𝑎 𝑠𝑒𝑚𝑖 − 𝑒𝑠𝑓𝑒𝑟𝑎 𝑐𝑜𝑚 𝑑𝑖â𝑚𝑒𝑡𝑟𝑜 𝑑𝑒 100 𝑚𝑒𝑡𝑟𝑜𝑠. 

 

𝑉 =
2

3
𝜋𝑟3 

𝑑𝑉

𝑑𝑟
= 4𝜋𝑟2  

𝑑𝑉 = 2𝜋𝑟2𝑑𝑟 = 2𝜋(50𝑚)2. (10−4𝑚) = 2𝜋. (0,25) =
𝜋

2
𝑚3  

𝑃𝑎𝑟𝑎 𝑝𝑒𝑞𝑢𝑒𝑛𝑎𝑠 𝑣𝑎𝑟𝑖𝑎çõ𝑒𝑠 𝑡𝑒𝑚𝑜𝑠 ∆𝑉 ≈ 𝑑𝑉. 𝐿𝑜𝑔𝑜, 𝑠𝑒𝑟ã𝑜 𝑛𝑒𝑐𝑒𝑠𝑠á𝑟𝑖𝑜𝑠 
𝜋

2
𝑚3  𝑑𝑒 𝑡𝑖𝑛𝑡𝑎 

𝑝𝑎𝑟𝑎 𝑎𝑝𝑙𝑖𝑐𝑎𝑟 𝑢𝑚𝑎 𝑐𝑎𝑚𝑎𝑑𝑎 𝑑𝑒 0,01𝑐𝑚 𝑎 𝑢𝑚𝑎 𝑠𝑒𝑚𝑖 − 𝑒𝑠𝑓𝑒𝑟𝑎 𝑐𝑜𝑚 𝑑𝑖𝑎𝑚𝑒𝑡𝑟𝑜 𝑑𝑒 100𝑚  

 

𝑏) 𝑈𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 √99,8. 

 

𝐴 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑢 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜 𝑑𝑒 𝑓(𝑥) = √𝑥  𝑒𝑚 𝑎 = 100 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 
𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
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𝐿(𝑥) = 𝑓(𝑎) + 𝑓 ′(𝑎)(𝑥− 𝑎) 
 

𝑂𝑛𝑑𝑒 𝑓 ′(𝑥) =
1

2√𝑥
. 𝐸𝑛𝑡ã𝑜 𝑓 ′(𝑎) = 𝑓 ′(100) =

1

2√100
=
1

20
. 

 

𝐿(𝑥) = √100 + 𝑓 ′(100)(𝑥 − 100) 

𝐿(𝑥) = 10 +
1

20
(𝑥 − 100) 

 

𝑄𝑢𝑒𝑟𝑒𝑚𝑜𝑠 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑝𝑒𝑙𝑎 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜,𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 √99,8,𝑜𝑢 𝑠𝑒𝑗𝑎, 
 

𝐿(99,8) = 10+
1

20
(99,8 − 100) = 10 −

0,2

20
= 10− 0,01 = 9,99 

 

𝐿𝑜𝑔𝑜, √99,8 ≈ 𝐿(99,8) = 9,99. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑. 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

senh𝑥

𝑒𝑥
; 

 

lim
𝑥→+∞

senh𝑥

𝑒𝑥
= lim
𝑥→+∞

𝑒𝑥 − 𝑒−𝑥

2
𝑒𝑥

= lim
𝑥→+∞

𝑒𝑥 −
1
𝑒𝑥

2𝑒𝑥
= lim
𝑥→+∞

𝑒2𝑥 −1

2𝑒2𝑥
= lim
𝑥→+∞

𝑒2𝑥 (1 −
1
𝑒2𝑥
)

𝑒2𝑥(2)
; 

  

lim
𝑥→+∞

𝑒2𝑥 (1 −
1
𝑒2𝑥
)

𝑒2𝑥(2)
=
1

2
lim
𝑥→+∞

(1 −
1

𝑒2𝑥
) =

1

2
[ lim
𝑥→+∞

1 − lim
𝑥→+∞

1

𝑒2𝑥
] =

1

2
[1 − 0] =

1

2
. 

 
𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒𝑥 sech 𝑥 , 𝑛𝑜 

𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑥 = 0.   

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑥 = 0,𝑡𝑒𝑚𝑜𝑠 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 = (0,1) 𝑛𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒𝑥 sech𝑥.  

 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥 sech𝑥 + 𝑒𝑥(−sech𝑥 . tgh 𝑥) 

𝑑𝑦

𝑑𝑥
= 𝑒𝑥 sech𝑥 (1 − tgh 𝑥) ;  

𝑑𝑦

𝑑𝑥
|
𝑥=0

= 𝑒0 sech0(1 − tgh 0) = 1 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑃(0,1): 

 
𝑦 − 1 = 1(𝑥 − 0) 
𝑦 = 𝑥 + 1 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒. 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 2 cos𝑥 − 2sen 2𝑥  𝑞𝑢𝑒 𝑒𝑠𝑡ã𝑜 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋] 𝑒, 𝑒𝑚 𝑠𝑒𝑔𝑢𝑖𝑑𝑎, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜  
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑛𝑒𝑠𝑠𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 
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𝐴 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑖𝑠 
𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 
[0,2𝜋]. 𝑃𝑜𝑑𝑒𝑚𝑜𝑠 𝑒𝑛𝑡ã𝑜 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑚é𝑡𝑜𝑑𝑜 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 
𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑛𝑒𝑠𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑖𝑛𝑐𝑙𝑢𝑖𝑛𝑑𝑜 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 
𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 

 
1. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 

 
𝑓(0) = 2 cos0 − 2sen 0 = 2 − 0 = 2 

𝑓(2𝜋) = 2 cos2𝜋 − 2 sen4𝜋 = 2− 0 = 2 

 
2. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (0,2𝜋): 

 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 

 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑠𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 
𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑒𝑚 (0,2𝜋) 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 

 
𝑓 ′(𝑥) = −2sen𝑥 − 4 cos2𝑥 

𝑓 ′(𝑥) = −2sen𝑥 − 4(1 − 2sen2 𝑥) 
𝑓 ′(𝑥) = −2(−4sen2 𝑥 + sen𝑥 + 2) 

 
𝑓 ′(𝑥) = 0 ⇒ −4 sen2 𝑥 + sen 𝑥 + 2 = 0 

sen𝑥 =
−1± √33

−8
=
1∓ √33

8
 

𝑥 = arcsin(
1 + √33

8
)  𝑒  𝑥 = arcsin(

1 −√33

8
) 

∗ 𝑂𝑏𝑠: 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,2𝜋) 𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑜 𝑎𝑑𝑚𝑖𝑡𝑒 2 𝑎𝑟𝑐𝑜𝑠 𝑐𝑜𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 
𝑖𝑚𝑎𝑔𝑒𝑚, 𝑜𝑢 𝑠𝑒𝑗𝑎, ℎá 4 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,2𝜋). 𝑆ã𝑜 𝑒𝑙𝑒𝑠: 

 

𝑥1 = arcsin(
1 + √33

8
)      𝑥2 = 𝜋 − arcsin(

1 + √33

8
) 

 

𝑥3 = 𝜋 − arcsin (
1 − √33

8
) 𝑒 𝑥4 = 2𝜋 + arcsin (

1 − √33

8
) 

 
∗ 𝑂𝑏𝑠2: 𝐿𝑒𝑚𝑏𝑟𝑒 − 𝑠𝑒 𝑑𝑜 𝑐𝑜𝑛𝑗𝑢𝑛𝑡𝑜 𝑖𝑚𝑎𝑔𝑒𝑚 𝑑𝑎 𝑓𝑢𝑛çã𝑜 arcsin𝑥  𝑝𝑎𝑟𝑎 𝑖𝑛𝑡𝑒𝑟𝑝𝑟𝑒𝑡𝑎𝑟 
𝑐𝑜𝑚𝑜 𝑎𝑝𝑎𝑟𝑒𝑐𝑒𝑟𝑎𝑚 𝜋 𝑒 2𝜋 𝑛𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑎𝑠 𝑟𝑒𝑠𝑝𝑜𝑠𝑡𝑎𝑠! 

 

cos𝑥1 =
√30− 2√33

8
  ; cos𝑥2 = −

√30− 2√33

8
 

cos𝑥3 = −
√30 + 2√33

8
 ; cos𝑥4 =

√30+ 2√33

8
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𝑓(𝑥) = 2 cos𝑥 − 4 sen𝑥 cos𝑥 

𝑓(𝑥) = 2 cos𝑥 (1 − 2 sen𝑥) 

 

𝑓(𝑥1) =
√30− 2√33

4
(1 −

1 +√33

4
) =

√30− 2√33

16
(3 − √33)  ∗ 𝑓(𝑥1) < 0 

 

𝑓(𝑥2) = −
√30− 2√33

4
(1 −

1 +√33

4
) = −

√30− 2√33

16
(3 −√33)    ∗ 𝑓(𝑥2) > 0 

 

𝑓(𝑥3) = −
√30+ 2√33

4
(1 −

1 −√33

4
) = −

√30+ 2√33

16
(3 +√33)  ∗ 𝑓(𝑥3) < 0 

 

𝑓(𝑥4) =
√30+ 2√33

4
(1 −

1 −√33

4
) =

√30+ 2√33

16
(3 +√33) ∗ 𝑓(𝑥4) > 0 

 
𝑃𝑒𝑙𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠 𝑎𝑐𝑖𝑚𝑎, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑟 𝑞𝑢𝑒 𝑓(𝑥3) < 𝑓(𝑥1) < 0.𝐸, 𝑐𝑜𝑚 
𝑓(0) = 𝑓(2𝜋) = 2, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(𝑥3) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,2𝜋]. 
 
𝐷𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑜𝑠, 𝑡𝑒𝑚𝑜𝑠 𝑓(𝑥2) 𝑒 𝑓(𝑥4),𝑜𝑛𝑑𝑒 𝑓(𝑥4) > 𝑓(𝑥2).𝑅𝑒𝑠𝑡𝑎 𝑠𝑎𝑏𝑒𝑟 𝑠𝑒 
𝑓(𝑥4) > 2. 𝐿𝑜𝑔𝑜, 

 

√30+ 2√33

16
(3 +√33) ;   8 < (3 +√33) < 9 ;  6 < √30+ 2√33 < 7 

 
𝐿𝑜𝑔𝑜,  

48 < √30+ 2√33 (3 + √33) < 63 

 

3 <
√30+ 2√33 (3 + √33)

16
<
63

16
 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥4) > 2 𝑒,𝑝𝑜𝑟 𝑖𝑠𝑠𝑜, 𝑓(𝑥4) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 
𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,2𝜋]. 
 

𝑏) 𝑆𝑒 𝑓(𝑥) = √(𝑥− 1)2
3

+ 2, 𝑎𝑐ℎ𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,9]. 
 
𝐴 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑛𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,9] 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,9].𝐿𝑜𝑔𝑜, 
𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 
𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 𝑓.  

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 
 
1. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 
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𝑓(0) = √1
3
+2 = 3 

𝑓(9) = √64
3

+2 = 6 

 
2. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,9). 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒". 
 

𝑓 ′(𝑥) =
2

3
(𝑥 − 1)−

1
3 =

2

3√𝑥− 1
3

 

 
𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 𝑓 ′(𝑥) = 0 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑠𝑜𝑙𝑢çã𝑜 𝑝𝑎𝑟𝑎 𝑥 ∈ ℝ. 𝐸𝑛𝑡𝑟𝑒𝑡𝑎𝑛𝑡𝑜, 𝑓 ′(𝑥)∄ 𝑝𝑎𝑟𝑎 𝑥 = 1 

𝑒, 𝑐𝑜𝑚𝑜 1 ∈ (0,9) 𝑒𝑛𝑡ã𝑜 1 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓. 
 

𝑓(1) = √0
3
+2 = 2 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑑𝑜𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(9) = 6 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 𝑓(1) = 2 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,9]. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓. 
 

𝑎) 𝐷𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑒 𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 arcsen(
𝑥 − 1

𝑥 + 1
) − 2 arctg√𝑥 = −

𝜋

2
. 

 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = arcsen(
𝑥 − 1

𝑥 + 1
) − 2arctg √𝑥 , 𝐷(𝑓) = {𝑥 ∈ ℝ;𝑥 ≥ 0} 

 

𝑓 ′(𝑥) =
1

√1− (
𝑥 − 1
𝑥 + 1)

2
.
𝑑

𝑑𝑥
[
𝑥 − 1

𝑥 + 1
] − 2.

1

1 + (√𝑥)
2
.
𝑑

𝑑𝑥
[√𝑥] 

 

𝑓 ′(𝑥) =
𝑥 + 1

√(𝑥 + 1)2 − (𝑥 − 1)2
[

2

(𝑥 + 1)2
] −

2

1 + 𝑥
.
1

2√𝑥
 

𝑓 ′(𝑥) =
𝑥 + 1

√4𝑥
.

2

(𝑥 + 1)2
−

1

√𝑥(𝑥 + 1)
 

𝑓 ′(𝑥) =
1

√𝑥(𝑥+ 1)
−

1

√𝑥(𝑥 + 1)
= 0 

 
𝑇𝑒𝑜𝑟𝑒𝑚𝑎:𝑆𝑒 𝑓 ′(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 𝑒𝑚 𝑢𝑚 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑎,𝑏), 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 
(𝑎, 𝑏).𝑂𝑢 𝑠𝑒𝑗𝑎, 𝑓(𝑥) = 𝐶 𝑒𝑚 (𝑎,𝑏),𝑜𝑛𝑑𝑒 𝐶 é 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒. 

 
𝑁𝑒𝑠𝑠𝑒 𝑐𝑎𝑠𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,+∞),𝑒𝑛𝑡ã𝑜 𝑓 é 
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 (0,+∞).𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑓 𝑝𝑎𝑟𝑎 𝑥 = 0, 𝑝𝑜𝑟 𝑒𝑥𝑒𝑚𝑝𝑙𝑜, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 
𝑜 𝑣𝑎𝑙𝑜𝑟 𝐶,𝑡𝑎𝑙 𝑞𝑢𝑒: 

𝑓(0) = arcsen(−1) − 2 arctg0 = −
𝜋

2
− 0 = −

𝜋

2
= 𝐶 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = −
𝜋

2
     ⇒     arcsen(

𝑥 − 1

𝑥 + 1
) − 2arctg √𝑥 = −

𝜋

2
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𝑏) 𝑈𝑠𝑒 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = senh2 𝑥 + cosh2 𝑥 

𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑚𝑎𝑖𝑠 𝑞𝑢𝑒 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠. 

 
𝐸𝑚 𝑜𝑢𝑡𝑟𝑎𝑠 𝑝𝑎𝑙𝑎𝑣𝑟𝑎𝑠, "𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓(𝑥) 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜 2 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠"  
 
∗ 𝑆𝑢𝑝𝑜𝑛ℎ𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 3 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠, a, b 𝑒 c 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑎) = 𝑓(𝑏) = 𝑓(𝑐) = 0; 
𝐶𝑜𝑚 𝑎 ≠ 𝑏, 𝑎 ≠ 𝑐 𝑒 𝑏 ≠ 𝑐.  

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ 𝑒 𝑓(𝑎) = 𝑓(𝑏) 𝑒 𝑓(𝑏) = 𝑓(𝑐), 
𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 d ∈ (𝑎,𝑏) 𝑒 e ∈ (𝑏, 𝑐) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓′(d) = 0 𝑒 𝑓 ′(e) = 0,𝑐𝑜𝑚 𝑑 ≠ 𝑒. 
𝑂𝑢 𝑠𝑒𝑗𝑎, 𝑓 ′(𝑥),𝑝𝑜𝑟 𝑒𝑠𝑠𝑎 ℎ𝑖𝑝ó𝑡𝑒𝑠𝑒, 𝑝𝑜𝑠𝑠𝑢𝑖 2 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠. 

 
𝑓 ′(𝑥) = 2senh𝑥 . cosh𝑥 + 2cosh𝑥 . senh𝑥 

𝑓 ′(𝑥) = 4senh𝑥 cosh𝑥   ; ∗ cosh𝑥 ≥ 1, ∀𝑥 ∈ ℝ 

 
𝑓 ′(𝑥) = 0⟺ senh𝑥 = 0 ∴ 𝑥 = 0. 
 
𝐿𝑜𝑔𝑜, 𝑓 ′(𝑥) 𝑠ó 𝑝𝑜𝑠𝑠𝑢𝑖 1 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙 (𝑥 = 0) 𝑒,𝑝𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖çã𝑜,𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜 2 
𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠.  
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2.6 3ª Prova – 09 de Abril de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑜𝑠 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠, 𝑐𝑜𝑚 15𝑐𝑚 𝑐𝑎𝑑𝑎 𝑢𝑚.𝑆𝑒 𝑜 â𝑛𝑔𝑢𝑙𝑜 
𝑒𝑛𝑡𝑟𝑒 𝜃 𝑒𝑛𝑡𝑟𝑒 𝑒𝑙𝑒𝑠 𝑣𝑎𝑟𝑖𝑎 2° 𝑝𝑜𝑟 𝑚𝑖𝑛𝑢𝑡𝑜, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 á𝑟𝑒𝑎 

𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜, 𝑞𝑢𝑎𝑛𝑑𝑜 𝜃 = 30°. 

 
𝑏) 𝑈𝑚 𝑣𝑒𝑙𝑜𝑐𝑖𝑠𝑡𝑎 𝑐𝑜𝑟𝑟𝑒 𝑒𝑚 𝑢𝑚𝑎 𝑝𝑖𝑠𝑡𝑎 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑑𝑒 𝑟𝑎𝑖𝑜 100 𝑚𝑒𝑡𝑟𝑜𝑠,𝑎 𝑢𝑚𝑎  
𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒 1° 𝑝𝑜𝑟 𝑠𝑒𝑔𝑢𝑛𝑑𝑜.𝑆𝑒𝑢 𝑎𝑚𝑖𝑔𝑜 𝑒𝑠𝑡á 𝑒𝑚 𝑝é 𝑎 𝑢𝑚𝑎  
𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑑𝑒 200𝑚 𝑑𝑜 𝑐𝑒𝑛𝑡𝑟𝑜 𝑑𝑎 𝑝𝑖𝑠𝑡𝑎. 𝑄𝑢ã𝑜 𝑟á𝑝𝑖𝑑𝑜 𝑒𝑠𝑡á 𝑣𝑎𝑟𝑖𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  
𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑎𝑚𝑖𝑔𝑜𝑠, 𝑞𝑢𝑎𝑛𝑑𝑜 𝜃 = 90°? 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 2 𝑚𝑒𝑡𝑟𝑜𝑠,𝑚𝑒𝑑𝑒 50𝑐𝑚,  
𝑐𝑜𝑚 𝑢𝑚 𝑒𝑟𝑟𝑜 𝑑𝑒 𝑚𝑒𝑑𝑖𝑑𝑎, 𝑑𝑒 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜,1𝑐𝑚. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑒𝑟𝑟𝑜 𝑚á𝑥𝑖𝑚𝑜 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒  
𝑑𝑒𝑠𝑣𝑖𝑜 𝑝𝑜𝑑𝑒 𝑐𝑎𝑢𝑠𝑎𝑟 𝑛𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜. 
 
𝑏) 𝐸𝑠𝑡𝑖𝑚𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒senh(0,1) + cosh(0,1). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒cosh(𝑥 + 𝑦) = cosh𝑥 . cosh𝑦+ senh𝑥 . senh𝑦. 
 

𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒cosh(3𝑥) ,𝑛𝑜 𝑝𝑜𝑛𝑡𝑜  
𝑜𝑛𝑑𝑒 𝑥 = 0. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑆𝑒 𝑎 > 0 𝑒 𝑏 > 0, 𝑎𝑐ℎ𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓(𝑥) = 𝑥𝑎(1 − 𝑥)𝑏 , 𝑐𝑜𝑚 

𝑥 ∈ [0,1]. 
 

𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
cos𝑥

2 + sen𝑥
, 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋]. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒𝑗𝑎 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ 𝑒 𝑞𝑢𝑒 𝑡𝑒𝑛ℎ𝑎  
𝑡𝑟ê𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑑𝑖𝑠𝑡𝑖𝑛𝑡𝑎𝑠 .𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓′′𝑡𝑒𝑚 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙.𝐸𝑚  
𝑠𝑒𝑔𝑢𝑖𝑑𝑎, 𝑐𝑜𝑚𝑝𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒 𝑓𝑎𝑡𝑜 𝑜𝑐𝑜𝑟𝑟𝑒,𝑑𝑎𝑛𝑑𝑜 𝑢𝑚 𝑒𝑥𝑒𝑚𝑝𝑙𝑜. 
 

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒arcsen(
𝑥

√1+ 𝑥2
) = arctg(

1 + 𝑥

1 − 𝑥
)−

𝜋

4
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑜𝑠 𝑙𝑎𝑑𝑜𝑠 𝑖𝑔𝑢𝑎𝑖𝑠, 𝑐𝑜𝑚 15𝑐𝑚 𝑐𝑎𝑑𝑎 𝑢𝑚.𝑆𝑒 𝑜 â𝑛𝑔𝑢𝑙𝑜 
𝑒𝑛𝑡𝑟𝑒 𝜃 𝑒𝑛𝑡𝑟𝑒 𝑒𝑙𝑒𝑠 𝑣𝑎𝑟𝑖𝑎 2° 𝑝𝑜𝑟 𝑚𝑖𝑛𝑢𝑡𝑜, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑎 á𝑟𝑒𝑎 

𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜, 𝑞𝑢𝑎𝑛𝑑𝑜 𝜃 = 30°. 

 
∗ Á𝑟𝑒𝑎 𝑑𝑒 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑎𝑑𝑜 𝑑𝑜𝑖𝑠 𝑙𝑎𝑑𝑜𝑠 𝑒 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡𝑒 𝑒𝑛𝑡𝑟𝑒 𝑒𝑙𝑒𝑠: 

 

𝐴 =
1

2
𝑎. 𝑏. sen 𝜃  ; 𝑜𝑛𝑑𝑒 𝑎 = 𝑏 = 15𝑐𝑚  𝑒  

𝑑𝜃

𝑑𝑡
= 2° 𝑚𝑖𝑛⁄ =

𝜋

90
𝑟𝑎𝑑 𝑚𝑖𝑛⁄  

𝐴 =
225

2
sen𝜃 

𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎,𝑡𝑒𝑚𝑜𝑠: 
𝑑𝐴

𝑑𝑡
=
𝑑𝐴

𝑑𝜃
.
𝑑𝜃

𝑑𝑡
 

𝑑𝐴

𝑑𝑡
=
225

2
cos𝜃 .

𝜋

90
 

𝑑𝐴

𝑑𝑡
=
5𝜋

4
cos𝜃 

𝑑𝐴

𝑑𝑡
|
𝜃=
𝜋
6
𝑟𝑎𝑑

=
5𝜋

4
.cos

𝜋

6
=
5𝜋

4
.
√3

2
=
5𝜋√3

8
𝑚2 𝑚𝑖𝑛⁄  

 
𝐿𝑜𝑔𝑜, 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠, 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜,𝑒𝑠𝑡á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 

5𝜋√3

8
𝑚2 𝑚𝑖𝑛⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝜃 = 30°.  

 
𝑏) 𝑈𝑚 𝑣𝑒𝑙𝑜𝑐𝑖𝑠𝑡𝑎 𝑐𝑜𝑟𝑟𝑒 𝑒𝑚 𝑢𝑚𝑎 𝑝𝑖𝑠𝑡𝑎 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑑𝑒 𝑟𝑎𝑖𝑜 100 𝑚𝑒𝑡𝑟𝑜𝑠,𝑎 𝑢𝑚𝑎  
𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑑𝑒 1° 𝑝𝑜𝑟 𝑠𝑒𝑔𝑢𝑛𝑑𝑜.𝑆𝑒𝑢 𝑎𝑚𝑖𝑔𝑜 𝑒𝑠𝑡á 𝑒𝑚 𝑝é 𝑎 𝑢𝑚𝑎  
𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑑𝑒 200𝑚 𝑑𝑜 𝑐𝑒𝑛𝑡𝑟𝑜 𝑑𝑎 𝑝𝑖𝑠𝑡𝑎. 𝑄𝑢ã𝑜 𝑟á𝑝𝑖𝑑𝑜 𝑒𝑠𝑡á 𝑣𝑎𝑟𝑖𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  
𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑎𝑚𝑖𝑔𝑜𝑠, 𝑞𝑢𝑎𝑛𝑑𝑜 𝜃 = 90°? 

 



167 

 

 
 

𝑃𝑒𝑙𝑎 𝐿𝑒𝑖 𝑑𝑜𝑠 𝐶𝑜𝑠𝑠𝑒𝑛𝑜𝑠,𝑡𝑒𝑚𝑜𝑠: 
 

𝐷2 = 1002 +2002 −2× 100 × 200 × cos𝜃 

𝐷2 = 50000 − 40000cos𝜃 
𝑑

𝑑𝑡
(𝐷2) =

𝑑

𝑑𝑡
(50000) −

𝑑

𝑑𝑡
(40000cos𝜃) 

2. 𝐷.
𝑑𝐷

𝑑𝑡
= 40000sen 𝜃 .

𝑑𝜃

𝑑𝑡
 

𝑑𝐷

𝑑𝑡
=
20000sen 𝜃

𝐷
.
𝑑𝜃

𝑑𝑡
  

 

𝑄𝑢𝑎𝑛𝑑𝑜 𝜃 = 90° 𝑜𝑢 
𝜋

2
𝑟𝑎𝑑, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝐷 = √50000 = 100√5𝑚. 𝑆𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑎 

𝑣𝑒𝑙𝑜𝑐𝑖𝑑𝑎𝑑𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟, 𝑜𝑢 𝑎𝑖𝑛𝑑𝑎,
𝑑𝜃

𝑑𝑡
= 1° 𝑠⁄ =

𝜋

180
𝑟𝑎𝑑 𝑠⁄ ,𝑒𝑛𝑡ã𝑜 … 

 

𝑑𝐷

𝑑𝑡
|
𝐷=100√5𝑚
𝜃=90°           

=
20000sen

𝜋
2

100√5
.
𝜋

180
=
10𝜋

9√5
=
2𝜋√5

9
𝑚 𝑠⁄  

𝐿𝑜𝑔𝑜, 𝑎 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎 𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑎𝑚𝑖𝑔𝑜𝑠 𝑒𝑠𝑡á 𝑎𝑢𝑚𝑒𝑛𝑡𝑎𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 
2𝜋√5

9
𝑚 𝑠⁄  𝑞𝑢𝑎𝑛𝑑𝑜 

𝜃 = 90°.   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎 𝑖𝑔𝑢𝑎𝑙 𝑎 2 𝑚𝑒𝑡𝑟𝑜𝑠,𝑚𝑒𝑑𝑒 50𝑐𝑚,  
𝑐𝑜𝑚 𝑢𝑚 𝑒𝑟𝑟𝑜 𝑑𝑒 𝑚𝑒𝑑𝑖𝑑𝑎, 𝑑𝑒 𝑛𝑜 𝑚á𝑥𝑖𝑚𝑜,1𝑐𝑚. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑒𝑟𝑟𝑜 𝑚á𝑥𝑖𝑚𝑜 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒  
𝑑𝑒𝑠𝑣𝑖𝑜 𝑝𝑜𝑑𝑒 𝑐𝑎𝑢𝑠𝑎𝑟 𝑛𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜. 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜 𝑒𝑟𝑟𝑜 𝑑𝑒 𝑚𝑒𝑑𝑖𝑑𝑎 𝑐𝑜𝑚 𝑎 𝑚𝑒𝑑𝑖𝑑𝑎 𝑑𝑜 𝑟𝑎𝑖𝑜 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 
𝑞𝑢𝑒 1𝑐𝑚 ≪ 50𝑐𝑚, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑎 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑜 𝑟𝑎𝑖𝑜 𝑓𝑜𝑖 𝑚𝑢𝑖𝑡𝑜 𝑝𝑒𝑞𝑢𝑒𝑛𝑎 𝑐𝑜𝑚𝑝𝑎𝑟𝑎𝑑𝑎 𝑎𝑠 
𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜. 𝐿𝑜𝑔𝑜, 𝑝𝑎𝑟𝑎 𝑝𝑒𝑞𝑢𝑒𝑛𝑎𝑠 𝑣𝑎𝑟𝑖𝑎çõ𝑒𝑠 𝑡𝑒𝑟𝑒𝑚𝑜𝑠 ∆𝑉 ≈ 𝑑𝑉. 
 

𝑉 = 𝜋𝑟2ℎ = 2𝜋𝑟2  

𝑑𝑉 = 4𝜋𝑟. 𝑑𝑟 

𝑑𝑉 = 4𝜋.
50

100
.
1

100
=
𝜋

50
𝑚3  

∆𝑉 ≈ 𝑑𝑉 =
𝜋

50
𝑚3  

 
𝑂 𝑒𝑟𝑟𝑜 𝑚á𝑥𝑖𝑚𝑜 𝑞𝑢𝑒 𝑜 𝑑𝑒𝑠𝑣𝑖𝑜 𝑑𝑒 1𝑐𝑚 𝑝𝑜𝑑𝑒 𝑐𝑎𝑢𝑠𝑎𝑟 𝑛𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 

é 𝑑𝑒 𝜋 50⁄ 𝑚3 . 

 
𝑏) 𝐸𝑠𝑡𝑖𝑚𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒senh(0,1) + cosh(0,1). 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = senh𝑥 + cosh𝑥 ;  𝑓(0) = 1 𝑒 𝑓 ′(𝑥) = 𝑓(𝑥) ⇒ 𝑓 ′(0) = 𝑓(0) = 1. 

 
𝑃𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑢 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑚 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠: 
 

𝐿(𝑥) − 𝑓(0) = 𝑓 ′(0)(𝑥− 0) 
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𝐿(𝑥) = 𝑓(0) + 𝑓 ′(0)(𝑥− 0) 
𝐿(𝑥) = 𝑥 + 1 

𝑈𝑠𝑎𝑛𝑑𝑜 𝑜 𝑓𝑎𝑡𝑜 𝑑𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑣𝑎 𝑝𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑝𝑒𝑞𝑢𝑒𝑛𝑎𝑠 
𝑣𝑎𝑟𝑖𝑎çõ𝑒𝑠 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑒 𝑥 = 0 (𝑛𝑒𝑠𝑡𝑒 𝑐𝑎𝑠𝑜), 𝑒𝑛𝑡ã𝑜 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑑𝑖𝑧𝑒𝑟 𝑞𝑢𝑒  
 

𝑓(0,1) ≈ 𝐿(0,1) = 1,1 

 
𝐿𝑜𝑔𝑜, senh(0,1) + cosh(0,1) ≈ 1,1.  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒cosh(𝑥 + 𝑦) = cosh𝑥 . cosh𝑦+ senh𝑥 . senh𝑦. 

 

cosh𝑥 =
𝑒𝑥 + 𝑒−𝑥

2
=
1

2
(𝑒𝑥 +

1

𝑒𝑥
) =

𝑒2𝑥 + 1

2𝑒𝑥
 

senh𝑥 =
𝑒𝑥 − 𝑒−𝑥

2
=
1

2
(𝑒𝑥 −

1

𝑒𝑥
) =

𝑒2𝑥 − 1

2𝑒𝑥
 

cosh(𝑥 + 𝑦) =
𝑒2𝑥+2𝑦 + 1

2𝑒𝑥+𝑦
  

 
∗ 𝑃𝑟𝑜𝑣𝑎𝑛𝑑𝑜 𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑎𝑐𝑖𝑚𝑎 𝑑𝑒𝑠𝑒𝑛𝑣𝑜𝑙𝑣𝑒𝑛𝑑𝑜 𝑜 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑚𝑒𝑚𝑏𝑟𝑜: 
 

cosh𝑥 . cosh𝑦 =
1

4
.
(𝑒2𝑥 + 1)(𝑒2𝑦 +1)

𝑒𝑥𝑒𝑦
=
1

4
.
(𝑒2𝑥+2𝑦 + 𝑒2𝑥 + 𝑒2𝑦 + 1)

𝑒𝑥𝑒𝑦
 

senh𝑥 . senh𝑦 =
1

4
.
(𝑒2𝑥 −1)(𝑒2𝑦 − 1)

𝑒𝑥𝑒𝑦
=
1

4
.
(𝑒2𝑥+2𝑦 − 𝑒2𝑥 − 𝑒2𝑦 +1)

𝑒𝑥𝑒𝑦
 

cosh𝑥 . cosh𝑦 + senh𝑥 .senh 𝑦 =
1

4
.
2(𝑒2𝑥+2𝑦 + 1)

𝑒𝑥𝑒𝑦
=
𝑒2𝑥+2𝑦 + 1

2𝑒𝑥𝑒𝑦
= cosh(𝑥 + 𝑦) 

 
∗ 𝑃𝑟𝑜𝑣𝑎𝑛𝑑𝑜 𝑎 𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑑𝑒𝑠𝑒𝑛𝑣𝑜𝑙𝑣𝑒𝑛𝑑𝑜 𝑜 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑚𝑒𝑚𝑏𝑟𝑜: 
 

cosh(𝑥 + 𝑦) =
𝑒2𝑥𝑒2𝑦 +1

𝑒𝑥𝑒𝑦
 

                        =
2𝑒2𝑥𝑒2𝑦 +2

4𝑒𝑥𝑒𝑦
 

                        =
2𝑒2𝑥𝑒2𝑦 +2 + 𝑒2𝑥 − 𝑒2𝑥 + 𝑒2𝑦 − 𝑒2𝑦

4𝑒𝑥𝑒𝑦
 

                        =
(𝑒2𝑥𝑒2𝑦 + 𝑒2𝑥 + 𝑒2𝑦 + 1) + (𝑒2𝑥𝑒2𝑦 − 𝑒2𝑥 − 𝑒2𝑦 +1)

4𝑒𝑥𝑒𝑦
 

                       =
(𝑒2𝑥 +1)(𝑒2𝑦 + 1)

4𝑒𝑥𝑒𝑦
+
(𝑒2𝑥 −1)(𝑒2𝑦 − 1)

4𝑒𝑥𝑒𝑦
 

                       =
𝑒2𝑥 + 1

2𝑒𝑥
∙
𝑒2𝑦 + 1

2𝑒𝑦
+
𝑒2𝑥 − 1

2𝑒𝑥
∙
𝑒2𝑦 −1

2𝑒𝑦
 

 
                       = cosh𝑥 . cosh𝑦 + senh𝑥 . senh𝑦 

 
∗ 𝑂𝑏𝑠: 𝑒𝑠𝑠𝑒 𝑠𝑒𝑔𝑢𝑛𝑑𝑜 𝑚é𝑡𝑜𝑑𝑜 𝑓𝑜𝑖 𝑚𝑜𝑠𝑡𝑟𝑎𝑑𝑜 𝑎𝑝𝑒𝑛𝑎𝑠 𝑝𝑜𝑟 𝑟𝑎𝑧õ𝑒𝑠 𝑑𝑖𝑑á𝑡𝑖𝑐𝑎𝑠. 
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𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒cosh(3𝑥) ,𝑛𝑜 𝑝𝑜𝑛𝑡𝑜  
𝑜𝑛𝑑𝑒 𝑥 = 0. 

𝑑𝑦

𝑑𝑥
= 3senh(3𝑥). 𝑒cosh(3𝑥)  

𝑑𝑦

𝑑𝑥
|
𝑥=0

= 3senh(0). 𝑒cosh(0) = 0 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑥 = 0 é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 

𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑦 = 𝑒cosh(3𝑥)  𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (0,𝑒) é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑒 𝑒𝑞𝑢𝑎çã𝑜 𝑥 = 0.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝑆𝑒 𝑎 > 0 𝑒 𝑏 > 0, 𝑎𝑐ℎ𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓(𝑥) = 𝑥𝑎(1 − 𝑥)𝑏 , 𝑐𝑜𝑚 

𝑥 ∈ [0,1].       ∗ 𝐷(𝑓) = ℝ 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜, 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,1].𝑃𝑜𝑑𝑒𝑚𝑜𝑠 𝑒𝑛𝑡ã𝑜 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 
𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,1]. 

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 

 
1. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 
 
𝑓(0) = 0 𝑒 𝑓(1) = 0. 
 
2. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (0,1): 

 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ, 𝑠𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑒𝑚 
(0,1) 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 
 

𝑓 ′(𝑥) = 𝑎𝑥𝑎−1(1 − 𝑥)𝑏 −𝑏𝑥𝑎(1 − 𝑥)𝑏−1 
𝑓 ′(𝑥) = 0 ⇔ 𝑎𝑥𝑎−1(1 − 𝑥)𝑏 = 𝑏𝑥𝑎(1 − 𝑥)𝑏−1 
 

𝑎𝑥𝑎 . 𝑥−1(1 − 𝑥)𝑏 = 𝑏𝑥𝑎(1 − 𝑥)𝑏(1 − 𝑥)−1 
𝑎

𝑥
=

𝑏

1 − 𝑥
⇒ 𝑥(𝑎 + 𝑏) = 𝑎 ∴ 𝑥 =

𝑎

𝑎 + 𝑏
  ;𝑐𝑜𝑚 𝑎 > 0 𝑒 𝑏 > 0,

𝑎

𝑎 + 𝑏
∈ (0,1). 

 

𝑓 (
𝑎

𝑎 + 𝑏
) = (

𝑎

𝑎 + 𝑏
)
𝑎

(1 −
𝑎

𝑎 + 𝑏
)
𝑏

 

𝑓 (
𝑎

𝑎 + 𝑏
) =

𝑎𝑎

(𝑎 + 𝑏)𝑎
.

𝑏𝑏

(𝑎 + 𝑏)𝑏
=

𝑎𝑎𝑏𝑏

(𝑎 + 𝑏)𝑎+𝑏
 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
𝑎𝑎𝑏𝑏

(𝑎 + 𝑏)𝑎+𝑏
 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,1].  
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𝑏) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
cos𝑥

2 + sen𝑥
, 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋] .    ∗ 𝐷(𝑓) = ℝ 

 

𝑓 ′(𝑥) =
− sen𝑥 (2 + sen 𝑥) − cos𝑥 . cos𝑥

(2 + sen 𝑥)2
=
−(2sen𝑥 + sen2 𝑥 + cos2 𝑥)

(2 + sen𝑥)2
 

𝑓 ′(𝑥) =
−(2sen 𝑥 + 1)

(2 + sen𝑥)2
 ;   𝐷(𝑓 ′) = ℝ 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,2𝜋]. 𝑃𝑜𝑑𝑒𝑚𝑜𝑠 𝑒𝑛𝑡ã𝑜 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 
𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,2𝜋]. 
 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 
 
1. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 

𝑓(0) =
cos0

2 + sen0
=
1

2
  ;   𝑓(2𝜋) =

cos2𝜋

2 + sen2𝜋
=
1

2
. 

 
2. 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (0,2𝜋): 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 

𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒". 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ, 𝑒𝑛𝑡ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (0,2𝜋),𝑠𝑒 𝑓 
𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑒𝑚 (0,2𝜋) 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 
 

𝑓 ′(𝑥) =
−(2sen 𝑥 + 1)

(2 + sen𝑥)2
 

 

𝑓 ′(𝑥) = 0 ⇔ 2sen 𝑥 + 1 = 0 ⇒ sen𝑥 = −
1

2
∴ 𝑥 = {

7𝜋

6
,
11𝜋

6
} 

 

𝑓 (
7𝜋

6
) =

cos(
7𝜋
6 )

2 + sen(
7𝜋
6 )

=
−√

3
2

2 −
1
2

= −
√3

3
 

𝑓 (
11𝜋

6
) = 

cos(
11𝜋
6 )

2 + sen(
11𝜋
6 )

=

√3
2

2−
1
2

=
√3

3
 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
√3

3
 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 

𝑒 −
√3

3
 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,2𝜋].  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝑆𝑢𝑝𝑜𝑛ℎ𝑎 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒𝑗𝑎 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ 𝑒 𝑞𝑢𝑒 𝑡𝑒𝑛ℎ𝑎  
𝑡𝑟ê𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑑𝑖𝑠𝑡𝑖𝑛𝑡𝑎𝑠 .𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑓′′𝑡𝑒𝑚 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙.𝐸𝑚  
𝑠𝑒𝑔𝑢𝑖𝑑𝑎, 𝑐𝑜𝑚𝑝𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 𝑒𝑠𝑡𝑒 𝑓𝑎𝑡𝑜 𝑜𝑐𝑜𝑟𝑟𝑒,𝑑𝑎𝑛𝑑𝑜 𝑢𝑚 𝑒𝑥𝑒𝑚𝑝𝑙𝑜. 

 
𝑆𝑒 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ 𝑒 𝑝𝑜𝑠𝑠𝑢𝑖 3 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑑𝑖𝑠𝑡𝑖𝑛𝑡𝑎𝑠 
𝑥1,𝑥2 𝑒 𝑥3, 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑥1) = 𝑓(𝑥2) = 𝑓(𝑥3) = 0. 𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 

𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 

 
𝑆𝑢𝑝𝑜𝑛ℎ𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥1 < 𝑥2 < 𝑥3. 𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 é 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑓𝑒𝑐ℎ𝑎𝑑𝑜𝑠 [𝑥1,𝑥2] 𝑒 [𝑥2,𝑥3] 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑛𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 
𝑎𝑏𝑒𝑟𝑡𝑜𝑠 (𝑥1,𝑥2) 𝑒 (𝑥2,𝑥3),𝑒 𝑎𝑖𝑛𝑑𝑎, 𝑓(𝑥1) = 𝑓(𝑥2) 𝑒 𝑓(𝑥2) = 𝑓(𝑥3).𝐸𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 
𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥4 ∈ (𝑥1,𝑥2) 𝑒 𝑥5 ∈ (𝑥2, 𝑥3) 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓

′(𝑥4) = 0 𝑒 
𝑓 ′(𝑥5) = 0. 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 ′é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ. 
𝐿𝑜𝑔𝑜, 𝑓 ′é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑥4,𝑥5] 𝑒 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 (𝑥4,𝑥5). 
𝐸 𝑐𝑜𝑚𝑜 𝑓 ′(𝑥4) = 𝑓

′(𝑥5),𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒, 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑥6 ∈ (𝑥4,𝑥5) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓 ′′(𝑥6) = 0. 𝑂𝑢 𝑠𝑒𝑗𝑎, 𝑓

′′(𝑥) 𝑡𝑒𝑚 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙. 
 
𝐸𝑥𝑒𝑚𝑝𝑙𝑜: 𝑆𝑒𝑗𝑎 𝑓(𝑥) = (𝑥 − 1)(𝑥+ 1)(𝑥 + 2) = 𝑥3 −2𝑥2 − 𝑥 + 2 . 

𝑓 ′(𝑥) = 3𝑥2 −4𝑥 − 1 
𝑓 ′′(𝑥) = 6𝑥 − 4 

 
𝑁𝑜𝑡𝑒 𝑞𝑢𝑒 𝑓 é 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 𝐷(𝑓 ′) = ℝ 𝑒 𝐷(𝑓 ′′) = ℝ. 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝑅𝑜𝑙𝑙𝑒 𝑒𝑛𝑡𝑟𝑒 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑎𝑠 𝑑𝑒 𝑓, 𝑝𝑟𝑜𝑣𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 
𝑒𝑥𝑖𝑠𝑡𝑒 𝑥4 ∈ (−1,1) 𝑒 𝑥5 ∈ (1,2) 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓

′(𝑥4) = 0 𝑒 𝑓
′(𝑥5) = 0. 

 

𝑓 ′(𝑥) = 0 ⇒ 3𝑥2 − 4𝑥 − 1 = 0 ;    𝑥 =
4 ± √28

6
 ⟹ 𝑥4 =

4− 2√7

6
 𝑒 𝑥5 =

4 + 2√7

6
 

 
𝐴𝑖𝑛𝑑𝑎 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓 é 𝑑𝑢𝑎𝑠 𝑣𝑒𝑧𝑒𝑠 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙,𝑚𝑜𝑠𝑡𝑟𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 
𝑎𝑙𝑔𝑢𝑚 𝑥6 ∈ (𝑥4,𝑥5) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓

′′(𝑥6) = 0.𝐿𝑜𝑔𝑜, 
 

𝑓 ′′(𝑥6) = 0⟹ 6𝑥6 − 4 = 0 ∴ 𝑥6 =
4

6
 

 

𝑂𝑛𝑑𝑒,
4 − 2√7

6
<
4

6
<
4+ 2√7

6
 .  𝐶𝑜𝑚𝑝𝑟𝑜𝑣𝑎𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓 ′′𝑡𝑒𝑚 𝑝𝑒𝑙𝑜 𝑚𝑒𝑛𝑜𝑠 1 𝑟𝑎í𝑧.  

  

𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒arcsen(
𝑥

√1+ 𝑥2
) = arctg(

1 + 𝑥

1 − 𝑥
)−

𝜋

4
.  

 

𝑆𝑒𝑗𝑎𝑚 𝑓 𝑒 𝑔 𝑓𝑢𝑛çõ𝑒𝑠 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 𝑓(𝑥) = arcsen(
𝑥

√1+ 𝑥2
)  𝑒 𝑔(𝑥) = arctg(

1 + 𝑥

1 − 𝑥
) 

𝑜𝑛𝑑𝑒 𝐷(𝑓) = ℝ 𝑒 𝐷(𝑔) = ℝ− {1}. 𝐸𝑛𝑡ã𝑜, 
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𝑓 ′(𝑥) =
1

√1− (
𝑥

√1+ 𝑥2
)
2

.
𝑑

𝑑𝑥
[

𝑥

√1+ 𝑥2
] 

𝑓 ′(𝑥) =
1

√1+ 𝑥
2 −𝑥2

1 + 𝑥2

. [

√1 + 𝑥2 −𝑥.
1

2√1+ 𝑥2
(2𝑥)

1 + 𝑥2
] 

𝑓 ′(𝑥) = √1+ 𝑥2. [
1 + 𝑥2 − 𝑥2

(1 + 𝑥2)
3
2

] =
1

1 + 𝑥2
 

 

𝑔′(𝑥) =
1

1+ (
1+ 𝑥
1− 𝑥)

2
.
𝑑

𝑑𝑥
[
1 + 𝑥

1 − 𝑥
] 

𝑔′(𝑥) =
(1 − 𝑥)2

(1 − 𝑥)2 + (1+ 𝑥)2
. [
1 − 𝑥 − (1 + 𝑥)(−1)

(1 − 𝑥)2
] 

𝑔′(𝑥) =
(1 − 𝑥)2

2(1 + 𝑥2)
.

2

(1 − 𝑥)2
=

1

1 + 𝑥2
 

 
𝐿𝑜𝑔𝑜, 𝑓 ′(𝑥) = 𝑔′(𝑥) ∀𝑥 ∈ ℝ. 

 
"𝑆𝑒 𝑓 ′(𝑥) = 𝑔′(𝑥) 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 𝑒𝑚 𝑢𝑚 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑎, 𝑏) 𝑒𝑛𝑡ã𝑜 𝑓 − 𝑔 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 
(𝑎, 𝑏); 𝑖𝑠𝑡𝑜 é,𝑓(𝑥) = 𝑔(𝑥) + 𝐶, 𝑒𝑚 𝑞𝑢𝑒 𝐶 é 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒" 
 
𝑁𝑜 𝑐𝑎𝑠𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 𝑓 ′(𝑥) = 𝑔′(𝑥) 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ (−∞,+∞) 𝑒𝑛𝑡ã𝑜 𝑓 − 𝑔 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 

𝑒𝑚 (−∞,1) ∪ (1,+∞).  𝐿𝑜𝑔𝑜,𝑓(𝑥) = 𝑔(𝑥) + 𝐶, 𝑜𝑛𝑑𝑒 𝐶 é 𝑢𝑚𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑎 𝑠𝑒𝑟  
𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑎. 𝑁𝑜𝑡𝑒, 𝑞𝑢𝑒 𝑑𝑒𝑣𝑖𝑑𝑜 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑔 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 
𝑑𝑖𝑠𝑡𝑖𝑛𝑡𝑜𝑠 𝑝𝑎𝑟𝑎 𝐶 𝑐𝑎𝑠𝑜 𝑥 ∈ (−∞,1) 𝑜𝑢 𝑐𝑎𝑠𝑜 𝑥 ∈ (1, +∞).  

  
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑥 = 0, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝐶 𝑐𝑎𝑠𝑜 𝑥 ∈ (−∞,1). 

 
𝑓(0) = 𝑔(0) + 𝐶  

arcsen0 = arctg1 + 𝐶 

0 =
𝜋

4
+ 𝐶 ∴ 𝐶 = −

𝜋

4
   

 

𝐿𝑜𝑔𝑜, 𝑓(𝑥) = 𝑔(𝑥) −
𝜋

4
 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 

 arcsen(
𝑥

√1 + 𝑥2
) = arctg(

1 + 𝑥

1 − 𝑥
) −

𝜋

4
 , ∀𝑥 ∈ (−∞,1) 

 

𝐶𝑎𝑠𝑜 𝑥 ∈ (1, +∞) ,𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑝𝑎𝑟𝑎 𝑥 = √3, 𝑡𝑒𝑚𝑜𝑠: 

𝑓(√3) = 𝑔(√3)+ 𝐶 

arcsen(
√3

2
) = arctg(

1 +√3

1 −√3
)+ 𝐶 
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𝜋

3
= arctg (

4 + 2√3

−2
)+ 𝐶  

𝐶 =
𝜋

3
− arctg(−2 −√3) 

 
∗ 𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 arctg𝑥  é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 í𝑚𝑝𝑎𝑟, 𝑒𝑛𝑡ã𝑜: 
 

𝐶 =
𝜋

3
+ arctg(2 + √3) 

 

tg 𝜃 = 2 +√3;  tg2𝜃 + 1 = sec2𝜃 ∴ sec2 𝜃 = 8+ 4√3   

cos𝜃 = √
1

8+ 4√3
= √

8− 4√3

16
= √

2 −√3

4
=
√2 −√3

2
   𝑒   sen𝜃 =

√2+ √3

2
 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 sen2𝜃  𝑡𝑒𝑚𝑜𝑠: 
 

sen2𝜃 = 2 sen𝜃 cos𝜃 = 2.
√2+√3

2
.
√2 −√3

2
=
1

2
 ∴ 2𝜃 =

𝜋

6
 𝑜𝑢 2𝜃=

5𝜋

6
 

 

𝐶𝑜𝑚𝑜 sen𝜃 >
1

2
 𝑒𝑛𝑡ã𝑜 𝜃 >

𝜋

6
. 𝐿𝑜𝑔𝑜, 

 

2𝜃 =
5𝜋

6
∴ 𝜃 =

5𝜋

12
 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝐶 =
𝜋

3
+
5𝜋

12
=
9𝜋

12
=
3𝜋

4
 

 
𝐸𝑛𝑡ã𝑜, 𝑝𝑎𝑟𝑎 𝑥 ∈ (1, +∞),𝑡𝑒𝑚𝑜𝑠: 

𝑓(𝑥) = 𝑔(𝑥) +
3𝜋

4
 

   

arcsen(
𝑥

√1 + 𝑥2
) = arctg(

1 + 𝑥

1− 𝑥
) +

3𝜋

4
 , ∀𝑥 ∈ (1,+∞) 

 
∗ 𝑃𝑜𝑑𝑒𝑟í𝑎𝑚𝑜𝑠 𝑜𝑏𝑡𝑒𝑟 𝑜𝑠 𝑚𝑒𝑠𝑚𝑜𝑠 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑑𝑜𝑠 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 
𝑓 − 𝑔 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 → 1+ 𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 → 1− .𝐷𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑎𝑛𝑑𝑜: 
 

lim
𝑥→1−

[arcsen(
𝑥

√1 + 𝑥2
) − arctan(

1 + 𝑥

1 − 𝑥
)] = lim

𝑥→1−
arcsen(

𝑥

√1+ 𝑥2
) − lim

𝑥→1−
arctg(

1 + 𝑥

1 − 𝑥
) 

= arcsen(
1

√2
) −

𝜋

2
=
𝜋

4
−
𝜋

2
= −

𝜋

4
. 

 

 lim
𝑥→1+

[arcsen(
𝑥

√1+ 𝑥2
) − arctan (

1 + 𝑥

1 − 𝑥
)] = lim

𝑥→1+
arcsen(

𝑥

√1+ 𝑥2
) − lim

𝑥→1+
arctg (

1 + 𝑥

1− 𝑥
) 

= arcsen(
1

√2
) − (−

𝜋

2
) =

𝜋

4
+
𝜋

2
=
3𝜋

4
. 

∗ 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑖𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑒𝑥𝑝𝑜𝑠𝑡𝑎 é 𝑣á𝑙𝑖𝑑𝑎 𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑝𝑎𝑟𝑎 𝑥 ∈ (−∞,1).  
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2.7 4ª Prova – 06 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1. 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑐𝑢𝑗𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑠𝑢𝑎 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 
𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑥3 − 2𝑥−2 +2, 𝑒𝑚 𝑐𝑎𝑑𝑎 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥, 𝑒 𝑑𝑒 𝑠𝑜𝑟𝑡𝑒 𝑞𝑢𝑒 
𝑜 𝑐𝑖𝑡𝑎𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (1,3). 

 

𝑏) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑓 ′(𝑥) =
2+ 𝑥2

1 + 𝑥2
 𝑒 𝑞𝑢𝑒 𝑓(1) =

𝜋

2
. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓(𝑥). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 
 
𝑎) 𝑈𝑚𝑎 𝑙𝑎𝑡𝑎 𝑐𝑖𝑙í𝑛𝑑𝑟𝑖𝑐𝑎  𝑑𝑒𝑣𝑒 𝑐𝑜𝑛𝑡𝑒𝑟 27 𝑙𝑖𝑡𝑟𝑜𝑠 𝑑𝑒 𝑙í𝑞𝑢𝑖𝑑𝑜. 𝑂 𝑐𝑢𝑠𝑡𝑜 𝑑𝑜 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 
𝑢𝑠𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑜 𝑓𝑢𝑛𝑑𝑜 𝑒 𝑎 𝑡𝑎𝑚𝑝𝑎 𝑑𝑎 𝑙𝑎𝑡𝑎 é 𝑑𝑒 3 𝑐𝑒𝑛𝑡𝑎𝑣𝑜𝑠 𝑝𝑜𝑟 𝑐𝑒𝑛𝑡í𝑚𝑒𝑡𝑟𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 
𝑒 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑑𝑜 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑢𝑠𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑙𝑎𝑡𝑎 é 𝑑𝑒 2 𝑐𝑒𝑛𝑡𝑎𝑣𝑜𝑠 𝑝𝑜𝑟 𝑐𝑒𝑛𝑡í𝑚𝑒𝑡𝑟𝑜 

𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜. 𝑄𝑢𝑎𝑖𝑠 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑜 𝑟𝑎𝑖𝑜 𝑒 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑑𝑎  
𝑚𝑎𝑡é𝑟𝑖𝑎 𝑝𝑟𝑖𝑚𝑎 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑎 𝑛𝑎 𝑙𝑎𝑡𝑎 𝑠𝑒𝑗𝑎 𝑜 𝑚𝑒𝑛𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙? 
 
𝑏) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑢𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑠𝑢𝑎 𝑏𝑎𝑠𝑒 é 
𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎𝑜 𝑒𝑖𝑥𝑜-𝑥, 𝑒𝑠𝑡𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑎 𝑏𝑎𝑠𝑒 𝑎𝑐𝑖𝑚𝑎 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑒 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 27− 𝑥2.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑚𝑎𝑖𝑜𝑟 á𝑟𝑒𝑎 𝑞𝑢𝑒 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑝𝑜𝑑𝑒 𝑎𝑠𝑠𝑢𝑚𝑖𝑟. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3. 
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝜃→
𝜋
2

+

2(𝑒cos𝜃 +
𝜃
2 − 1) −

𝜋
2

ln[sen(−3𝜃)]
. 

 

𝑏) 𝑈𝑠𝑒 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 lim
𝑥→∞

(1 +
1

𝑥
)
𝑥

. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4. 

 

𝑎) 𝑃𝑎𝑟𝑎 𝑞𝑢𝑎𝑖𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 a 𝑒 b 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑎𝑥𝑒𝑏𝑥
2
 𝑡𝑒𝑚 𝑣𝑎𝑙𝑜𝑟 

𝑚á𝑥𝑖𝑚𝑜 𝑓(2) = 1? 
 
 
𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑑𝑎𝑑𝑜 𝑒𝑠𝑡𝑒 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 
𝑒𝑠𝑏𝑜𝑐𝑒 𝑢𝑚 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 
𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑗𝑢𝑠𝑡𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑐𝑜𝑛𝑠𝑡𝑟𝑢çã𝑜 

𝑒 𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,  
𝑗𝑢𝑠𝑡𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑟𝑒𝑠𝑝𝑜𝑠𝑡𝑎 𝑐𝑜𝑚 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜𝑠 
𝑚𝑎𝑡𝑒𝑚á𝑡𝑖𝑐𝑜𝑠 𝑒 𝑛ã𝑜 𝑎𝑝𝑒𝑛𝑎𝑠 𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜 𝑛𝑜 
𝑔𝑟á𝑓𝑖𝑐𝑜.   
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𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥2 −2𝑥 + 5

𝑥 − 1
 𝑒 𝑠𝑢𝑎𝑠 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠: 

 

𝑓 ′(𝑥) =
𝑥2 − 2𝑥 − 3

(𝑥 − 1)2
  𝑒  𝑓 ′′(𝑥) =

8

(𝑥 − 1)3
. 

𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑒𝑛𝑡ã𝑜, 
 
(𝑖) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑖𝑖) 𝑆𝑒𝑢𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 
(𝑖𝑖𝑖) 𝑆𝑢𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑖𝑣) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑣) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 
(𝑣𝑖) 𝑂𝑛𝑑𝑒 𝑓𝑖𝑐𝑎𝑚 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑐𝑢𝑗𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑠𝑢𝑎 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 
𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑥3 − 2𝑥−2 +2, 𝑒𝑚 𝑐𝑎𝑑𝑎 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥, 𝑒 𝑑𝑒 𝑠𝑜𝑟𝑡𝑒 𝑞𝑢𝑒 
𝑜 𝑐𝑖𝑡𝑎𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (1,3). 

 
𝑃𝑒𝑙𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑑𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑎𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠: 

 
𝑓 ′(𝑥) = 𝑥3 −2𝑥−2 +2    𝑒    𝑓(1) = 3 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é: 

 

𝑓(𝑥) =
1

4
𝑥3 +2𝑥−1 +2𝑥 + 𝐶  

 
𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓(1) = 3,𝑡𝑒𝑚𝑜𝑠: 

 

3 =
1

4
+ 2 + 2 +𝐶  

𝐶 = 3−
1

4
− 4 

𝐶 = −
5

4
 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) =
1

4
𝑥3 +2𝑥−1 + 2𝑥 −

5

4
.  

 

𝑏) 𝑆𝑎𝑏𝑒-𝑠𝑒 𝑞𝑢𝑒 𝑓 ′(𝑥) =
2+ 𝑥2

1 + 𝑥2
 𝑒 𝑞𝑢𝑒 𝑓(1) =

𝜋

2
. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓(𝑥). 

 

𝑓 ′(𝑥) = 1+
1

1+ 𝑥2
 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é: 
 

𝑓(𝑥) = 𝑥 + arctg𝑥 + 𝐶 

 

𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓(1) =
𝜋

2
, 𝑡𝑒𝑚𝑜𝑠: 

 
𝜋

2
= 1+ arctg1 + 𝐶 

 

𝐶 =
𝜋

2
− 1−

𝜋

4
 

 

𝐶 =
𝜋

4
− 1 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = 𝑥 + arctg 𝑥 +
𝜋

4
− 1  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝑈𝑚𝑎 𝑙𝑎𝑡𝑎 𝑐𝑖𝑙í𝑛𝑑𝑟𝑖𝑐𝑎  𝑑𝑒𝑣𝑒 𝑐𝑜𝑛𝑡𝑒𝑟 27 𝑙𝑖𝑡𝑟𝑜𝑠 𝑑𝑒 𝑙í𝑞𝑢𝑖𝑑𝑜. 𝑂 𝑐𝑢𝑠𝑡𝑜 𝑑𝑜 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 
𝑢𝑠𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑜 𝑓𝑢𝑛𝑑𝑜 𝑒 𝑎 𝑡𝑎𝑚𝑝𝑎 𝑑𝑎 𝑙𝑎𝑡𝑎 é 𝑑𝑒 3 𝑐𝑒𝑛𝑡𝑎𝑣𝑜𝑠 𝑝𝑜𝑟 𝑐𝑒𝑛𝑡í𝑚𝑒𝑡𝑟𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜 
𝑒 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑑𝑜 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑢𝑠𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑙𝑎𝑡𝑎 é 𝑑𝑒 2 𝑐𝑒𝑛𝑡𝑎𝑣𝑜𝑠 𝑝𝑜𝑟 𝑐𝑒𝑛𝑡í𝑚𝑒𝑡𝑟𝑜 

𝑞𝑢𝑎𝑑𝑟𝑎𝑑𝑜. 𝑄𝑢𝑎𝑖𝑠 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑜 𝑟𝑎𝑖𝑜 𝑒 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑝𝑎𝑟𝑎 𝑞𝑢𝑒 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑑𝑎  
𝑚𝑎𝑡é𝑟𝑖𝑎 𝑝𝑟𝑖𝑚𝑎 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑑𝑎 𝑛𝑎 𝑙𝑎𝑡𝑎 𝑠𝑒𝑗𝑎 𝑜 𝑚𝑒𝑛𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙? 
 
𝐷𝑎𝑑𝑜𝑠 𝑑𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜:𝑉 = 27𝑙 = 27.000𝑐𝑚3  ;𝑃1 = 0,03 𝑅$ 𝑐𝑚

2⁄  𝑒 𝑃2 = 0,02 𝑅$ 𝑐𝑚
2⁄  

 
27.000 = 𝜋𝑟2ℎ       (𝐸𝑞.1) 

 

𝐶(𝑟, ℎ) = 𝑃1 × (𝐴𝑓𝑢𝑛𝑑𝑜 + 𝐴𝑡𝑎𝑚𝑝𝑎 )+ 𝑃2 × 𝐴𝑙𝑎𝑡𝑒𝑟𝑎𝑙 

𝐶(𝑟,ℎ) = 0,03(𝜋𝑟2 + 𝜋𝑟2) + 0,02(2𝜋𝑟ℎ) 
𝐶(𝑟,ℎ) = 0,06𝜋𝑟2 +0,04𝜋𝑟ℎ 

 
𝑂𝑛𝑑𝑒 𝐶(𝑟,ℎ) é 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑡𝑜𝑡𝑎𝑙 𝑞𝑢𝑒 𝑑𝑒𝑝𝑒𝑛𝑑𝑒 𝑑𝑜 𝑟𝑎𝑖𝑜 𝑟 𝑒 𝑑𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 ℎ. 

 

𝑃𝑒𝑙𝑎 𝐸𝑞𝑢𝑎çã𝑜 1,𝑡𝑖𝑟𝑎𝑚𝑜𝑠 ℎ 𝑒𝑚 𝑓𝑢𝑛çã𝑜 𝑑𝑜 𝑟,𝑠𝑒𝑛𝑑𝑜 ℎ(𝑟) =
27.000

𝜋𝑟2
. 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑜 𝑐𝑢𝑠𝑡𝑜 𝑡𝑜𝑡𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠: 

 

𝐶(𝑟) = 0,06𝜋𝑟2 +0,04𝜋𝑟.
27000

𝜋𝑟2
 

𝐶(𝑟) = 0,06𝜋𝑟2 +0,04.
27.000

𝑟
 

𝐶(𝑟) =
0,06𝜋𝑟3 +0,04 × 27000

𝑟
  ;    𝐷(𝐶) = {𝑟 ∈ ℝ; 𝑟 > 0} 

 
∗ 𝑂 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝐶(𝑟) 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑎𝑐𝑖𝑚𝑎 𝑙𝑒𝑣𝑎 𝑒𝑚 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎çã𝑜 𝑞𝑢𝑒 𝑟 é 𝑢𝑚𝑎 
𝑣𝑎𝑟𝑖á𝑣𝑒𝑙 𝑐𝑜𝑚 𝑢𝑛𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑐𝑜𝑚𝑝𝑟𝑖𝑚𝑒𝑛𝑡𝑜! 

 
𝑃𝑎𝑟𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑟 𝑞𝑢𝑒 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑎𝑚 𝑜𝑢 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑎𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝐶,  
𝑝𝑟𝑜𝑐𝑢𝑟𝑎𝑚𝑜𝑠 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒𝑠𝑠𝑎 𝑓𝑢𝑛çã𝑜. 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 

 

𝐶 ′(𝑟) =
0,18𝜋𝑟3 −0,06𝜋𝑟3 −0,04 × 27.000

𝑟2
 

𝐶 ′(𝑟) =
0,12𝜋𝑟3 −0,04 × 27.000

𝑟2
 

 
𝐶 ′(𝑟) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑝𝑎𝑟𝑎 𝑟 = 0, 𝑝𝑜𝑟é𝑚, 0 ∉ 𝐷(𝐶).𝐿𝑜𝑔𝑜,𝑟 = 0 𝑛ã𝑜 é 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜! 
 
𝐶 ′(𝑟) = 0 ⇒ 0,12𝜋𝑟3 −0,04 × 27.000 = 0 

 

𝑟3 =
0,04 × 27.000

0,12𝜋
=
27.000

3𝜋
=
9.000

𝜋
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∴ 𝑟 = 10√
9

𝜋

3

𝑐𝑚 =
10

𝜋
√9𝜋2
3

𝑐𝑚 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝐶 ′(𝑟), 𝑡𝑒𝑚𝑜𝑠: 
 

(0) −− −− − (
10

𝜋
√9𝜋2
3

) ++ ++ ++ +   𝐶 ′(𝑟) ;   𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 

 

𝐶𝑜𝑚 𝑒𝑠𝑠𝑒 𝑒𝑠𝑡𝑢𝑑𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑟 =
10

𝜋
√9𝜋2
3

𝑐𝑚 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑞𝑢𝑒 

𝑒𝑠𝑡á 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑐𝑖𝑚𝑎 
𝑒𝑠𝑠𝑒 𝑣𝑎𝑙𝑜𝑟 é 𝑜 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑜 𝑐𝑢𝑠𝑡𝑜 𝑡𝑜𝑡𝑎𝑙. 𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑒 𝑣𝑎𝑙𝑜𝑟 
𝑑𝑒 𝑟 𝑜 𝑐𝑢𝑠𝑡𝑜 𝑠𝑒𝑟á 𝑜 𝑚𝑒𝑛𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙. 

 

𝑃𝑎𝑟𝑎 𝑟 =
10

𝜋
√9𝜋2
3

, 𝑡𝑒𝑚𝑜𝑠 ℎ =
27.000

𝜋.
100
𝜋2

√81𝜋4
3

=
27.000

100√81𝜋
3

=
2.700

3√3𝜋
3

=
300

𝜋
√9𝜋2
3

𝑐𝑚 

 
𝑏) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑢𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑛𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑒 𝑠𝑢𝑎 𝑏𝑎𝑠𝑒 é 
𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎𝑜 𝑒𝑖𝑥𝑜-𝑥, 𝑒𝑠𝑡𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣é𝑟𝑡𝑖𝑐𝑒𝑠 𝑑𝑎 𝑏𝑎𝑠𝑒 𝑎𝑐𝑖𝑚𝑎 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑒 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 
𝑦 = 27− 𝑥2.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑚𝑎𝑖𝑜𝑟 á𝑟𝑒𝑎 𝑞𝑢𝑒 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑝𝑜𝑑𝑒 𝑎𝑠𝑠𝑢𝑚𝑖𝑟. 

 

 
 

𝐴 =
2𝑥. 𝑦

2
= 𝑥. 𝑦 = 𝑥(27 − 𝑥2) = 27𝑥 − 𝑥3 

                                    𝐴(𝑥) = 27𝑥 − 𝑥3   ;      𝐷(𝐴) = {𝑥 ∈ ℝ; 0 < 𝑥 < 3√3} 

𝐴′(𝑥) = 27 − 3𝑥2 = 3(9 − 𝑥2) 
 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝐴(𝑥) 𝑝𝑒𝑙𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎,𝑡𝑒𝑚𝑜𝑠: 
  

(0) ++ ++(3) −− −− − (3√3)       𝐴′(𝑥)   ;    𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 

 
𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑛𝑜𝑡𝑒 𝑞𝑢𝑒 𝑥 = 3 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝐴(𝑥) 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 

𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,3√3),𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜,𝑎𝑙é𝑚 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙, 

é 𝑜 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝐴(𝑥). 
𝐿𝑜𝑔𝑜, 𝐴(3) = 81 − 27 = 54 𝑢. 𝐴 é 𝑎 𝑚𝑎𝑖𝑜𝑟 á𝑟𝑒𝑎 𝑞𝑢𝑒 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑝𝑜𝑑𝑒 𝑎𝑠𝑠𝑢𝑚𝑖𝑟.  



179 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝜃→
𝜋
2

+

2(𝑒cos𝜃 +
𝜃
2 − 1) −

𝜋
2

ln[sen(−3𝜃)]
;  𝐼𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜  "

0

0
"  

 
∗ 𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑝𝑖𝑡𝑎𝑙, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 

lim
𝜃→
𝜋
2

+

2(𝑒cos𝜃 +
𝜃
2 − 1) −

𝜋
2

ln[sen(−3𝜃)]

𝐿′𝐻
⇒ lim

𝜃→
𝜋
2

+

2 (−sen 𝜃 𝑒cos𝜃 +
1
2)

−
3 cos(−3𝜃)
sen(−3𝜃)

= lim
𝜃→
𝜋
2

+

2 (−sen𝜃 𝑒cos𝜃 +
1
2)

−3cotg(−3𝜃)
; 

 

∗ 𝑂𝑏𝑠: 𝑆𝑒 𝜃 →
𝜋

2

+

, 𝑒𝑛𝑡ã𝑜 𝜃 >
𝜋

2
 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, −3𝜃 < −

3𝜋

2
. 

∗ 𝑂𝑏𝑠2: cotg(−3𝜃) = − cotg(3𝜃) . 𝑆𝑒 − 3𝜃 → −
3𝜋

2

−

 𝑒𝑛𝑡ã𝑜 cotg(3𝜃) → 0− .  

 

lim
𝜃→
𝜋
2

+

2 (−sen 𝜃 𝑒cos𝜃 +
1
2)

−3cotg(−3𝜃)
= lim
𝜃→
𝜋
2

+

2 (−sen𝜃 𝑒cos𝜃 +
1
2)

⏞              

−1
↑

3cotg(3𝜃)⏟      
↓
0−

= +∞  

 

𝑏) 𝑈𝑠𝑒 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 lim
𝑥→∞

(1 +
1

𝑥
)
𝑥

. 

 

lim
𝑥→∞

(1 +
1

𝑥
)
𝑥

= lim
𝑥→∞

𝑒 ln
(1+

1
𝑥
)
𝑥

= lim
𝑥→∞

𝑒𝑥.ln
(1+

1
𝑥
)
= 𝑒

lim
𝑥→∞

𝑥.ln(1+
1
𝑥
)
; 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒,𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑥→∞

𝑥. ln (1 +
1

𝑥
) = lim

𝑥→∞

ln(1 +
1
𝑥)

1
𝑥

 ; 𝐼𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "
0

0
"  

𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑝𝑖𝑡𝑎𝑙,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 

lim
𝑥→∞

ln(1 +
1
𝑥)

1
𝑥

= lim
𝑥→∞

1

(1 +
1
𝑥)
. (−

1
𝑥2
)

−
1
𝑥2

= lim
𝑥→∞

−
1

𝑥2 + 𝑥

−
1
𝑥2

= lim
𝑥→∞

𝑥2

𝑥2 + 𝑥
= lim
𝑥→∞

2𝑥

2𝑥 + 1
; 

lim
𝑥→∞

2𝑥

2𝑥 + 1
= lim
𝑥→∞

2

2
= lim
𝑥→∞

1 = 1. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

lim
𝑥→∞

(1 +
1

𝑥
)
𝑥

= 𝑒
lim
𝑥→∞

𝑥.ln(1+
1
𝑥
)
= 𝑒1 = 𝑒. 
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𝑎) 𝑃𝑎𝑟𝑎 𝑞𝑢𝑎𝑖𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 a 𝑒 b 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑎𝑥𝑒𝑏𝑥
2
 𝑡𝑒𝑚 𝑣𝑎𝑙𝑜𝑟 

𝑚á𝑥𝑖𝑚𝑜 𝑓(2) = 1? 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑒𝑙𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑖𝑠 
𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜,𝑠𝑒 𝑓 𝑡𝑒𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 1 𝑒𝑚 

𝑥 = 2, 𝑒𝑛𝑡ã𝑜 2 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑒,𝑐𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑓 ′(2) 𝑒𝑥𝑖𝑠𝑡𝑒 
𝑒 𝑓 ′(2) = 0. (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝐹𝑒𝑟𝑚𝑎𝑡) 
 

𝑓 ′(𝑥) = 𝑎𝑒𝑏𝑥
2
(1 + 2𝑏𝑥2) 

 

𝑓 ′(2) = 0 ⟹ 𝑎𝑒4𝑏(1 + 8𝑏) = 0 ⟹ 1+ 8𝑏 = 0 ∴ 𝑏 = −
1

8
. 

 
𝐶𝑜𝑚𝑜 𝑓(2) = 1, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓(2) = 2𝑎𝑒−
1
8
(4) = 2𝑎𝑒−

1
2 = 1 ∴ 𝑎 =

1

2
𝑒
1
2 =

1

2
√𝑒  

 
𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑑𝑎𝑑𝑜 𝑒𝑠𝑡𝑒 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 
𝑒𝑠𝑏𝑜𝑐𝑒 𝑢𝑚 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 
𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑗𝑢𝑠𝑡𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑐𝑜𝑛𝑠𝑡𝑟𝑢çã𝑜 

𝑒 𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,  
𝑗𝑢𝑠𝑡𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑟𝑒𝑠𝑝𝑜𝑠𝑡𝑎 𝑐𝑜𝑚 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜𝑠 
𝑚𝑎𝑡𝑒𝑚á𝑡𝑖𝑐𝑜𝑠 𝑒 𝑛ã𝑜 𝑎𝑝𝑒𝑛𝑎𝑠 𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜 𝑛𝑜 
𝑔𝑟á𝑓𝑖𝑐𝑜.   

 
 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑒𝑙𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜, 𝑡𝑒𝑚𝑜𝑠 𝑎𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠: 
 
(𝑖)𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜: 
 
𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑎,𝑐) ∪ (e,𝑛) 
𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑏,𝑎) ∪ (𝑐,e) 
 
(𝑖𝑖) 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒: 
 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒𝑚 (𝑏,𝑑) ∪ (𝑔, 𝑛) 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜 𝑒𝑚 (𝑑, 𝑔) 
𝑂𝑛𝑑𝑒 𝑑 ∈ (𝑎, 𝑐) 𝑒 𝑔 ∈ (𝑐, 𝑒)  
 
𝐶𝑜𝑚 𝑒𝑠𝑠𝑎𝑠 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑟 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 
𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑒 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 𝑑𝑒 𝑡𝑎𝑙 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒: 

 
(𝑏) −− − (𝑎) + ++ + + (𝑐) −− −− −−(e) ++ ++(𝑛)    𝑓 ′ 
(𝑏) ++ ++ ++(𝑑) −− −− − (𝑔) + ++ ++ ++ +  (𝑛)     𝑓 ′′ 

 



181 

 

 
 

𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (𝑑, 𝑓(𝑑)) 𝑒 (𝑔,𝑓(𝑔)) 𝑠ã𝑜 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑣𝑖𝑠𝑡𝑜 𝑞𝑢𝑒 𝑜𝑐𝑜𝑟𝑟𝑒 

𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒𝑚 𝑥 = 𝑑 𝑒 𝑒𝑚 𝑥 = 𝑔.  
𝐶𝑜𝑚𝑜 𝑓 ′′ 𝑛𝑜𝑠 𝑑á 𝑎 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çã𝑜 𝑑𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 
𝑓 ′ , 𝑒𝑛𝑡ã𝑜,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒: 
 
𝑓 ′  é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑏,𝑑) ∪ (𝑔, 𝑛) 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑑, 𝑔). 
 
𝑂𝑛𝑑𝑒 𝑥 = 𝑑 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓 ′𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 
𝑥 = 𝑔 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓 ′𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 
 
𝐸𝑠𝑏𝑜ç𝑎𝑛𝑑𝑜 𝑢𝑚𝑎 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎çã𝑜 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑣𝑎 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 ′ , 𝑡𝑒𝑚𝑜𝑠:   

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓.𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
𝑥2 −2𝑥 + 5

𝑥 − 1
 𝑒 𝑠𝑢𝑎𝑠 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠: 

 

𝑓 ′(𝑥) =
𝑥2 − 2𝑥 − 3

(𝑥 − 1)2
  𝑒  𝑓 ′′(𝑥) =

8

(𝑥 − 1)3
. 

𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑒𝑛𝑡ã𝑜, 

 
(𝑖) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑖𝑖) 𝑆𝑒𝑢𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 
(𝑖𝑖𝑖) 𝑆𝑢𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑖𝑣) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
(𝑣) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 
(𝑣𝑖) 𝑂𝑛𝑑𝑒 𝑓𝑖𝑐𝑎𝑚 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 
 
∗ 𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 ∶   𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ 1} 
∗ 𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 𝐴 = (0,−5) 

 
(𝑖) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 

 
𝑆𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠, 𝑒𝑠𝑡𝑒𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 
𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓. 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 
𝑜𝑢 𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒". 
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𝐶𝑜𝑚𝑜 𝑓 ′(𝑥) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒𝑚 𝑥 = 1 𝑒 1 ∉ 𝐷(𝑓) 𝑒𝑛𝑡ã𝑜,1 𝑛ã𝑜 é 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓. 
 

𝑓 ′(𝑥) = 0⟹ 𝑥2 −2𝑥 − 3 = 0 ;  {
𝑥1 + 𝑥2 = 2
𝑥1.𝑥2 = −3

∴ 𝑥1 = 3 𝑒 𝑥2 = −1 

 
{3, −1} ∈ 𝐷(𝑓) 𝑒 𝑓 ′(3) = 𝑓 ′(−1) = 0. 𝐿𝑜𝑔𝑜, 3 𝑒 − 1 𝑠ã𝑜 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓. 
 
𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑆𝑒𝑔𝑢𝑛𝑑𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓 ′′(3) =
8

8
= 1 ;𝑓 ′′(3) > 0. 𝐿𝑜𝑔𝑜,𝑓(3) é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 

𝑓(3) =
32 −2 × 3+ 5

3 − 1
=
9 − 6 + 5

2
=
8

2
= 4.   𝑃𝑜𝑛𝑡𝑜 𝐴= (3,4) 

𝑓 ′′(−1) =
8

−8
= −1; 𝑓 ′′(−1) < 0. 𝐿𝑜𝑔𝑜, 𝑓(−1) é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙. 

 

𝑓(−1) =
(−1)2 − 2(−1)+ 5

−1 − 1
=
1 + 2 + 5

−2
=
8

−2
= −4.    𝑃𝑜𝑛𝑡𝑜 𝐵 = (−1,−4) 

 
(𝑖𝑖) 𝑆𝑒𝑢𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 

 
𝐸𝑠𝑡𝑢𝑑𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
+ ++ ++(−1) −− −− −− −−(3) ++ ++ ++ +      𝑥2 −2𝑥 − 3 

− −− −− −− −− −−(1) ++ ++ ++ ++ ++ +         𝑥− 1 
− −− −−(−1) ++ ++(1) −− − (3) + ++ ++ +       𝑓 ′(𝑥) 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑜𝑛𝑑𝑒 𝑓 ′ > 0 𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑜𝑛𝑑𝑒 𝑓 ′ < 0. 𝐿𝑜𝑔𝑜, 

 
𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−1,1)∪ (3, +∞) 𝑒 
𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒𝑚 (−∞)∪ (1,3) 

 
(𝑖𝑖𝑖) 𝑆𝑢𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 
 
∗ 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙: 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 lim

𝑥→𝑎+
𝑓(𝑥) = ±∞ 

𝑜𝑢 lim
𝑥→𝑎−

𝑓(𝑥) = ±∞. 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑥 = 𝑎,𝑐𝑜𝑛𝑐𝑙𝑢𝑖 − 𝑠𝑒 
𝑞𝑢𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 
𝐿𝑜𝑔𝑜, 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑒 𝑓. 
 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

𝑥2 −2𝑥 + 5⏞        

4
↑

𝑥 − 1⏟  
↓
0+

= +∞    𝑒   lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

𝑥2 −2𝑥 + 5⏞        

4
↑

𝑥 − 1⏟  
↓
0−

= −∞ 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 



183 

 

 
 

∗ 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿 𝑜𝑢 lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

𝑥2 − 2𝑥 + 5

𝑥 − 1
= lim
𝑥→+∞

2𝑥 − 2

1
= lim
𝑥→+∞

(2𝑥 − 2) = +∞ 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

𝑥2 − 2𝑥 + 5

𝑥 − 1
= lim
𝑥→−∞

2𝑥 − 2

1
= lim
𝑥→−∞

(2𝑥 − 2) = −∞ 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
∗ 𝑂𝑏𝑙í𝑞𝑢𝑎: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑠𝑒, 

𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, lim
𝑥→±∞

[𝑓(𝑥)− (𝑎𝑥 + 𝑏)] = 0 

𝑓(𝑥) =
𝑥2 − 2𝑥 + 5

𝑥 − 1
= (𝑥 − 1) +

4

𝑥 − 1
 

𝑓(𝑥) − (𝑥 − 1) =
4

𝑥 − 1
 

lim
𝑥→±∞

[𝑓(𝑥) − (𝑥 − 1)] = lim
𝑥→±∞

4

𝑥 − 1
= 0 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑥 − 1 é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
(𝑖𝑣) 𝑆𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚; 

 
𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑑𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑐𝑜𝑟𝑟𝑒 𝑎 
𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒. 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓 ′′(𝑥) =
8

(𝑥 − 1)3
 

 
           − −− −− −−(1) ++ ++ ++    𝑓 ′′(𝑥) 

 
𝑁𝑜𝑡𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑒𝑚 𝑥 = 1 𝑜𝑐𝑜𝑟𝑟𝑒 𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒. 𝐸𝑛𝑡𝑟𝑒𝑡𝑎𝑛𝑡𝑜, 
1 ∉ 𝐷(𝑓) 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑛ã𝑜 ℎá 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑛𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 
 
(𝑣) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜. 
 
𝐵𝑎𝑠𝑒𝑎𝑑𝑜 𝑛𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑓𝑒𝑖𝑡𝑎 𝑛𝑜 𝑖𝑡𝑒𝑚 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟,𝑡𝑒𝑚𝑜𝑠: 
 
𝑂𝑛𝑑𝑒 𝑓 ′′ > 0, 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 𝑓 ′′ < 0,𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜.𝐶𝑜𝑚 𝑖𝑠𝑠𝑜 … 

 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐶 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐶𝑖𝑚𝑎) 𝑒𝑚 (1,+∞) 𝑒  
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐵 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐵𝑎𝑖𝑥𝑜) 𝑒𝑚 (−∞,1). 
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𝐸𝑠𝑏𝑜ç𝑜 𝐺𝑟á𝑓𝑖𝑐𝑜:  
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2.8 4ª Prova – 07 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥 𝑞𝑢𝑒 𝑒𝑠𝑡á 𝑚𝑎𝑖𝑠 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 
(3,0). 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑚𝑎𝑖𝑜𝑟 á𝑟𝑒𝑎 𝑞𝑢𝑒 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑜 

𝑛𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑙𝑎𝑑𝑜𝑠 3,4 𝑒 5. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 

 
𝑎) lim

𝑥→0+
𝑥sen 𝑥 ; 

 

𝑏) lim
𝑥→1+

(
1

𝑥 − 1
−
1

ln 𝑥
). 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝐷𝑎𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (
1

2
, 1)  𝑒 𝑞𝑢𝑒 𝑎 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑑𝑒 𝑠𝑢𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑥,𝑓(𝑥)) é 
4

√1 − 𝑥2
, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 
𝑏) 𝑂𝑠 𝑔𝑟á𝑓𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓(𝑥) 𝑒 𝑔(𝑥) 𝑡ê𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 
𝑆𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑔(𝑥) = 𝑥3 𝑒 𝑓′′(𝑥) = 𝑥 + 𝑥2, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓(𝑥). 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 

𝑎) 𝐴𝑐ℎ𝑒 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 4 sen3 𝑥 + 3√2cos2 𝑥 , 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−𝜋, 𝜋). 

 
𝑏) 𝑂 𝑞𝑢𝑒 𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 2ª 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛𝑜𝑠 𝑑𝑖𝑧 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = 𝑥4(𝑥 − 1)3,𝑛𝑜𝑠 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠? 

 

𝑄𝑢𝑒𝑠𝑡ã𝑜 5. 𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
−2𝑥2+ 𝑥 + 2

2𝑥 + 1
, 𝑡𝑒𝑛𝑑𝑜 

 

𝑓 ′(𝑥) =
−4𝑥2 − 4𝑥 − 3

(2𝑥 + 1)2
     𝑒     𝑓′′(𝑥) =

8

(2𝑥 + 1)3
 

 
𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜: 

 
(𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 
(𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 
𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
(𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 
𝑏𝑎𝑖𝑥𝑜,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚.  

 



186 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥 𝑞𝑢𝑒 𝑒𝑠𝑡á 𝑚𝑎𝑖𝑠 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 
(3,0). 
 

 
𝐼𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑑𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎! 

 
𝐴 𝑑𝑖𝑠𝑡â𝑛𝑐𝑖𝑎  𝑒𝑛𝑡𝑟𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑃(𝑥,𝑦) 𝑒 𝐴(3,0) 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 − 𝑠𝑒 𝑞𝑢𝑒 𝑃 é 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 

𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥 ,𝑒𝑛𝑡ã𝑜 𝑃(𝑥, √𝑥), é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 

 

𝑑(𝑃, 𝐴) = 𝑑 = √(𝑥 − 3)2 + (√𝑥 − 0)
2
 

𝑑(𝑥) = √𝑥2 − 6𝑥 + 9+ 𝑥 

                                            𝑑(𝑥) = √𝑥2 − 5𝑥 + 9         𝐷(𝑑) = {𝑥 ∈ ℝ; 𝑥 ≥ 0} 

                                           𝑑′(𝑥) =
2𝑥 − 5

2√𝑥2 −5𝑥 + 9
      𝐷(𝑑′) = {𝑥 ∈ ℝ; 𝑥 ≥ 0} 

 
𝐶𝑜𝑚𝑜 𝑑 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 ∀𝑥 ∈ 𝐷(𝑑),𝑠𝑒 𝑑(𝑥) 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜  

𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 𝑐, 𝑒𝑛𝑡ã𝑜 𝑑′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑑′(𝑐) = 0. (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑒 𝐹𝑒𝑟𝑚𝑎𝑡)   
 

𝑑′(𝑥) = 0⟹ 2𝑥 − 5 = 0 ∴ 𝑥 =
5

2
 

 
𝐹𝑎𝑧𝑒𝑛𝑑𝑜 𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑑′(𝑥),𝑡𝑒𝑚𝑜𝑠: 

 
(0) −− −− −−(5 2⁄ ) ++ ++ ++ +      𝑑′(𝑥) 

 
𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 5 2⁄  é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 
𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙, 𝑞𝑢𝑒 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑐𝑢𝑗𝑎 𝑑𝑖𝑠𝑡ã𝑛𝑐𝑖𝑎 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑝𝑜𝑛𝑡𝑜 (3,0) 

é 𝑎 𝑚𝑒𝑛𝑜𝑟.𝑂 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 é (5 2⁄ , √5 2⁄ )  𝑜𝑢 (
5

2
,
√10

2
). 
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𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑚𝑎𝑖𝑜𝑟 á𝑟𝑒𝑎 𝑞𝑢𝑒 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑜 

𝑛𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑙𝑎𝑑𝑜𝑠 3,4 𝑒 5. 

 

 
𝐼𝑙𝑢𝑠𝑡𝑟𝑎çã𝑜 𝑑𝑜 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑎! 

 
𝐴 á𝑟𝑒𝑎 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑜 𝑛𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 
 

                                                   𝐴(𝑥, 𝑦) = 𝑥. 𝑦     ;      0 < 𝑥 < 4   𝑒    0 < 𝑦 < 3 

 
𝑃𝑜𝑟 𝑠𝑒𝑚𝑒𝑙ℎ𝑎𝑛ç𝑎 𝑑𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜𝑠, 𝑡𝑒𝑚𝑜𝑠: 

 
3

4
=

𝑦

4− 𝑥
∴ 𝑦 =

3

4
(4 − 𝑥) 

 

                                                           𝐴(𝑥) = 𝑥.
3

4
(4 − 𝑥)       𝐷(𝐴) = {𝑥 ∈ ℝ; 0 < 𝑥 < 4} 

𝐴(𝑥) =
3

4
(4𝑥 − 𝑥2) 

𝐴′(𝑥) =
3

4
(4 − 2𝑥) 

 
𝐶𝑜𝑚𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝐴(𝑥) é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (0,4) 𝑠𝑒 𝐴 𝑝𝑜𝑠𝑠𝑢𝑖 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜 
𝑙𝑜𝑐𝑎𝑙 𝑒𝑚 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (0,4) 𝑒𝑛𝑡ã𝑜 𝐴′(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝐴′(𝑐) = 0. 

 
𝐴′(𝑥) = 0 ⟹ 4− 2𝑥 = 0 ∴ 𝑥 = 2 ;    2 ∈ (0,4) 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝐴′(𝑥), 𝑡𝑒𝑚𝑜𝑠: 

 
(0) ++ ++ ++ + (2) − −− −− −− −(4)      𝐴′(𝑥) 

 
𝐿𝑜𝑔𝑜, 2 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜, 
𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑚𝑜𝑠 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,4) 𝑐𝑜𝑚𝑜 𝑟𝑒𝑓𝑒𝑟ê𝑛𝑐𝑖𝑎 𝑒 2 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎 

𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥 𝑝𝑎𝑟𝑎 𝑜 𝑞𝑢𝑎𝑙 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑖𝑛𝑠𝑐𝑟𝑖𝑡𝑜 𝑛𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 
𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 3, 4 𝑒 5 é 𝑎 𝑚𝑎𝑖𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙. 𝐷𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜:2 × (3 2⁄ ) 
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𝑂𝑏𝑠: 𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑡𝑎𝑚𝑏é𝑚 𝑐ℎ𝑒𝑔𝑎𝑟í𝑎𝑚𝑜𝑠 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑐𝑜𝑛𝑐𝑙𝑢𝑠ã𝑜, 
𝑝𝑜𝑟é𝑚,𝑛𝑜𝑡𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑥 = 0 𝑜𝑢 𝑥 = 4 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜,𝑎𝑝𝑒𝑛𝑎𝑠 𝑢𝑚 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜  

𝑑𝑒 𝑟𝑒𝑡𝑎 𝑒,𝑝𝑜𝑟 𝑒𝑠𝑡𝑎 𝑟𝑎𝑧ã𝑜,𝑥 ∈ (0,4).  
  

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐.𝐶𝑎𝑙𝑐𝑢𝑙𝑒: 

 
𝑎) lim

𝑥→0+
𝑥sen 𝑥 ; 

 lim
𝑥→0+

𝑥sen 𝑥 = lim
𝑥→0+

𝑒 ln 𝑥
sen 𝑥

= lim
𝑥→0+

𝑒sen 𝑥.ln 𝑥 = 𝑒
 lim
𝑥→0+

sen 𝑥.ln 𝑥
; 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒,𝑡𝑒𝑚𝑜𝑠: 

lim
𝑥→0+

sen𝑥 . ln 𝑥 = lim
𝑥→0+

ln 𝑥

cossec𝑥

𝐿′𝐻
⇒ lim

𝑥→0+

1
𝑥

−cossec𝑥 . cotg𝑥
= lim
𝑥→0+

−
sen2 𝑥

𝑥. cos𝑥

𝐿′𝐻
⇒  

lim
𝑥→0+

−2 sen𝑥 cos𝑥

cos𝑥 − 𝑥. sen 𝑥
=
lim
𝑥→0+

(−2sen𝑥 cos𝑥)

lim
𝑥→0+

(cos𝑥 − 𝑥. sen𝑥)
=
−2 sen0 cos0

cos0 − 0. sen0
=
0

1
= 0. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

lim
𝑥→0+

𝑥sen 𝑥 = 𝑒
 lim
𝑥→0+

sen 𝑥.ln 𝑥
= 𝑒0 = 1  

 

𝑏) lim
𝑥→1+

(
1

𝑥 − 1
−
1

ln 𝑥
) ; 

 

lim
𝑥→1+

(
1

𝑥 − 1
−
1

ln 𝑥
) = lim

𝑥→1+

ln 𝑥 − 𝑥 + 1

(𝑥 − 1) ln 𝑥

𝐿′𝐻
⇒ lim

𝑥→1+

1
𝑥
− 1

ln 𝑥 +
𝑥 − 1
𝑥

= lim
𝑥→1+

1 − 𝑥
𝑥

𝑥. ln𝑥 + (𝑥 − 1)
𝑥

; 

lim
𝑥→1+

1 − 𝑥
𝑥

𝑥. ln 𝑥 + (𝑥 − 1)
𝑥

= lim
𝑥→1+

1 − 𝑥

𝑥. ln 𝑥 + 𝑥 − 1

𝐿′𝐻
⇒  lim

𝑥→1+

−1

ln 𝑥 + 1 + 1
= lim
𝑥→1+

−1

ln 𝑥 + 2
= 

lim
𝑥→1+

−1

lim
𝑥→1+

(ln𝑥 + 2)
=

−1

ln 1 + 2
=
−1

0+ 2
= −

1

2
. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐷𝑎𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (
1

2
, 1)  𝑒 𝑞𝑢𝑒 𝑎 𝑖𝑛𝑐𝑙𝑖𝑛𝑎çã𝑜 𝑑𝑒 𝑠𝑢𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 (𝑥,𝑓(𝑥)) é 
4

√1 − 𝑥2
, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 

 

𝐷𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′(𝑥) =
4

√1− 𝑥2
 , 𝑜𝑢 𝑎𝑖𝑛𝑑𝑎, 𝑓 ′(𝑥) = 4.

1

√1− 𝑥2
. 

𝐷𝑒𝑠𝑠𝑎 𝑓𝑜𝑟𝑚𝑎,𝑎 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 

 
𝑓(𝑥) = 4arcsen𝑥 + 𝐶 

𝐶𝑜𝑚𝑜 𝑜 𝑝𝑜𝑛𝑡𝑜 (
1

2
, 1)  𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 𝑒𝑛𝑡ã𝑜 𝑓(

1

2
) = 1. 
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𝑓 (
1

2
) = 4arcsen(

1

2
) + 𝐶 = 1 

4.
𝜋

6
+ 𝐶 = 1 

𝐶 = 1−
2𝜋

3
 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑓(𝑥) = 4arcsen𝑥 + 1 −
2𝜋

3
  

 
𝑏) 𝑂𝑠 𝑔𝑟á𝑓𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓(𝑥) 𝑒 𝑔(𝑥) 𝑡ê𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1). 
𝑆𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑔(𝑥) = 𝑥3 𝑒 𝑓′′(𝑥) = 𝑥 + 𝑥2, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓(𝑥). 

 
𝐷𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 𝑡𝑒𝑚𝑜𝑠 𝑎𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 𝑖𝑛𝑓𝑜𝑟𝑚𝑎çõ𝑒𝑠,𝑓(1) = 1 𝑒,𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 
𝑓 𝑒 𝑔 𝑝𝑜𝑠𝑠𝑢𝑒𝑚 𝑎 𝑚𝑒𝑠𝑚𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,1) 𝑒𝑛𝑡ã𝑜 𝑓 ′(1) = 𝑔′(1). 
∗ 𝑂𝑏𝑠: 𝑔′(𝑥) = 3𝑥2 𝑒 𝑔′(1) = 3.  

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′′(𝑥) é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 

 

𝑓 ′(𝑥) =
1

2
𝑥2 +

1

3
𝑥3 + 𝐶1 

 
𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓′(1) = 𝑔′(1) = 3, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

3 =
1

2
+
1

3
+ 𝐶1 

 

𝐶1 = 3−
5

6
=
13

6
 

 

𝑓 ′(𝑥) =
1

2
𝑥2 +

1

3
𝑥3 +

13

6
 

 
𝐴 𝑎𝑛𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 

 

𝑓(𝑥) =
1

6
𝑥3 +

1

12
𝑥4 +

13

6
𝑥 + 𝐶2 

 
𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓(1) = 1, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

1 =
1

6
+
1

12
+
13

6
+ 𝐶2 

 

𝐶2 = 1 −
29

12
= −

17

12
 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑓(𝑥) =
1

6
𝑥3 +

1

12
𝑥4 +

13

6
𝑥 −

17

12
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 

𝑎) 𝐴𝑐ℎ𝑒 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 4 sen3 𝑥 + 3√2cos2 𝑥 , 𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−𝜋, 𝜋). 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒"  

 

𝑓 ′(𝑥) = 12cos 𝑥 sen2 𝑥 − 6√2cos𝑥 sen 𝑥     𝐷(𝑓 ′) = ℝ 

𝑓 ′(𝑥) = 6 cos𝑥 sen𝑥 (2sen 𝑥 − √2) 

𝑓 ′(𝑥) = 3 sen2𝑥 (2sen 𝑥 − √2) 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑠𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑐 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 
𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 

 𝑓 ′(𝑥) = 0⟹ {

sen2𝑥 = 0
𝑜𝑢

sen𝑥 =
√2

2

 

𝐴 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑒𝑠𝑠𝑒 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−𝜋,𝜋) é 𝑥 = {0,
𝜋

4
,
3𝜋

4
}. 

 
∗ 𝑂𝑏𝑠: 𝐸𝑚𝑏𝑜𝑟𝑎 𝑥 = −𝜋 𝑒 𝑥 = 𝜋 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧𝑒𝑚 𝑎 𝑒𝑞𝑢𝑎çã𝑜 sen2𝑥 = 0, 𝑒𝑠𝑡𝑎𝑚𝑜𝑠 
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 (−𝜋, 𝜋) 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑒𝑠𝑡𝑒𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑛ã𝑜 
𝑠ã𝑜 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑛𝑒𝑠𝑠𝑎 𝑠𝑖𝑡𝑢𝑎çã𝑜!   
 
𝑏) 𝑂 𝑞𝑢𝑒 𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 2ª 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛𝑜𝑠 𝑑𝑖𝑧 𝑠𝑜𝑏𝑟𝑒 𝑜 𝑐𝑜𝑚𝑝𝑜𝑟𝑡𝑎𝑚𝑒𝑛𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = 𝑥4(𝑥 − 1)3,𝑛𝑜𝑠 𝑠𝑒𝑢𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠? 

 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 

 
𝑓 ′(𝑥) = 4𝑥3(𝑥− 1)3 + 3𝑥4(𝑥− 1)2 
𝑓 ′(𝑥) = 𝑥3(𝑥− 1)2[4(𝑥− 1) + 3𝑥] 
𝑓 ′(𝑥) = 𝑥3(𝑥− 1)2(7𝑥 − 4) 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑜𝑛𝑑𝑒 𝑓 ′(𝑥) = 0. 

𝑁ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠: 0,
4

7
 𝑒 1. 

 
𝑓 ′′(𝑥) = 12𝑥2(𝑥− 1)3 +12𝑥3(𝑥 − 1)2 +12𝑥3(𝑥 − 1)2 +6𝑥4(𝑥 − 1) 
𝑓 ′′(𝑥) = 12𝑥2(𝑥− 1)3 +24𝑥3(𝑥 − 1)2 +6𝑥4(𝑥 − 1) 
𝑓 ′′(𝑥) = 6𝑥2(𝑥− 1)[2(𝑥 − 1)2 +4𝑥(𝑥 − 1) + 𝑥2] 
𝑓 ′′(𝑥) = 6𝑥2(𝑥− 1)[7𝑥2 −8𝑥 + 2] 
 
𝑁𝑜𝑡𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 ′′(0) = 0 𝑒 𝑓 ′′(1) = 0, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 2ª 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 é  
𝑖𝑛𝑐𝑜𝑛𝑐𝑙𝑢𝑠𝑖𝑣𝑜 𝑛𝑒𝑠𝑠𝑒 𝑐𝑎𝑠𝑜, 𝑒𝑚 𝑜𝑢𝑡𝑟𝑎𝑠 𝑝𝑎𝑙𝑎𝑣𝑟𝑎𝑠,𝑒𝑠𝑠𝑒𝑠  𝑝𝑜𝑛𝑡𝑜𝑠 𝑝𝑜𝑑𝑒𝑚 𝑠𝑒𝑟 𝑑𝑒 
𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑜𝑢 𝑛𝑒𝑛ℎ𝑢𝑚 𝑑𝑜𝑠 𝑑𝑜𝑖𝑠 𝑐𝑎𝑠𝑜𝑠.  

 



191 

 

 
 

𝑃𝑜𝑟 𝑜𝑢𝑡𝑟𝑜 𝑙𝑎𝑑𝑜,𝑓 ′′ (
4

7
) = 6(

16

49
)(−

3

7
)[7 (

16

49
) −

32

7
+ 2 ] =

96

49
[−
48

49
+
96

49
−
6

7
] > 0 

𝐿𝑜𝑔𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 2ª 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑓 (
4

7
)  é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑑𝑒 𝑓. 

 
𝐶𝑜𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 0 𝑒 1 𝑝𝑟𝑒𝑐𝑖𝑠𝑎𝑚𝑜𝑠 𝑑𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎 
𝑝𝑎𝑟𝑎 𝑡𝑖𝑟𝑎𝑟𝑚𝑜𝑠 𝑎𝑠 𝑑𝑒𝑣𝑖𝑑𝑎𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑠õ𝑒𝑠. 𝐿𝑜𝑔𝑜, 
 

 𝑓 ′(𝑥) = 𝑥3(𝑥 − 1)2(7𝑥 − 4) 
 
− −− − (0) ++ ++ ++ ++ ++ ++ ++ ++ ++    𝑥3 
+ ++ ++ ++ ++ ++ ++ ++ + (1) ++ ++ ++    (𝑥 − 1)2 
− −− −− −− −−(4 7⁄ )+ ++ ++ ++ + ++ ++    (7𝑥− 4) 
+ ++ + (0) −− − (4 7⁄ ) ++ ++ + (1) ++ ++ ++   𝑓 ′(𝑥) 
 
𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 1ª 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢í𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(0) é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 
𝑓(1) 𝑛ã𝑜 é 𝑢𝑚 𝑣𝑎𝑙𝑜𝑟 𝑒𝑥𝑡𝑟𝑒𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜.   
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓.𝐸𝑠𝑏𝑜𝑐𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
−2𝑥2+ 𝑥 + 2

2𝑥 + 1
, 𝑡𝑒𝑛𝑑𝑜 

 

𝑓 ′(𝑥) =
−4𝑥2 − 4𝑥 − 3

(2𝑥 + 1)2
     𝑒     𝑓′′(𝑥) =

8

(2𝑥 + 1)3
 

 
𝑎𝑝𝑜𝑛𝑡𝑎𝑛𝑑𝑜: 

 
(𝑎) 𝐴𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒 𝑜𝑏𝑙í𝑞𝑢𝑎𝑠, 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟𝑒𝑚. 
(𝑏) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑓 é 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑓 é 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 
𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚. 
(𝑐) 𝑂𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 é 𝑐ô𝑛𝑐𝑎𝑣𝑜 𝑝𝑎𝑟𝑎 
𝑏𝑎𝑖𝑥𝑜,𝑏𝑒𝑚 𝑐𝑜𝑚𝑜 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜,𝑐𝑎𝑠𝑜 𝑒𝑥𝑖𝑠𝑡𝑎𝑚.  

 
𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒, 𝑑𝑒𝑓𝑖𝑛𝑎𝑚𝑜𝑠 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 
 

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ −
1

2
} 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 
 
𝑓(0) = 2 ;   𝑃𝑜𝑛𝑡𝑜 𝐴 = (0,2) 
 
𝑓(𝑥) = 0 ⟹ −2𝑥2 + 𝑥 + 2 = 0 ; ∆= 17 

 

𝑥 =
−1 ±√17

−4
∴ 𝑥1 =

1− √17

4
   𝑒 𝑥2 =

1 +√17

4
 

 

𝑃𝑜𝑛𝑡𝑜𝑠 𝐵 = (
1− √17

4
, 0)   𝑒 𝐶 = (

1 +√17

4
, 0)  
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(𝑎) 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠: 
 
∗ 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙: 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 lim

𝑥→𝑎+
𝑓(𝑥) = ±∞ 

𝑜𝑢 lim
𝑥→𝑎−

𝑓(𝑥) = ±∞. 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑥 = 𝑎,𝑐𝑜𝑛𝑐𝑙𝑢𝑖 − 𝑠𝑒 
𝑞𝑢𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 
𝐿𝑜𝑔𝑜, 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −1 2⁄  é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑒 𝑓. 
 

lim
𝑥→−

1
2

+
𝑓(𝑥) = lim

𝑥→−
1
2

+

−2𝑥2 + 𝑥 + 2⏞        

1
↑

2𝑥 + 1⏟  
↓
0+

= +∞  𝑒 lim
𝑥→−

1
2

+
𝑓(𝑥) = lim

𝑥→−
1
2

+

−2𝑥2 + 𝑥 + 2⏞        

1
↑

2𝑥 + 1⏟  
↓
0−

= −∞ 

 
𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = − 1 2⁄  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  

 
∗ 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 
lim
𝑥→+∞

𝑓(𝑥) = 𝐿 𝑜𝑢 lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

−2𝑥2 + 𝑥 + 2

2𝑥 + 1
= lim
𝑥→+∞

−4𝑥 + 1

2
= lim
𝑥→+∞

(−2𝑥 +
1

2
) = −∞ 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

−2𝑥2 + 𝑥 + 2

2𝑥 + 1
= lim
𝑥→−∞

−4𝑥 + 1

2
= lim
𝑥→−∞

(−2𝑥 +
1

2
) = +∞ 

 
𝐿𝑜𝑔𝑜, 𝑛ã𝑜 ℎá 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
∗ 𝑂𝑏𝑙í𝑞𝑢𝑎: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑠𝑒, 
𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, lim

𝑥→±∞
[𝑓(𝑥)− (𝑎𝑥 + 𝑏)] = 0 

𝑓(𝑥) =
−2𝑥2 + 𝑥 + 2

2𝑥 + 1
= (−𝑥 + 1) +

1

2𝑥 + 1
 

 

𝑓(𝑥) − (−𝑥 + 1) =
1

2𝑥 + 1
 

lim
𝑥→±∞

[𝑓(𝑥)− (−𝑥 + 1)] = lim
𝑥→±∞

1

2𝑥 + 1
= 0 

 

𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −𝑥 + 1 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
(𝑏) 𝐶𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝐷𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜; 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠. 
 

𝑓 ′(𝑥) =
−4𝑥2 −4𝑥 − 3

(2𝑥 + 1)2
 

 
− −− −− −− −− −− −− −− −− −− −   (−4𝑥2− 4𝑥 − 3) 
+ ++ ++ ++ ++ + (−1 2⁄ ) + ++ ++ +     (2𝑥+ 1)2 
− −− −− −− −− − (−1 2⁄ ) − −− −− −     𝑓 ′(𝑥)  
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𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒, 𝑠𝑒𝑛𝑑𝑜  

𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑑𝑎𝑑𝑜 𝑝𝑜𝑟 (−∞,−1 2⁄ ) ∪ (−1 2⁄ , +∞) 
𝐸 𝑝𝑜𝑟 𝑒𝑠𝑠𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑜𝑢 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑖𝑠(𝑜𝑢 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠) 
𝑝𝑜𝑟𝑞𝑢𝑒 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠.  
 
(𝑐) 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒 𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝐼𝑛𝑓𝑙𝑒𝑥ã𝑜: 

 

𝑓 ′′(𝑥) =
8

(2𝑥 + 1)3
  

 
+ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++             8  
− −− −− −− −−(−1 2⁄ ) + ++ ++ ++ ++   (2𝑥 + 1)3 
− −− −− −− −−(−1 2⁄ ) + ++ ++ ++ ++    𝑓 ′′(𝑥) 

 
𝑃𝑒𝑙𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑂𝑛𝑑𝑒 𝑓 ′′ > 0, 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒 𝑜𝑛𝑑𝑒 𝑓 ′′ < 0,𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 
𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜.  𝐿𝑜𝑔𝑜, 
 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐶 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐶𝑖𝑚𝑎) 𝑒𝑚 (−1 2⁄ , +∞) 𝑒  
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝐶.𝑉. 𝐵 (𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝐵𝑎𝑖𝑥𝑜) 𝑒𝑚 (−∞,− 1 2⁄ ). 

 
𝐴 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑜𝑐𝑜𝑟𝑟𝑒 𝑒𝑚 𝑥 = −1 2⁄ , 𝑝𝑜𝑟é𝑚,− 1 2⁄  𝑛ã𝑜 
𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑛ã𝑜 é 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 
𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 
 
𝐸𝑠𝑏𝑜ç𝑜 𝐺𝑟á𝑓𝑖𝑐𝑜:  
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2.9 Prova de Reavaliação da AB1 – 20 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑆𝑒𝑗𝑎 

𝑓(𝑥) = {
7− (16)

1
𝑥

1 + (16)
1
𝑥

,   𝑥 ≠ 0

7,              𝑥 = 0.

 

 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 ∈ (2,4), 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑐) = 1. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) =
√2𝑥4 +9

−2𝑥2 + 1
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→0

𝑥. 𝑒sen
𝜋
𝑥 . 

 

𝑏) 𝐴𝑠𝑠𝑢𝑚𝑎 𝑞𝑢𝑒 ℎ(𝑥) = [𝑓(𝑥)]3,𝑜𝑛𝑑𝑒 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙.𝑆𝑒 𝑓(0) = −
1

2
  

𝑒 𝑓 ′(0) =
8

3
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 ℎ 𝑒𝑚 𝑥 = 0. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝐴 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = ln(𝑥2 + 𝑒) − arctg (
𝑥

2
)  𝑒𝑚 𝑥 = 0 𝑓𝑜𝑟𝑚𝑎 𝑐𝑜𝑚 𝑜𝑠 

𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜.𝑄𝑢𝑎𝑙 é 𝑎 á𝑟𝑒𝑎 𝑑𝑒𝑠𝑠𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜? 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑛𝑗𝑢𝑛𝑡𝑜 𝑑𝑒 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑚 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎: 
 

𝑓(𝑥) = {
√𝑥,   𝑥 ≥ 1

2(𝑥3 − 𝑥)

𝑥2 − 4𝑥 + 3
,   𝑥 < 1.

 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

 

𝑓(𝑥) = {

(𝑥 − 1)3, 𝑥 > 0
1

2
𝑥2 + 3𝑥 − 1,   𝑥 ≤ 0

 

é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0. 
 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥2. 𝑒tg(−2𝑥)  𝑒𝑚 𝑥 = −
𝜋

6
. 
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𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥3 + 1| 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 é  
𝑧𝑒𝑟𝑜 𝑒 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 
 
𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 (𝑥2 +𝑦2 +4)2 −16𝑥2 = 36. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 𝑒𝑠𝑠𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(2,√2). 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝑆𝑒𝑗𝑎 

𝑓(𝑥) = {
7− (16)

1
𝑥

1 + (16)
1
𝑥

,   𝑥 ≠ 0

7,              𝑥 = 0.

 

 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑒 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 ∈ (2,4), 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑐) = 1. 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙, 
𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙 𝑛𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎, 𝑒 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒. 
𝐿𝑜𝑔𝑜, 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑎 𝑝𝑒𝑙𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 
𝑞𝑢𝑒 𝑎 𝑐𝑜𝑚𝑝õ𝑒.𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎, 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 [7 − 161 𝑥⁄ ] [1 + 161 𝑥⁄ ]⁄  

𝑡𝑒𝑚 𝑐𝑜𝑚𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜, 𝑒𝑛𝑞𝑢𝑎𝑛𝑡𝑜 𝑓𝑢𝑛çã𝑜,𝐷 = {𝑥 ∈ ℝ; 𝑥 ≠ 0}  𝑒,𝑝𝑜𝑟 𝑒𝑠𝑡𝑎𝑟 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 

𝑐𝑜𝑚𝑜 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎 𝑑𝑒 𝑓(𝑥) 𝑝𝑎𝑟𝑎 𝑥 ≠ 0, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,0) ∪ (0, +∞). 
 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑓(2) 𝑒 𝑓(4) 𝑜𝑏𝑡𝑒𝑚𝑜𝑠, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒: 
 

𝑓(2) =
7 −√16

1 +√16
=
7 − 4

1 + 4
=
3

5
         𝑒      𝑓(4) =

7 − √16
4

1 + √16
4

=
7 − 2

1 + 2
=
5

3
 

  
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,0) ∪ (0,+∞),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 
[2,4]. 
 
𝑆𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [2,4] 𝑒 1 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(2) 𝑒 𝑓(4), 
𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (2,4) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑐) = 1.(𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜) 
 
𝑰𝒏𝒇𝒐𝒓𝒎𝒂çã𝒐 à 𝒑𝒂𝒓𝒕𝒆,𝑝𝑜𝑑í𝑎𝑚𝑜𝑠 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑐 𝑑𝑎 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑓𝑜𝑟𝑚𝑎: 

𝑓(𝑐) = 1 ⟹
7− (16)

1
𝑐

1 + (16)
1
𝑐

= 1⟹ 7 − (16)
1
𝑐 = 1 + (16)

1
𝑐 ⟹ 6 = 2(16)

1
𝑐 

(16)
1
𝑐 = 3⟹

1

𝑐
=
ln 3

ln 16
∴ 𝑐 =

ln 16

ln 3
= log3 16   𝑜𝑛𝑑𝑒 2 < log316 < 4 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) =
√2𝑥4 +9

−2𝑥2 + 1
. 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:  𝐷(𝑓) = {𝑥 ∈ ℝ;  −2𝑥2 + 1 ≠ 0 𝑒 2𝑥4 +9 ≥ 0} 
𝐷𝑎𝑠 𝑐𝑜𝑛𝑑𝑖çõ𝑒𝑠 𝑡𝑒𝑚𝑜𝑠, 

−2𝑥2 + 1 ≠ 0 ⟹ 2𝑥2 ≠ 1 ∴ 𝑥 ≠ ±
1

√2
= ±

√2

2
 

2𝑥4 +9 ≥ 0 ;𝑐𝑜𝑚𝑜 𝑥4 ≥ 0,∀𝑥 ∈ ℝ, 𝑒𝑛𝑡ã𝑜 2𝑥4 +9 ≥ 9, ∀𝑥 ∈ ℝ. 

𝐿𝑜𝑔𝑜, 𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠
√2

2
 𝑒 𝑥 ≠ −

√2

2
}. 

𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑥 = 𝑎 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠 
𝑐𝑎𝑠𝑜𝑠: 
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lim
𝑥→𝑎+

𝑓(𝑥) = ±∞        𝑜𝑢       lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 
𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒  𝑑𝑎 𝑓𝑢𝑛çã𝑜.𝐿𝑜𝑔𝑜,𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑎𝑠 

𝑟𝑒𝑡𝑎𝑠 𝑥 =
√2

2
  𝑒  𝑥 = −

√2

2
 𝑠ã𝑜 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠. 

 

lim

𝑥→
√2
2

+
𝑓(𝑥) = lim

𝑥→
√2
2

+

√2𝑥4+ 9⏞      

√19 2⁄

↑

−2𝑥2 + 1⏟      
↓
0−

= −∞ 

𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 =
√2

2
 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

lim

𝑥→−
√2
2

+
𝑓(𝑥) = lim

𝑥→
√2
2

+

√2𝑥4 +9⏞      

√19 2⁄

↑

−2𝑥2 + 1⏟      
↓
0+

= +∞ 

𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑥 = −
√2

2
 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 
𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒𝑠  𝑐𝑎𝑠𝑜𝑠: 

lim
𝑥→+∞

𝑓(𝑥) = 𝐿       𝑜𝑢        lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

√2𝑥4+ 9

−2𝑥2 + 1
= lim
𝑥→+∞

√𝑥4 (2 +
9
𝑥4
)

−2𝑥2 + 1
= lim
𝑥→+∞

|𝑥2|√2 +
9
𝑥4

𝑥2 (−2+
1
𝑥2
)
 ; 

 
∗ 𝑂𝑏𝑠: 𝑥2 ≥ 0, ∀𝑥 ∈ ℝ.  𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, |𝑥2| = 𝑥2. 

 

lim
𝑥→+∞

|𝑥2|√2 +
9
𝑥4

𝑥2 (−2+
1
𝑥2
)
= lim
𝑥→+∞

𝑥2√2+
9
𝑥4

𝑥2 (−2 +
1
𝑥2
)
= lim
𝑥→+∞

√2 +
9
𝑥4

−2 +
1
𝑥2

=
lim
𝑥→+∞

√2 +
9
𝑥4

lim
𝑥→+∞

(−2 +
1
𝑥2
)
; 

lim
𝑥→+∞

√2+
9
𝑥4

lim
𝑥→+∞

(−2+
1
𝑥2
)
=
√ lim
𝑥→+∞

2 + lim
𝑥→+∞

9
𝑥4

lim
𝑥→+∞

−2+ lim
𝑥→+∞

1
𝑥2

=
√2+ 0

−2+ 0
= −

√2

2
 

 

∗ 𝑂𝑏𝑠: lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→+∞

𝑓(𝑥) = −
√2

2
, 𝑝𝑜𝑟𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑥 → ±∞, |𝑥2| = 𝑥2, 𝑛ã𝑜 

ℎ𝑎𝑣𝑒𝑛𝑑𝑜 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑎𝑙𝑡𝑒𝑟𝑎çã𝑜 𝑛𝑜 𝑐á𝑙𝑐𝑢𝑙𝑜 𝑑𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑎𝑐𝑖𝑚𝑎. 
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𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −
√2

2
 é 𝑎 ú𝑛𝑖𝑐𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥).  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→0

𝑥. 𝑒sen
𝜋
𝑥 . 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 
 

−1 ≤ sen(
𝜋

𝑥
) ≤ 1 

𝑒−1 ≤ 𝑒sen
(
𝜋
𝑥
)
≤ 𝑒1 

1

𝑒
≤ 𝑒sen

(
𝜋
𝑥
)
≤  𝑒 

∗ 𝑃𝑎𝑟𝑎 𝑥 > 0, 𝑡𝑒𝑚𝑜𝑠: 
𝑥

𝑒
≤ 𝑥. 𝑒sen

(
𝜋
𝑥
)
≤ 𝑥. 𝑒 

𝑆𝑒  
𝑥

𝑒
≤ 𝑥. 𝑒sen

(
𝜋
𝑥
)
≤ 𝑥𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑎 0 𝑝𝑒𝑙𝑎 𝑑𝑖𝑟𝑒𝑡𝑎 𝑑𝑒 0 (𝑒𝑥𝑐𝑒𝑡𝑜 

𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 0) 𝑒 

lim
𝑥→0+

𝑥

𝑒
= lim
𝑥→0+

𝑥𝑒 = 0 

𝑒𝑛𝑡ã𝑜    lim
𝑥→0+

𝑥𝑒sen
(
𝜋
𝑥
)
= 0.                                                      (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜) 

 
∗ 𝑃𝑎𝑟𝑎 𝑥 < 0, 𝑡𝑒𝑚𝑜𝑠: 

𝑥

𝑒
≥ 𝑥. 𝑒sen

(
𝜋
𝑥
)
≥ 𝑥. 𝑒 

𝑥𝑒 ≤ 𝑥. 𝑒sen
(
𝜋
𝑥
)
≤
𝑥

𝑒
 

  

 𝑆𝑒  𝑥𝑒 ≤ 𝑥. 𝑒
sen(

𝜋
𝑥
)
≤
𝑥

𝑒
 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑎 0 𝑝𝑒𝑙𝑎 𝑒𝑠𝑞𝑢𝑒𝑟𝑑𝑎 𝑑𝑒 0 (𝑒𝑥𝑐𝑒𝑡𝑜 

𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 0) 𝑒 

lim
𝑥→0−

𝑥𝑒 = lim
𝑥→0−

𝑥

𝑒
= 0 

𝑒𝑛𝑡ã𝑜    lim
𝑥→0−

𝑥𝑒sen
(
𝜋
𝑥
)
= 0.                                                      (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜) 

 

𝐶𝑜𝑚𝑜 lim
𝑥→0+

𝑥𝑒sen
(
𝜋
𝑥
)
= lim
𝑥→0−

𝑥𝑒sen
(
𝜋
𝑥
)
, 𝑒𝑛𝑡ã𝑜 lim

𝑥→0
𝑥𝑒sen

(
𝜋
𝑥
)
𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 lim

𝑥→0
𝑥𝑒sen

(
𝜋
𝑥
)
= 0.  

 

𝑏) 𝐴𝑠𝑠𝑢𝑚𝑎 𝑞𝑢𝑒 ℎ(𝑥) = [𝑓(𝑥)]3,𝑜𝑛𝑑𝑒 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙.𝑆𝑒 𝑓(0) = −
1

2
  

𝑒 𝑓 ′(0) =
8

3
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 ℎ 𝑒𝑚 𝑥 = 0. 

 

ℎ(0) = [𝑓(0)]3 = (−
1

2
)
3

= −
1

8
.  𝑃𝑜𝑛𝑡𝑜 𝑃(0, −

1

8
). 

𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 
 ℎ′(𝑥) = 3[𝑓(𝑥)]2.𝑓 ′(𝑥) 
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𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 ℎ 𝑒𝑚 𝑥 = 0 é ℎ′(0).𝐿𝑜𝑔𝑜, 

𝑚 = ℎ′(0) = 3[𝑓(0)]2.𝑓 ′(0) = 3 (−
1

2
)
2

. (
8

3
) = 3.

1

4
.
8

3
= 2. 

 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 ℎ 𝑒𝑚 𝑥 = 0, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(0, −
1

8
): 

𝑦 − (−
1

8
) = 𝑚(𝑥 − 0) 

𝑦 +
1

8
= 2𝑥 

𝑦 = 2𝑥 −
1

8
  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐴 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = ln(𝑥2 + 𝑒) − arctg (
𝑥

2
)  𝑒𝑚 𝑥 = 0 𝑓𝑜𝑟𝑚𝑎 𝑐𝑜𝑚 𝑜𝑠 

𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜.𝑄𝑢𝑎𝑙 é 𝑎 á𝑟𝑒𝑎 𝑑𝑒𝑠𝑠𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜? 

 

𝑦 = 𝑓(𝑥) = ln(𝑥2 + 𝑒) − arctg (
𝑥

2
) ; 𝑓(0) = ln𝑒 − arctg0 = 1− 0 = 1.𝑃𝑜𝑛𝑡𝑜 𝑃(0,1) 

 

𝑓 ′(𝑥) =
2𝑥

𝑥2 + 𝑒
−

1

1+ (
𝑥
2)
2 . (
1

2
) ;  𝑓 ′(0) =

0

𝑒
−

1

1 + 0
. (
1

2
) = 0 −

1

2
= −

1

2
. 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = 𝑓(𝑥) 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(0,1): 
 

𝑦 − 1 = 𝑓 ′(0)(𝑥 − 0) 

𝑦− 1 = −
1

2
𝑥 

𝑦 = −
1

2
𝑥 + 1 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠:  𝑃(0,1) 𝑒 𝐴(2,0). 

 
𝐴 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 𝑒 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 é: 

 

𝐴∆𝐴𝑂𝑃 =
1

2
(2).(1) = 1𝑢. 𝐴 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑛𝑗𝑢𝑛𝑡𝑜 𝑑𝑒 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑚 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎: 
 

𝑓(𝑥) = {
√𝑥,   𝑥 ≥ 1

2(𝑥3 − 𝑥)

𝑥2 − 4𝑥 + 3
,   𝑥 < 1.

 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑟𝑎í𝑧 𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 
𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑠𝑒𝑟á 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑠𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑓𝑜𝑟𝑒𝑚 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑣𝑎𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑐𝑎𝑑𝑎 𝑢𝑚𝑎 𝑑𝑒𝑙𝑎𝑠 𝑑𝑒 𝑎𝑐𝑜𝑟𝑑𝑜 𝑐𝑜𝑚 𝑓(𝑥). 
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𝐴 𝑓𝑢𝑛çã𝑜 𝑔(𝑥) = √𝑥 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 ≥ 0 𝑒, 𝑐𝑜𝑚𝑜 𝑒𝑠𝑡𝑎 𝑓𝑢𝑛çã𝑜 é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 
𝑥 ≥ 1 𝑒𝑚 𝑓(𝑥),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (1,+∞). 

 

𝐴 𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 ℎ(𝑥) =
2(𝑥3 − 𝑥)

𝑥2 − 4𝑥 + 3
 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 

𝑥2 − 4𝑥 + 3 ≠ 0 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥 ≠ 1 𝑒 𝑥 ≠ 3. 𝐶𝑜𝑚𝑜 𝑒𝑠𝑡𝑎 𝑓𝑢𝑛çã𝑜 é 𝑣á𝑙𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 𝑥 < 1 

𝑒𝑚 𝑓(𝑥),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,1).𝐶𝑜𝑛𝑡𝑢𝑑𝑜, 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑟𝑒𝑒𝑠𝑐𝑟𝑒𝑣𝑒𝑟 𝑒𝑠𝑡𝑎 
𝑓𝑢𝑛çã𝑜 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙, 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒 𝑥 ≠ 1 𝑒 𝑥 < 1 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎. 
 

2(𝑥3 −𝑥)

𝑥2 − 4𝑥 + 3
=

2𝑥(𝑥2 − 1)

(𝑥 − 1)(𝑥 − 3)
=
2𝑥(𝑥 − 1)(𝑥 + 1)

(𝑥 − 1)(𝑥 − 3)
=
2𝑥(𝑥 + 1)

𝑥 − 3
 

 

𝐿𝑜𝑔𝑜,                                  𝑓(𝑥) = {
√𝑥,   𝑥 ≥ 1

2𝑥(𝑥 + 1)

𝑥 − 3
,   𝑥 < 1

 

 
𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 1, 𝑡𝑒𝑚𝑜𝑠:  
 

1) 𝑓(1) 𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟 ;   2) lim
𝑥→1

𝑓(𝑥)  𝑑𝑒𝑣𝑒 𝑒𝑥𝑖𝑠𝑡𝑖𝑟   𝑒    3) lim
𝑥→1

𝑓(𝑥) = 𝑓(1) 

 

𝑓(1) = √1 = 1. 
 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

√𝑥 = √ lim
𝑥→1+

𝑥 = √1 = 1. 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

2𝑥(𝑥 + 1)

𝑥 − 3
=
lim
𝑥→1−

[2𝑥(𝑥 + 1)]

lim
𝑥→1−

(𝑥 − 3)
=
2(1 + 1)

(1 − 3)
=
4

−2
= −2 

 
𝐶𝑜𝑚𝑜 lim

𝑥→1−
𝑓(𝑥) ≠ lim

𝑥→1+
𝑓(𝑥) 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 lim

𝑥→1
𝑓(𝑥) ∄ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 𝑥 = 1. 
 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (−∞,1) ∪ (1,+∞),𝑜𝑢 𝑎𝑖𝑛𝑑𝑎,ℝ − {1}.  

  
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒. 

 
𝑎) 𝑉𝑒𝑟𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑒 𝑎 𝑓𝑢𝑛çã𝑜 

 

𝑓(𝑥) = {

(𝑥 − 1)3, 𝑥 > 0
1

2
𝑥2 + 3𝑥 − 1,   𝑥 ≤ 0

 

é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0. 

 
𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒, 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 𝐿𝑜𝑔𝑜, 

 

𝑓(0) =
1

2
02 + 3.0 − 1 = 0+ 0− 1 = −1 ∴ 𝑓(0) = −1. 
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lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

(𝑥 − 1)3 = [ lim
𝑥→0+

(𝑥 − 1)]
3

= [−1]3 = −1. 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(
1

2
𝑥2 + 3𝑥 − 1) =

1

2
lim
𝑥→0−

𝑥2 + 3 lim
𝑥→0−

𝑥 − lim
𝑥→0−

1 =
1

2
02 +3.0 − 1 = −1. 

 
𝐶𝑜𝑚𝑜 lim

𝑥→0−
𝑓(𝑥) = lim

𝑥→0+
𝑓(𝑥) 𝑑𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 lim

𝑥→0
𝑓(𝑥) ∃  𝑒  lim

𝑥→0
𝑓(𝑥) = −1. 𝐸 𝑎𝑖𝑛𝑑𝑎, 

𝑓(0) = lim
𝑥→0

𝑓(𝑥)  𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0. 

𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑣𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓+
′ (0) = lim

𝑥→0+

𝑓(𝑥)− 𝑓(0)

𝑥 − 0
= lim
𝑥→0+

(𝑥 − 1)3 − (−1)

𝑥 − 0
= lim
𝑥→0+

(𝑥 − 1)3 +1

𝑥
; 

lim
𝑥→0+

(𝑥 − 1)3 + 1

𝑥
= lim
𝑥→0+

𝑥3 −3𝑥2 + 3𝑥 − 1+ 1

𝑥
= lim
𝑥→0+

𝑥3 −3𝑥2 + 3𝑥

𝑥
; 

lim
𝑥→0+

𝑥3 − 3𝑥2 +3𝑥

𝑥
= lim
𝑥→0+

(𝑥2− 3𝑥 + 3) = lim
𝑥→0+

𝑥2 − lim
𝑥→0+

3𝑥 + lim
𝑥→0+

3 = 0− 0+ 3 = 3. 

 

𝑓−
′(0) = lim

𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim
𝑥→0−

1
2𝑥

2 + 3𝑥 − 1− (−1)

𝑥 − 0
= lim
𝑥→0−

1
2𝑥

2 +3𝑥

𝑥
; 

lim
𝑥→0−

1
2 𝑥

2 +3𝑥

𝑥
= lim
𝑥→0−

(
1

2
𝑥 + 3) =

1

2
lim
𝑥→0−

𝑥 + lim
𝑥→0−

3 =
1

2
0 + 3 = 0 + 3 = 3. 

 

𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 0 (𝑓(0) = lim
𝑥→0

𝑓(𝑥))  𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑚 0 

𝑠ã𝑜 𝑖𝑔𝑢𝑎𝑖𝑠 (𝑓+
′ (0) = 𝑓−

′(0)),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑜𝑢 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 0.  

  

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥2. 𝑒tg(−2𝑥)  𝑒𝑚 𝑥 = −
𝜋

6
. 

 

𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓:  𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 ≠ ±
𝜋

4
+ 𝑘𝜋, 𝑐𝑜𝑚 𝑘 ∈ ℤ} ; 

  
ln 𝑓(𝑥) = ln 𝑥2. 𝑒tg(−2𝑥)  

ln 𝑓(𝑥) = ln 𝑥2 + ln 𝑒tg(−2𝑥)  
ln 𝑓(𝑥) = ln 𝑥2 + tg(−2𝑥) 

 
𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑓 ′(𝑥)

𝑓(𝑥)
=
2𝑥

𝑥2
− 2sec2(−2𝑥) 

𝑓 ′(𝑥) = 2𝑓(𝑥) [
1

𝑥
− sec2(−2𝑥)] ; 

𝑓 ′ (−
𝜋

6
) = 2𝑓 (−

𝜋

6
) [−

6

𝜋
− sec2 (

𝜋

3
)] 

𝑓 ′ (−
𝜋

6
) = 2 (−

𝜋

6
)
2

𝑒tg
(
𝜋
3
)
[−
6

𝜋
−

1

cos2 (
𝜋
3
)
] 
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𝑓 ′ (−
𝜋

6
) =

𝜋2

18
𝑒√3 [−

6

𝜋
−
1

(
1
4)
] 

𝑓 ′ (−
𝜋

6
) =

𝜋2

18
𝑒√3 [−

6

𝜋
− 4] = −

𝜋𝑒√3

18
[4𝜋+ 6] = −

𝜋𝑒√3

9
[2𝜋 + 3]  

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥3 + 1| 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 é  
𝑧𝑒𝑟𝑜 𝑒 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒. 
 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑓𝑢𝑛çã𝑜 𝑚𝑜𝑑𝑢𝑙𝑎𝑟 |𝑥3+ 1|, 𝑡𝑒𝑚𝑜𝑠: 

𝑓(𝑥) = {
𝑥3 + 1,   𝑥 ≥ −1

−(𝑥3 + 1),   𝑥 < −1
 

𝑆𝑒𝑗𝑎 𝑥 + ∆𝑥 > −1, 𝑒𝑛𝑡ã𝑜: 
 

𝑓 ′(𝑥) = lim
∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
= lim
∆𝑥→0

(𝑥 + ∆𝑥)3 +1 − (𝑥3 + 1)

∆𝑥
= 

lim
∆𝑥→0

𝑥3 +3𝑥2∆𝑥 + 3𝑥∆𝑥2 +∆𝑥3 +1 − 𝑥3 −1

∆𝑥
= lim
∆𝑥→0

3𝑥2∆𝑥 + 3𝑥∆𝑥2 +∆𝑥3

∆𝑥
= 

lim
∆𝑥→0

∆𝑥(3𝑥2 +3𝑥∆𝑥 + ∆𝑥2)

∆𝑥
= lim
∆𝑥→0

(3𝑥2 +3𝑥∆𝑥 + ∆𝑥2) = 3𝑥2. 

 
𝑆𝑒𝑗𝑎 𝑥 + ∆𝑥 < −1, 𝑒𝑛𝑡ã𝑜: 

 

𝑓 ′(𝑥) = lim
∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
= lim
∆𝑥→0

−[(𝑥 + ∆𝑥)3 + 1] − [−(𝑥3 +1)]

∆𝑥
= 

lim
∆𝑥→0

−[𝑥3 + 3𝑥2∆𝑥+ 3𝑥∆𝑥2+ ∆𝑥3 +1] + 𝑥3 +1

∆𝑥
= lim
∆𝑥→0

−(3𝑥2∆𝑥 + 3𝑥∆𝑥2 +∆𝑥3)

∆𝑥
= 

lim
∆𝑥→0

∆𝑥(−3𝑥2 −3𝑥∆𝑥 − ∆𝑥2)

∆𝑥
= lim
∆𝑥→0

(−3𝑥2 −3𝑥∆𝑥 − ∆𝑥2) = −3𝑥2. 

 
𝑈𝑚𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑓 ′(𝑥) 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟: 
 

𝑓 ′(𝑥) = {
3𝑥2,   𝑥 > −1
−3𝑥2,   𝑥 < −1

 

 
𝑓 ′(𝑥) = 0⟹ 3𝑥2 = 0 ∴ 𝑥 = 0. 𝑃𝑜𝑟é𝑚, 𝑥 = 0 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑒𝑠𝑡𝑎 𝑠𝑒𝑛𝑡𝑒𝑛ç𝑎! 
𝑓 ′(𝑥) = 0⟹ −3𝑥2 = 0 ∴ 𝑥 = 0  𝑒 0 ∈ (−∞,−1). 
 
𝐿𝑜𝑔𝑜, 𝑓 ′(𝑥) = 0 𝑒𝑚 𝑥 = 0. 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (−∞,−1) ∪ (−1,+∞),𝑛𝑜𝑠 𝑟𝑒𝑠𝑡𝑎 

𝑠𝑎𝑏𝑒𝑟 𝑠𝑒 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 𝑥 = −1. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

 
𝑓+
′ (−1) = 3(−1)2 = 3      𝑒      𝑓−

′(−1) = −3(−1)2 = −3 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = −1 𝑒 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚, 𝑝𝑜𝑟é𝑚, 𝑠ã𝑜 
𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = −1.  
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𝑏) 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 (𝑥2 +𝑦2 +4)2 −16𝑥2 = 36. 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 

𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 𝑒𝑠𝑠𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(2,√2). 

 
𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑠𝑒 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒  𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 
 

(𝑥2 +𝑦2 +4)2 − 16𝑥2 = 36 

(22 + (√2)
2
+ 4)

2

− 16 × 22 = 36 

(4 + 2+ 4)2 − 16 × 4 = 36 
(10)2 − 64 = 36 

100 − 64 = 36 

36 = 36  
 
𝐿𝑜𝑔𝑜, 𝑃 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 à 𝑐𝑢𝑟𝑣𝑎.𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜,𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 
𝑑

𝑑𝑥
(𝑥2 +𝑦2 +4)2 −16.

𝑑

𝑑𝑥
(𝑥2) =

𝑑

𝑑𝑥
(36) 

2(𝑥2 +𝑦2 +4).
𝑑

𝑑𝑥
(𝑥2+ 𝑦2 + 4) − 16.

𝑑

𝑑𝑥
(𝑥2) =

𝑑

𝑑𝑥
(36) 

2(𝑥2 +𝑦2 +4) [
𝑑

𝑑𝑥
(𝑥2) +

𝑑

𝑑𝑥
(𝑦2) +

𝑑

𝑑𝑥
(4)]− 16.

𝑑

𝑑𝑥
(𝑥2) =

𝑑

𝑑𝑥
(36) 

2(𝑥2 +𝑦2 +4)(2𝑥 + 2𝑦. 𝑦′) − 32𝑥 = 0 

4𝑦𝑦′(𝑥2+ 𝑦2 + 4) = 32𝑥 − 4𝑥(𝑥2 +𝑦2 +4) 

𝑦′ =
−4𝑥(𝑥2+ 𝑦2 − 4)

4𝑦(𝑥2 +𝑦2 +4)
= −

𝑥(𝑥2 +𝑦2 −4)

𝑦(𝑥2 +𝑦2 +4)
 

𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑦′ = −
2(4 + 2− 4)

√2(4+ 2+ 4)
= −

4

10√2
= −

4√2

20
= −

√2

5
 

 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(2,√2): 

 

𝑦− √2 = −
√2

5
(𝑥 − 2) 

𝑦 = −
√2

5
𝑥 +

2√2

5
+ √2 

𝑦 = −
√2

5
𝑥 +

7√2

5
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2.10 Prova de Reavaliação da AB1 – 21 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝑈𝑚𝑎 𝑑𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
3𝑥 − 3−𝑥

3𝑥 + 3−𝑥
 (𝑎 𝑞𝑢𝑒 𝑓𝑖𝑐𝑎 𝑎𝑏𝑎𝑖𝑥𝑜 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑥) 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = −
1

2
+ sen𝑥  𝑒𝑚 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠, 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋]. 

𝐸𝑠𝑡𝑒𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠, 𝑗𝑢𝑛𝑡𝑎𝑚𝑒𝑛𝑡𝑒  𝑐𝑜𝑚 𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑑𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑚 
𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜.𝑄𝑢𝑎𝑙 é 𝑠𝑢𝑎 á𝑟𝑒𝑎? 
 
𝑏) 𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑦 = (𝑎 + 𝑒)𝑥 , 𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 = lim

𝑤→4−
(⟦𝑤2⟧ − 4)  𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑞𝑢𝑒 

𝑦 = lim
𝑤→2

2 sen(3𝑤 − 6)

sen(2𝑤− 4)
.𝐷𝑒𝑠𝑐𝑢𝑏𝑟𝑎 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 2𝑥𝑦 + 𝜋. sen𝑦 = 2𝜋 𝑒𝑚 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 (𝑥0, 𝑦0) é 
𝑥0
𝑦0
. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑥0 𝑒 𝑦0, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑦0 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋). 

 

𝑏) 𝑆𝑒 𝑓(𝑥) = 𝑥cos𝑥 . (sen𝑥)𝑥+1, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′ (
𝜋

2
).   

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
(𝑥 − 𝜋)10 sen(

100

𝑥 − 𝜋
) ,   𝑥 ≠ 𝜋

0,   𝑥 = 𝜋                                      
 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ? 

𝐽𝑢𝑠𝑡𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑢𝑎 𝑟𝑒𝑠𝑝𝑜𝑠𝑡𝑎. 
 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln √(3𝑥2+ 2).√6𝑥 − 7. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥.2𝑥 = 1 𝑡𝑒𝑚 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙. 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑑𝑒 𝑐𝑎𝑑𝑎 𝑢𝑚 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = 4𝑥𝑥4 
𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 
𝑎) 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥2 − 9| 𝑒𝑚 𝑥 = 3. 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒  

𝑓(𝑥) = [tg 𝑥]arctg 𝑥  , 𝑒𝑚 𝑥 =
𝜋

4
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝑈𝑚𝑎 𝑑𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
3𝑥 − 3−𝑥

3𝑥 + 3−𝑥
 (𝑎 𝑞𝑢𝑒 𝑓𝑖𝑐𝑎 𝑎𝑏𝑎𝑖𝑥𝑜 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑥) 

𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) = −
1

2
+ sen𝑥  𝑒𝑚 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠, 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,2𝜋]. 

𝐸𝑠𝑡𝑒𝑠 𝑑𝑜𝑖𝑠 𝑝𝑜𝑛𝑡𝑜𝑠, 𝑗𝑢𝑛𝑡𝑎𝑚𝑒𝑛𝑡𝑒  𝑐𝑜𝑚 𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 𝑑𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑚 
𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜.𝑄𝑢𝑎𝑙 é 𝑠𝑢𝑎 á𝑟𝑒𝑎?  ∗ 𝐷(𝑓) = ℝ 

 
𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑞𝑢𝑒 𝑓𝑖𝑐𝑎 𝑎𝑏𝑎𝑖𝑥𝑜 𝑑𝑜 𝑒𝑖𝑥𝑜 𝑥 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 𝐿𝑜𝑔𝑜, 
 

𝑦 = lim
𝑥→±∞

𝑓(𝑥) = 𝐿;  𝐿 < 0 é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜. 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

3𝑥 −3−𝑥

3𝑥 +3−𝑥
= lim
𝑥→+∞

32𝑥 − 1

32𝑥 + 1
= lim
𝑥→+∞

32𝑥 (1 −
1
32𝑥
)

32𝑥 (1 +
1
32𝑥
)
= 

lim
𝑥→+∞

1 −
1
32𝑥

1 +
1
32𝑥

=
lim
𝑥→+∞

1 − lim
𝑥→+∞

1
32𝑥

lim
𝑥→+∞

1 + lim
𝑥→+∞

1
32𝑥

=
1 − 0

1 + 0
=
1

1
= 1.  𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑦 = 1. 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

3𝑥 −3−𝑥

3𝑥 +3−𝑥
= lim
𝑥→−∞

3𝑥 −
1
3𝑥

3𝑥 +
1
3𝑥

= lim
𝑥→−∞

1
3𝑥
(32𝑥 −1)

1
3𝑥
(32𝑥 +1)

= 

lim
𝑥→−∞

32𝑥 −1

32𝑥 +1
=
lim
𝑥→−∞

32𝑥 − lim
𝑥→−∞

1

lim
𝑥→−∞

32𝑥 + lim
𝑥→−∞

1
=
0 − 1

0 + 1
=
−1

1
= −1.𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑦 = −1. 

 
∗ 𝐴 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑞𝑢𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔(𝑥) é 𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑦 = −1. 
 

−1 = −
1

2
+ sen𝑥 ⟹ sen𝑥 = −

1

2
∴ 𝑥1 =

7𝜋

6
 𝑒 𝑥2 =

11𝜋

6
 

 

𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝐴(
7𝜋

6
, −1) , 𝐵 (

11𝜋

6
, −1)  𝑒 𝑂(0,0) 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑚 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 ∆𝐴𝑂𝐵 𝑡𝑎𝑙 

𝑞𝑢𝑒:  
 

𝐴∆𝐴𝑂𝐵 =
1

2
|−1|. (

11𝜋

6
−
7𝜋

6
) =

4𝜋

12
=
𝜋

3
 𝑢. 𝐴 

 

𝑏) 𝐷𝑎𝑑𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑦 = (𝑎 + 𝑒)𝑥 , 𝑠𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 = lim
𝑤→4−

(⟦𝑤2⟧ − 4)  𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑞𝑢𝑒 

𝑦 = lim
𝑤→2

2 sen(3𝑤 − 6)

sen(2𝑤− 4)
.𝐷𝑒𝑠𝑐𝑢𝑏𝑟𝑎 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑥. 

 
∗ 𝑆𝑒 𝑤 → 4− , 𝑒𝑛𝑡ã𝑜 𝑤 < 4 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑤2 < 16.𝐷𝑒𝑠𝑠𝑎  𝑓𝑜𝑟𝑚𝑎, ⟦𝑤2⟧ = 15. 

 

𝑎 = lim
𝑤→4−

(⟦𝑤2⟧ − 4) = lim
𝑤→4−

⟦𝑤2⟧ − lim
𝑤→4−

4 = 15− 4 = 11. 
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𝑦 = lim
𝑤→2

2 sen(3𝑤 − 6)

sen(2𝑤− 4)
= lim
𝑤→2

2sen(3(𝑤 − 2))

sen(2(𝑤 − 2))
 ; 

 
𝑆𝑒𝑗𝑎 𝜃 = 𝑤 − 2.𝑆𝑒 𝑤 → 2, 𝑒𝑛𝑡ã𝑜 𝜃 → 0.𝐴𝑗𝑢𝑠𝑡𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑦 = lim
𝑤→2

2 sen(3(𝑤− 2))

sen(2(𝑤− 2))
= lim
𝜃→0

2 sen(3𝜃)

sen(2𝜃)
= lim
𝜃→0

[
2 sen(3𝜃)

sen(2𝜃)
.
3𝜃

3𝜃
.
2𝜃

2𝜃
] = 

2 × lim
𝜃→0

[
sen(3𝜃)

3𝜃
.
2𝜃

sen(2𝜃)
.
3𝜃

2𝜃
] = 2 × [lim

𝜃→0

sen(3𝜃)

3𝜃
× lim
𝜃→0

2𝜃

sen(2𝜃)
× lim
𝜃→0

3𝜃

2𝜃
] = 

∗ 𝑂𝑏𝑠: lim
𝑥→0

sen(𝑘𝑥)

𝑘𝑥
= 1 (𝐿𝑖𝑚𝑖𝑡𝑒 𝐹𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑇𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑜) 

 

2 × [ lim
𝜃→0

sen(3𝜃)

3𝜃
× lim
𝜃→0

2𝜃

sen(2𝜃)
× lim
𝜃→0

3𝜃

2𝜃
] = 2 × [1 × 1 ×

3

2
] = 3 ∴ 𝑦 = 3. 

 
𝑦 = (𝑎 + 𝑒)𝑥  ; 𝑐𝑜𝑚 𝑎 = 11 𝑒 𝑦 = 3, 𝑡𝑒𝑚𝑜𝑠: 
 

3 = (11 + 𝑒)𝑥 ∴ 𝑥 =
ln 3

ln(11 + 𝑒)
 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 à 𝑐𝑢𝑟𝑣𝑎 2𝑥𝑦 + 𝜋. sen𝑦 = 2𝜋 𝑒𝑚 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 (𝑥0, 𝑦0) é 
𝑥0
𝑦0
. 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑥0 𝑒 𝑦0, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑦0 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,𝜋). 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

𝑑

𝑑𝑥
(2𝑥𝑦) + 𝜋

𝑑

𝑑𝑥
(sen𝑦) =

𝑑

𝑑𝑥
(2𝜋) 

2(𝑦+ 𝑥𝑦′) + 𝜋 cos𝑦 . 𝑦′ = 0 
𝑦′(2𝑥 + 𝜋 cos𝑦) = −2𝑦 

𝑦′ = −
2𝑦

2𝑥 + 𝜋 cos𝑦
 

𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 é 𝑚𝑁 = −
1

𝑦′
. 𝐿𝑜𝑔𝑜, 

 

𝑚𝑁 =
2𝑥 + 𝜋 cos𝑦

2𝑦
 

 

𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑥0, 𝑦0) 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑖𝑡𝑜 𝑛𝑜 𝑒𝑛𝑢𝑛𝑐𝑖𝑎𝑑𝑜 é 
𝑥0
𝑦0
. 

𝑥0
𝑦0
=
2𝑥0 + 𝜋cos𝑦0

2𝑦0
 

2𝑥0 = 2𝑥0 +𝜋 cos𝑦0 
𝜋 cos𝑦0 = 0 

cos𝑦0 = 0 ∴ 𝑦0 =
𝜋

2
∈ (0,𝜋). 
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𝐶𝑜𝑚 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑦0, 𝑣𝑜𝑙𝑡𝑎𝑚𝑜𝑠 à 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎: 
 

2𝑥0𝑦0 + 𝜋sen 𝑦0 = 2𝜋 

2𝑥0.
𝜋

2
+ 𝜋 sen

𝜋

2
= 2𝜋 

𝑥0𝜋 + 𝜋 = 2𝜋 

𝑥0𝜋 = 𝜋 ∴ 𝑥𝑜 = 1. 
 

𝑂 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 é (1,
𝜋

2
). 

 

𝑏) 𝑆𝑒 𝑓(𝑥) = 𝑥cos𝑥 . (sen𝑥)𝑥+1, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓 ′ (
𝜋

2
).   

 
𝐷(𝑓) = {𝑥 ∈ ℝ; 2𝑘𝜋 < 𝑥 < 𝜋(2𝑘 + 1), 𝑐𝑜𝑚 𝑘 ∈ ℕ} 

 
ln 𝑓(𝑥) = ln[𝑥cos𝑥 . (sen𝑥)𝑥+1] 
ln 𝑓(𝑥) = ln 𝑥cos𝑥 + ln(sen𝑥)𝑥+1 
ln 𝑓(𝑥) = cos𝑥 . ln 𝑥 + (𝑥 + 1) ln(sen𝑥) 
 
𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 
𝑓 ′(𝑥)

𝑓(𝑥)
= −sen𝑥 . ln 𝑥 +

cos𝑥

𝑥
+ ln(sen𝑥) + (𝑥 + 1) cotg 𝑥 

𝑓 ′(𝑥) = 𝑓(𝑥) [−sen 𝑥 . ln 𝑥 +
cos𝑥

𝑥
+ ln(sen𝑥) + (𝑥 + 1) cotg 𝑥] 

𝑓 ′(𝑥) = 𝑥cos𝑥 . (sen𝑥)𝑥+1 [−sen𝑥 . ln 𝑥 +
cos𝑥

𝑥
+ ln(sen𝑥) + (𝑥 + 1) cotg𝑥] 

𝑓 ′ (
𝜋

2
) = (

𝜋

2
)
cos
𝜋
2
. (sen

𝜋

2
)

𝜋
2
+1

[−sen
𝜋

2
. ln
𝜋

2
+
cos
𝜋
2
𝜋
2

+ ln(sen
𝜋

2
) + (

𝜋

2
+ 1)cotg

𝜋

2
] 

𝑓 ′ (
𝜋

2
) =

𝜋

2

0

. (1)
𝜋+2
2 [−1. ln

𝜋

2
+
0
𝜋
2

+ ln 1 + (
𝜋 + 2

2
) . 0] 

𝑓 ′ (
𝜋

2
) = −ln

𝜋

2
= ln

2

𝜋
. 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐴 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = {
(𝑥 − 𝜋)10 sen(

100

𝑥 − 𝜋
) ,   𝑥 ≠ 𝜋

0,   𝑥 = 𝜋                                      
 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ? 

𝐽𝑢𝑠𝑡𝑖𝑓𝑖𝑞𝑢𝑒 𝑠𝑢𝑎 𝑟𝑒𝑠𝑝𝑜𝑠𝑡𝑎. 
 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑠𝑒𝑟á 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑞𝑢𝑒 𝑎 
𝑐𝑜𝑚𝑝õ𝑒 𝑠ã𝑜 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑑𝑒 𝑣𝑎𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑐𝑎𝑑𝑎 𝑢𝑚𝑎 
𝑑𝑒 𝑎𝑐𝑜𝑟𝑑𝑜 𝑐𝑜𝑚 𝑎 𝑓𝑢𝑛çã𝑜 𝑓. 
 
∗ (𝑥 − 𝜋)10  é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎  𝑒𝑚 ℝ. 
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∗ sen (
100

𝑥 − 𝜋
)  é 𝑢𝑚𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖çã𝑜 𝑑𝑒 𝑓𝑢𝑛çã𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 𝑒 𝑟𝑎𝑐𝑖𝑜𝑛𝑎𝑙 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙. 

𝐿𝑜𝑔𝑜, 𝑒𝑠𝑡𝑎 𝑓𝑢𝑛çã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑠𝑒𝑢 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡𝑜 𝑒𝑠𝑡𝑖𝑣𝑒𝑟 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑝𝑎𝑟𝑎 

𝑥 ≠ 𝜋. 
𝐶𝑜𝑚𝑜 (𝑥− 𝜋)10  é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ,𝑒 𝑒𝑛𝑡ã𝑜,(𝑥 − 𝜋) é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 

𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜, 𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑎𝑠 𝑑𝑢𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 (𝑥− 𝜋)10 . sen(
100

𝑥 − 𝜋
)  é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 (−∞,𝜋) ∪ (𝜋, +∞).   
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 𝜋, 𝑡𝑒𝑚𝑜𝑠: 
 
1) 𝑓(𝜋) = 0 

 

2) lim
𝑥→𝜋

𝑓(𝑥) = lim
𝑥→𝜋
(𝑥 − 𝜋)10 . sen(

100

𝑥 − 𝜋
) ; 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎,𝑡𝑒𝑚𝑜𝑠: 

 

−1 ≤ sen (
100

𝑥 − 𝜋
) ≤ 1 

𝐶𝑜𝑚𝑜 (𝑥− 𝜋)10 ≥ 0, ∀𝑥 ∈ ℝ, 𝑡𝑒𝑚𝑜𝑠: 

 

−(𝑥 − 𝜋)10 ≤ (𝑥 − 𝜋)10 . sen(
100

𝑥 − 𝜋
) ≤ (𝑥 − 𝜋)10 

 

𝑆𝑒 − (𝑥 − 𝜋)10 ≤ (𝑥 − 𝜋)10. sen (
100

𝑥 − 𝜋
) ≤ (𝑥 − 𝜋)10  𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑎 𝜋 

(𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 𝜋) 𝑒 lim
𝑥→𝜋

−(𝑥 − 𝜋)10 = lim
𝑥→𝜋
(𝑥 − 𝜋)10 = 0, 𝑒𝑛𝑡ã𝑜 

 

                                 lim
𝑥→𝜋
(𝑥 − 𝜋)10. sen (

100

𝑥 − 𝜋
) = 0    (𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜) 

 
3) 𝐶𝑜𝑚𝑜 lim

𝑥→𝜋
𝑓(𝑥) = 𝑓(𝜋), 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 𝜋 𝑒, 𝑗𝑢𝑛𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑐𝑜𝑚 𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑜 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟𝑚𝑒𝑛𝑡𝑒, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 
 

𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln √(3𝑥2 + 2).√6𝑥 − 7. 

 
𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 7 6⁄ } 

 

𝑓(𝑥) =
1

2
ln[(3𝑥2 +2)√6𝑥− 7] 

𝑓(𝑥) =
1

2
[ln(3𝑥2 +2) + ln √6𝑥− 7] 

𝑓(𝑥) =
1

2
[ln(3𝑥2 +2) +

1

2
ln(6𝑥 − 7)] 

𝑓 ′(𝑥) =
1

2
[
6𝑥

3𝑥2 + 2
+
1

2
.
6

6𝑥 − 7
] 
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𝑓 ′(𝑥) =
1

2
[
6𝑥

3𝑥2 + 2
+

3

6𝑥 − 7
] 

𝑓 ′(𝑥) =
3𝑥

3𝑥2 +2
+

3

12𝑥 − 14
 

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥.2𝑥 = 1 𝑡𝑒𝑚 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙. 

 
𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥. 2𝑥 . 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑒𝑙𝑜 𝑝𝑟𝑜𝑑𝑢𝑡𝑜 𝑑𝑒 𝑑𝑢𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ.  𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓(0) = 0 𝑒 𝑓(1) = 2. 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ,𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [0,1] 𝑒 1 é 𝑢𝑚 
𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(0) 𝑒 𝑓(1).  𝐸𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (0,1) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓(𝑐) = 1.  

(𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜)  

 
𝑂𝑛𝑑𝑒 𝑓(𝑐) = 1 é  𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑥. 2𝑥 = 1.𝐶𝑜𝑚 𝑖𝑠𝑠𝑜,𝑚𝑜𝑠𝑡𝑟𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 
𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑠𝑜𝑙𝑢çã𝑜 𝑟𝑒𝑎𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑝𝑎𝑟𝑎 𝑎𝑙𝑔𝑢𝑚 𝑥 ∈ (0,1). 

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑑𝑒 𝑐𝑎𝑑𝑎 𝑢𝑚 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) = 4𝑥𝑥4 
𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 

 
𝐸𝑚 𝑜𝑢𝑡𝑟𝑎𝑠 𝑝𝑎𝑙𝑎𝑣𝑟𝑎𝑠, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒𝑥 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑥) = 0. 

 
𝑓 ′(𝑥) = 4𝑥 ln 4 𝑥4 +4𝑥+1. 𝑥3 
𝑓 ′(𝑥) = 4𝑥𝑥3[𝑥. ln 4 + 4] 
𝑓 ′(𝑥) = 0⟹ 𝑥3 = 0    𝑜𝑢    𝑥. ln 4 + 4 = 0 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑥 = 0   𝑒  𝑥 = −
4

ln 4
 𝑠ã𝑜 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 

𝑑𝑒 𝑓(𝑥) é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 
𝑎) 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = |𝑥2 − 9| 𝑒𝑚 𝑥 = 3. 
 

𝑓(𝑥) = |𝑥2 −9| = {
𝑥2 − 9,   𝑥 ≤ −3   𝑜𝑢    𝑥 ≥ 3

−(𝑥2 −9), −3 < 𝑥 < 3  
 

 
𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎𝑚𝑒𝑛𝑡𝑒 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑚𝑜𝑠 𝑠𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 3. 

 
𝑓(3) = |32 −9| = |9 − 9| = |0| = 0. 

 
lim
𝑥→3

𝑓(𝑥) ;   

lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3+

(𝑥2 −9) = lim
𝑥→3+

𝑥2 − lim
𝑥→3+

9 = 32 − 9 = 9 − 9 = 0. 

lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3−

(−𝑥2 +9) = lim
𝑥→3−

−𝑥2 + lim
𝑥→3−

9 = −32 +9 = −9+ 9 = 0. 

∴ lim
𝑥→3
𝑓(𝑥) = 0. 

 
𝐶𝑜𝑚𝑜 lim

𝑥→3
𝑓(𝑥) = 𝑓(3),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 3. 
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𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 𝑥 = 3, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓+
′ (3) = lim

𝑥→3+

𝑓(𝑥)− 𝑓(3)

𝑥 − 3
= lim
𝑥→3+

(𝑥2 − 9) − 0

𝑥 − 3
= lim
𝑥→3+

𝑥2 − 9

𝑥 − 3
= lim
𝑥→3+

(𝑥 − 3)(𝑥 + 3)

(𝑥 − 3)
; 

lim
𝑥→3+

(𝑥 − 3)(𝑥 + 3)

(𝑥 − 3)
= lim
𝑥→3+

(𝑥 + 3) = lim
𝑥→3+

𝑥 + lim
𝑥→3+

3 = 3+ 3 = 6. 

 

𝑓−
′(3) = lim

𝑥→3−

𝑓(𝑥) − 𝑓(3)

𝑥 − 3
= lim
𝑥→3−

−(𝑥2 −9) − 0

𝑥 − 3
= lim
𝑥→3−

−𝑥2 +9

𝑥 − 3
; 

lim
𝑥→3−

−𝑥2 + 9

𝑥 − 3
= lim
𝑥→3−

−(𝑥 − 3)(𝑥 + 3)

(𝑥 − 3)
= lim
𝑥→3−

(−𝑥 − 3) = lim
𝑥→3−

(−𝑥) − lim
𝑥→3−

3 = −6. 

 
𝐶𝑜𝑚𝑜 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚,𝑚𝑎𝑠 𝑠ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 
𝑒𝑚 𝑥 = 3. 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒  

𝑓(𝑥) = [tg 𝑥]arctg 𝑥  , 𝑒𝑚 𝑥 =
𝜋

4
. 

𝐷(𝑓) = {𝑥 ∈ ℝ; 2𝑘𝜋 < 𝑥 < 𝜋 (
1

2
+ 2𝑘)  𝑜𝑢 𝜋(2𝑘 + 1) < 𝑥 < 𝜋(

3

2
+ 2𝑘) , 𝑘 ∈ ℤ} 

 

𝑃𝑜𝑛𝑡𝑜 𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 =
𝜋

4
∶ 𝑃 (

𝜋

4
, 1).  

 
ln 𝑓(𝑥) = arctg𝑥 . ln(tg 𝑥) 

 
𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑓 ′(𝑥)

𝑓(𝑥)
=

1

1+ 𝑥2
. ln(tg 𝑥) + arctg 𝑥 .

sec2 𝑥

tg 𝑥
 

 

𝑓 ′(𝑥) = 𝑓(𝑥) [
1

1 + 𝑥2
. ln(tg 𝑥) + arctg𝑥 .

sec2 𝑥

tg 𝑥
] 

𝑓 ′ (
𝜋

4
) = 𝑓(

𝜋

4
) [

1

1 + (
𝜋
4)

2 ln (tg
𝜋

4
) + arctg(

𝜋

4
) .
sec2

𝜋
4

tg
𝜋
4

] 

𝑓 ′ (
𝜋

4
) = 1[

1

1 +
𝜋2

4

. ln(1) + arctg (
𝜋

4
) .
(√2)

2

1
] 

𝑓 ′ (
𝜋

4
) = 2arctg

𝜋

4
 

 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥) 𝑒𝑚 𝑥 =
𝜋

4
: 

 

𝑦− 1 = 2arctg (
𝜋

4
) . (𝑥 −

𝜋

4
) 

𝑦 = 2𝑥. arctg (
𝜋

4
) −

𝜋

2
arctg(

𝜋

4
) + 1 
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2.11 Prova de Reavaliação da AB2 – 20 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 

𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑐𝑎𝑡𝑒𝑡𝑜𝑠 𝑐𝑜𝑚 𝑚𝑒𝑑𝑖𝑑𝑎𝑠 √2𝑐𝑚. 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠, 𝑎 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑒𝑚 𝑠𝑢𝑎 á𝑟𝑒𝑎,𝑠𝑒 𝑢𝑚 𝑑𝑒 𝑠𝑒𝑢𝑠 
â𝑛𝑔𝑢𝑙𝑜𝑠 𝑎𝑔𝑢𝑑𝑜𝑠 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 1°. 
 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑠𝑒𝑚 𝑜 𝑢𝑠𝑜 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑎𝑠, 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 
𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑒𝑞𝑢𝑎çã𝑜 4 cosh2 𝑥 = 7senh 𝑥 + 1 é 𝑠𝑎𝑡𝑖𝑠𝑓𝑒𝑖𝑡𝑎. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = ln(𝑥2+ 2𝑥 + 4)  𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−4,3]. 

 
𝑏) 𝑃𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑚, 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥3 −3𝑥 +𝑚 𝑛ã𝑜 
𝑝𝑜𝑑𝑒 𝑡𝑒𝑟 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,1]. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

1
𝑥2
−2 arctg(

1
𝑥)

1
𝑥

. 

 
𝑏) 𝐴𝑐ℎ𝑒, 𝑎𝑛𝑎𝑙𝑖𝑡𝑖𝑐𝑎𝑚𝑒𝑛𝑡𝑒 , 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = tg 𝑥 , 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−2𝜋, 2𝜋). 𝐴𝑐ℎ𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 𝑒𝑠𝑡á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎 4𝑐𝑚 𝑠⁄ ,𝑚𝑎𝑠 𝑠𝑢𝑎 
á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒 𝑚𝑒𝑑𝑖𝑛𝑑𝑜 600𝜋 𝑐𝑚2. 𝐴 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎  
𝑣𝑎𝑟𝑖𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑟𝑎𝑖𝑜 𝑡𝑒𝑚 10𝑐𝑚? 

 
𝑏) 𝑈𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 é 𝑔𝑒𝑟𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑜𝑡𝑎çã𝑜 𝑑𝑒 𝑢𝑚 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒  
𝑝𝑒𝑟í𝑚𝑒𝑡𝑟𝑜 𝑃, 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑒 𝑢𝑚 𝑑𝑒 𝑠𝑒𝑢𝑠 𝑙𝑎𝑑𝑜𝑠. 𝑄𝑢𝑒 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑒𝑣𝑒 𝑡𝑒𝑟 𝑜   
𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑝𝑎𝑟𝑎 𝑔𝑒𝑟𝑎𝑟 𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑣𝑜𝑙𝑢𝑚𝑒 𝑚á𝑥𝑖𝑚𝑜? 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5  

 
𝑎) 𝑂 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑒 á𝑔𝑢𝑎 𝑛𝑢𝑚 𝑡𝑎𝑛𝑞𝑢𝑒 é 𝑉 𝑚3,𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 é ℎ 𝑚𝑒𝑡𝑟𝑜𝑠. 

𝑆𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑎𝑙𝑡𝑢𝑟𝑎 𝑓𝑜𝑟 
𝑑𝑉

𝑑ℎ
= 𝜋[4ℎ2 + 12ℎ+ 9], 

𝑎𝑐ℎ𝑒 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑒 á𝑔𝑢𝑎 𝑛𝑜 𝑡𝑎𝑛𝑞𝑢𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 𝑓𝑜𝑟 𝑑𝑒 3𝑚. 
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𝑏) 𝑆𝑒 𝑓(𝑥) =
2𝑥

√𝑥2+ 1
,𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) =

2

(𝑥2 +1)3 2⁄
 𝑒 𝑓 ′′(𝑥) =

−6𝑥

(𝑥2 + 1)5 2⁄
. 

 
𝐶𝑜𝑚 𝑏𝑎𝑠𝑒 𝑛𝑖𝑠𝑡𝑜, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠 𝑑𝑒 𝑓,𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜, 
𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑟𝑒𝑠𝑐𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑒𝑙𝑎 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑒  
𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑜𝑢 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜.𝐷𝑒𝑝𝑜𝑖𝑠  
𝑑𝑒𝑠𝑡𝑎𝑠  𝑎𝑛á𝑙𝑖𝑠𝑒𝑠, 𝑓𝑎ç𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 

𝑎) 𝑈𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑖𝑠ó𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑒𝑚 𝑐𝑎𝑡𝑒𝑡𝑜𝑠 𝑐𝑜𝑚 𝑚𝑒𝑑𝑖𝑑𝑎𝑠 √2𝑐𝑚. 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑖𝑠, 𝑎 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑒𝑚 𝑠𝑢𝑎 á𝑟𝑒𝑎,𝑠𝑒 𝑢𝑚 𝑑𝑒 𝑠𝑒𝑢𝑠 
â𝑛𝑔𝑢𝑙𝑜𝑠 𝑎𝑔𝑢𝑑𝑜𝑠 𝑎𝑢𝑚𝑒𝑛𝑡𝑎 1°. 

𝐴 ℎ𝑖𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑎 𝑑𝑒𝑠𝑠𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑎 = √(√2)
2
+ (√2)

2
= √4= 2𝑐𝑚. 

𝐷𝑎𝑑𝑜 𝑑𝑜𝑖𝑠 𝑙𝑎𝑑𝑜𝑠 𝑑𝑒 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑒 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡𝑒 𝑒𝑛𝑡𝑟𝑒 𝑒𝑙𝑒𝑠, 𝑎 á𝑟𝑒𝑎 𝑑𝑒𝑠𝑡𝑒 
𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 é 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑎 𝑝𝑜𝑟 

𝐴 =
1

2
𝑎𝑏. sen𝜃 

𝐴(𝜃) =
1

2
(2)(√2)sen𝜃 

𝐴(𝜃) = √2sen𝜃 

𝑃𝑎𝑟𝑎 𝑝𝑒𝑞𝑢𝑒𝑛𝑎𝑠 𝑣𝑎𝑟𝑖𝑎çõ𝑒𝑠 𝑛𝑜 â𝑛𝑔𝑢𝑙𝑜 𝜃, 𝑡𝑒𝑚𝑜𝑠: 
∆𝐴 ≈ 𝑑𝐴 

∆𝐴 ≈ 𝐴′(𝜃)𝑑𝜃 = √2cos𝜃 .
𝜋

180
 

𝑂𝑛𝑑𝑒 𝜃 = 45° =
𝜋

4
. 𝐸𝑛𝑡ã𝑜 … 

∆𝐴 ≈ √2.
√2

2
.
𝜋

180
=
𝜋

180
𝑐𝑚2    

 
𝑏) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒, 𝑠𝑒𝑚 𝑜 𝑢𝑠𝑜 𝑑𝑒 𝑓𝑢𝑛çõ𝑒𝑠 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑎𝑠, 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 
𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑛𝑜𝑠 𝑞𝑢𝑎𝑖𝑠 𝑎 𝑒𝑞𝑢𝑎çã𝑜 4 cosh2 𝑥 = 7senh 𝑥 + 1 é 𝑠𝑎𝑡𝑖𝑠𝑓𝑒𝑖𝑡𝑎. 

 
∗ 𝐼𝑑𝑒𝑛𝑡𝑖𝑑𝑎𝑑𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚é𝑡𝑟𝑖𝑐𝑎 ℎ𝑖𝑝𝑒𝑟𝑏ó𝑙𝑖𝑐𝑎:   cosh2 𝑥 − senh2 𝑥 = 1 

 
4(1+ senh2 𝑥) = 7senh𝑥 + 1 

4senh2 𝑥 − 7senh𝑥 + 3 = 0 

senh𝑥 =
7±√(−7)2 − 4(4)(3)

2(4)
=
7± √49− 48

8
=
7 ±√1

8
=
7± 1

8
 

senh𝑥1 = 1    𝑒  senh𝑥2 =
3

4
 

 
𝐶á𝑙𝑐𝑢𝑙𝑜 𝑑𝑒 𝑥1:                                                             𝐶á𝑙𝑐𝑢𝑙𝑜 𝑑𝑒 𝑥2: 
𝑒𝑥1 − 𝑒−𝑥1

2
= 1                                                           

𝑒𝑥2 − 𝑒−𝑥2

2
=
3

4
 

𝑒𝑥1 − 𝑒−𝑥1 = 2                                                           𝑒𝑥2 − 𝑒−𝑥2 =
3

2
 

𝑒2𝑥1 − 1 = 2𝑒𝑥1                                                        2𝑒2𝑥2 − 2 = 3𝑒𝑥2 
(𝑒𝑥1)2 −2(𝑒𝑥1) − 1 = 0                                        2(𝑒𝑥2)2 −3(𝑒𝑥2) − 2 = 0 

𝑦1
2 −2𝑦1 −1 = 0       ;𝑦1 = 𝑒

𝑥1 > 0                   2𝑦2
2 − 3𝑦2 −2 = 0  ;𝑦2 = 𝑒

𝑥2 > 0 

𝑦1 =
2 ±√8

2
=
2 ± 2√2

2
                                         𝑦2 =

3 ±√25

4
=
3 ± 5

4
 

𝑦1 = 1 +√2.                                                               𝑦2 = 2. 

𝑦1 = 𝑒
𝑥1 ∴ 𝑥1 = ln 𝑦1 = ln(1 +√2)           𝑒       𝑦2 = 𝑒

𝑥2 ∴ 𝑥2 = ln 𝑦2 = ln 2 

 

𝐴𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑞𝑢𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑠ã𝑜 𝑥1 = ln(1 +√2)  𝑒 𝑥2 = ln 2. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐 

 
𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = ln(𝑥2+ 2𝑥 + 4)  𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−4,3]. 

 
𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥2 +2𝑥 + 4 > 0} 

 
∆= 22 −4(1)(4) = 4− 16 = −12.  

 
𝐿𝑜𝑔𝑜, 𝑜 𝑙𝑜𝑔𝑎𝑟𝑖𝑡𝑚𝑎𝑛𝑑𝑜 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑜𝑢 𝑒𝑠𝑡𝑟𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑎 𝑜𝑢 𝑒𝑠𝑡𝑟𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑎. 𝑂𝑏𝑠𝑒𝑟𝑣𝑎𝑛𝑑𝑜 𝑜 𝑡𝑒𝑟𝑚𝑜 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑡𝑒𝑛𝑡𝑒 + 4,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 𝑥2 + 2𝑥 + 4 > 0, 
∀𝑥 ∈ ℝ.  𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−4,3] 𝑒 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑟 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 
𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑚á𝑥𝑖𝑚𝑜𝑠 𝑒 𝑚í𝑛𝑖𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜. 
 
1) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 
𝑓(−4) − ln((−4)2 + 2(−4)+ 4) = ln(16 − 8+ 4) = ln 12 

𝑓(3) = ln(32 +2(3) + 4) = ln(9 + 6+ 4) = ln 19 
 
2) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑒𝑚 (−4,3). 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 
 

𝑓 ′(𝑥) =
2(𝑥 + 1)

𝑥2 +2𝑥 + 4
 ;   𝐷(𝑓 ′) = ℝ 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ,𝑠𝑒 𝑓 𝑎𝑑𝑚𝑖𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟𝑖𝑡𝑖𝑐𝑜 𝑐, 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) 
𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(𝑐) = 0. 
 

𝑓 ′(𝑥) = 0⟹
2(𝑥 + 1)

𝑥2 + 2𝑥 + 4
= 0⟹ 2(𝑥 + 1) = 0 ∴ 𝑥 = −1; −1 ∈ (−4,3) 

𝐿𝑜𝑔𝑜, −1 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−4,3). 

 
𝑓(−1) = ln((−1)2 +2(−1) + 4) = ln(1 − 2+ 4) = ln 3 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 ln 19  é  𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 ln 3  é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−4,3].  

  
𝑏) 𝑃𝑟𝑜𝑣𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑚, 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = 𝑥3 −3𝑥 +𝑚 𝑛ã𝑜 
𝑝𝑜𝑑𝑒 𝑡𝑒𝑟 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,1]. 

 
𝑆𝑢𝑝𝑜𝑛ℎ𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 a 𝑒 b , 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 0 < 𝑎 < 𝑏 < 1 𝑒 
𝑓(𝑎) = 𝑓(𝑏) = 0. 𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑐𝑜𝑛𝑡í𝑛𝑢𝑎  𝑛𝑜 
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑎, 𝑏],𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 (𝑎,𝑏) 𝑒 𝑓(𝑎) = 𝑓(𝑏),𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 
𝑑𝑒 𝑅𝑜𝑙𝑙𝑒,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (𝑎, 𝑏) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓 ′(𝑐) = 0. 
 
𝑓 ′(𝑥) = 3𝑥2 −3 ;  𝑓 ′(𝑥) = 0⟹ 3𝑥2 −3 = 0⟹ 𝑥2 = 1 ∴ 𝑥 = ±1. 
 



215 

 

 
 

𝐶𝑜𝑚𝑜 𝑥 = −1 𝑒 𝑥 = 1 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑎,𝑏), 𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒,(𝑎, 𝑏) ⊂ [0,1], 
𝑝𝑜𝑟 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖çã𝑜,𝑓 𝑛ã𝑜 𝑝𝑜𝑑𝑒 𝑡𝑒𝑟 𝑑𝑢𝑎𝑠 𝑟𝑎í𝑧𝑒𝑠 𝑟𝑒𝑎𝑖𝑠 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [0,1].   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

1
𝑥2
−2 arctg(

1
𝑥)

1
𝑥

.  𝐼𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "
0

0
"  

lim
𝑥→+∞

1
𝑥2
−2 arctg(

1
𝑥)

1
𝑥

𝐿′𝐻
⇒ = lim

𝑥→+∞

−
2
𝑥3
−

2

1+ (
1
𝑥)
2 . (−

1
𝑥2
)

−
1
𝑥2

= lim
𝑥→+∞

(
2

𝑥
−

2

1+
1
𝑥2

)= 

lim
𝑥→+∞

2

𝑥
− lim
𝑥→+∞

2

1 +
1
𝑥2

= lim
𝑥→+∞

2

𝑥
−

lim
𝑥→+∞

2

lim
𝑥→+∞

1 + lim
𝑥→+∞

1
𝑥2

= 0−
2

1+ 0
= 0 − 2 = −2. 

 
𝑏) 𝐴𝑐ℎ𝑒, 𝑎𝑛𝑎𝑙𝑖𝑡𝑖𝑐𝑎𝑚𝑒𝑛𝑡𝑒 , 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 
𝑓(𝑥) = tg 𝑥 , 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−2𝜋, 2𝜋). 𝐴𝑐ℎ𝑒 𝑡𝑎𝑚𝑏é𝑚 𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 
𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜. 
 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−2𝜋, 2𝜋) 𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = tg 𝑥  𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑎𝑟𝑎 

𝑥 ≠ {−
3𝜋

2
,−
𝜋

2
,
𝜋

2
,
3𝜋

2
}. 

 
𝑓 ′(𝑥) = sec2 𝑥 

𝑓 ′′(𝑥) = 2sec2 𝑥 tg 𝑥 ;   sec2 𝑥 ≥ 1 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑓 ′′(𝑥),𝑡𝑒𝑚𝑜𝑠: 

(0)+ ++ (
𝜋

2
) −− − (𝜋) + ++ (

3𝜋

2
) −− − (2𝜋)  

𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 í𝑚𝑝𝑎𝑟, 𝑖𝑠𝑡𝑜 é,𝑓(−𝑥) = −𝑓(𝑥),𝑎𝑛𝑎𝑙𝑜𝑔𝑎𝑚𝑒𝑛𝑡𝑒 𝑎𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 

𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟,𝑡𝑒𝑚𝑜𝑠: 

(−2𝜋) ++ + (−
3𝜋

2
) −− − (−𝜋) ++ + (−

𝜋

2
) − −− (0) 

𝑂𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑚 𝑑𝑒𝑠𝑡𝑎𝑞𝑢𝑒 𝑛ã𝑜 𝑠ã𝑜 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑒𝑚𝑏𝑜𝑟𝑎 ℎ𝑎𝑗𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 

𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜, 𝑒𝑠𝑡𝑒𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 

𝑑𝑒 𝑓.𝑃𝑜𝑟 𝑜𝑢𝑡𝑟𝑜 𝑙𝑎𝑑𝑜,𝑜𝑐𝑜𝑟𝑟𝑒 𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 
𝑥 = {−𝜋, 0, 𝜋} 𝑞𝑢𝑒 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−2𝜋, 2𝜋). 𝐿𝑜𝑔𝑜, 
𝑡𝑒𝑚𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑒𝑚− 𝜋,0 𝑒 𝜋.  
 
𝑓(−𝜋) = tg(−𝜋) = 0      𝑃𝐼1 = (−𝜋, 0)     𝑓

′(−𝜋) = sec2(−𝜋) = (−1)2 = 1 

𝑓(0) = tg 0 = 0                𝑃𝐼2 = (0,0)          𝑓
′(0) = sec20 = 12 = 1 

𝑓(𝜋) = tg 𝜋 = 0               𝑃𝐼3 = (𝜋, 0)          𝑓
′(𝜋) = sec2𝜋 = (−1)2 = 1 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒𝑠 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑃𝐼1, 𝑃𝐼2 𝑒 𝑃𝐼3: 
 
𝑦 − 0 = 𝑓 ′(−𝜋)(𝑥 + 𝜋)  ;      𝑦 − 0 = 𝑓 ′(0)(𝑥− 0)    ;    𝑦− 0 = 𝑓 ′(𝜋)(𝑥− 𝜋) 
        𝑦 = 𝑥 + 𝜋                                   𝑦 = 𝑥                                       𝑦 = 𝑥 − 𝜋 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝑂 𝑟𝑎𝑖𝑜 𝑑𝑒 𝑢𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 𝑒𝑠𝑡á 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎 4𝑐𝑚 𝑠⁄ ,𝑚𝑎𝑠 𝑠𝑢𝑎 
á𝑟𝑒𝑎 𝑡𝑜𝑡𝑎𝑙 𝑝𝑒𝑟𝑚𝑎𝑛𝑒𝑐𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒 𝑚𝑒𝑑𝑖𝑛𝑑𝑜 600𝜋 𝑐𝑚2. 𝐴 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎  
𝑣𝑎𝑟𝑖𝑎 𝑞𝑢𝑎𝑛𝑑𝑜 𝑜 𝑟𝑎𝑖𝑜 𝑡𝑒𝑚 10𝑐𝑚? 

 

𝐴𝑇 = 2𝜋𝑟(𝑟 + ℎ) = 600𝜋 ∴ 𝑟(𝑟 + ℎ) = 300 ⟹ ℎ =
300

𝑟
− 𝑟 

𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎,𝑡𝑒𝑚𝑜𝑠: 
 

𝑑ℎ

𝑑𝑡
=
𝑑ℎ

𝑑𝑟
.
𝑑𝑟

𝑑𝑡
 

𝑑ℎ

𝑑𝑡
= (−

300

𝑟2
−1) . 4 

𝑑ℎ

𝑑𝑡
|
𝑟=10𝑐𝑚

= (−
300

100
− 1)4 = −16𝑐𝑚 𝑠⁄  

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑒𝑠𝑡á 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 à 𝑡𝑎𝑥𝑎 𝑑𝑒 16𝑐𝑚 𝑠⁄ .  
 
𝑏) 𝑈𝑚 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜 é 𝑔𝑒𝑟𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑜𝑡𝑎çã𝑜 𝑑𝑒 𝑢𝑚 𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒  
𝑝𝑒𝑟í𝑚𝑒𝑡𝑟𝑜 𝑃, 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑒 𝑢𝑚 𝑑𝑒 𝑠𝑒𝑢𝑠 𝑙𝑎𝑑𝑜𝑠. 𝑄𝑢𝑒 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑒𝑣𝑒 𝑡𝑒𝑟 𝑜   
𝑟𝑒𝑡â𝑛𝑔𝑢𝑙𝑜 𝑝𝑎𝑟𝑎 𝑔𝑒𝑟𝑎𝑟 𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑣𝑜𝑙𝑢𝑚𝑒 𝑚á𝑥𝑖𝑚𝑜? 
 

𝑃 = 2(𝑏 + 𝑙) ⟹ 𝑙 =
𝑃

2
− 𝑏 

 
𝐺𝑖𝑟𝑎𝑛𝑑𝑜 𝑒𝑚 𝑡𝑜𝑟𝑛𝑜 𝑑𝑜 𝑙𝑎𝑑𝑜 𝑑𝑒 𝑚𝑒𝑑𝑖𝑑𝑎 𝑙, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑉(𝑏, 𝑙) = 𝜋𝑏2. 𝑙 

𝑉 (𝑏) = 𝜋𝑏2. (
𝑃

2
− 𝑏) 

𝑉(𝑏) = 𝜋(
𝑃𝑏2

2
− 𝑏3) 

𝑉′(𝑏) = 𝜋(𝑃𝑏 − 3𝑏2) 
 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑉′(𝑏),𝑡𝑒𝑚𝑜𝑠: 
 

− −− − −(0)+ ++ +(
𝑃

3
) −− − −−    𝑉′(𝑏) 

 

𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑏 =
𝑃

3
 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑉(𝑏),𝑢𝑚𝑎 𝑣𝑒𝑧 𝑞𝑢𝑒, 𝑉(𝑏) ≤ 𝑉 (
𝑃

3
)  𝑝𝑎𝑟𝑎 

𝑏 > 0. 𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝑎𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑏 =
𝑃

3
 𝑒 𝑙 =

𝑃

6
 𝑡𝑒𝑟𝑒𝑚𝑜𝑠 𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑣𝑜𝑙𝑢𝑚𝑒 

𝑚á𝑥𝑖𝑚𝑜. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓  
 
𝑎) 𝑂 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑒 á𝑔𝑢𝑎 𝑛𝑢𝑚 𝑡𝑎𝑛𝑞𝑢𝑒 é 𝑉 𝑚3,𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 é ℎ 𝑚𝑒𝑡𝑟𝑜𝑠. 

𝑆𝑒 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 𝑣𝑎𝑟𝑖𝑎çã𝑜 𝑑𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 à 𝑎𝑙𝑡𝑢𝑟𝑎 𝑓𝑜𝑟 
𝑑𝑉

𝑑ℎ
= 𝜋[4ℎ2 + 12ℎ+ 9], 

𝑎𝑐ℎ𝑒 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑒 á𝑔𝑢𝑎 𝑛𝑜 𝑡𝑎𝑛𝑞𝑢𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 𝑓𝑜𝑟 𝑑𝑒 3𝑚. 

 
𝑑𝑉

𝑑ℎ
= 𝑉′(ℎ) = 𝜋[4ℎ2 + 12ℎ+ 9] 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑜𝑢 𝑝𝑟𝑖𝑚𝑖𝑡𝑖𝑣𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑉′(ℎ) é: 

𝑉(ℎ) = 𝜋 [
4

3
ℎ3 +6ℎ2 +9ℎ] + 𝐶  

𝑆𝑒 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑐𝑜𝑙𝑢𝑛𝑎 𝑑𝑒 á𝑔𝑢𝑎 𝑛𝑜 𝑡𝑎𝑛𝑞𝑢𝑒 é 0,𝑒𝑛𝑡ã𝑜 𝑛𝑎𝑜 ℎá 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑒 
á𝑔𝑢𝑎 𝑛𝑜 𝑡𝑎𝑛𝑞𝑢𝑒, 𝑜𝑢 𝑠𝑒𝑗𝑎, 𝑉(0) = 0. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝐶 = 0.𝐿𝑜𝑔𝑜, 
 

𝑉(ℎ) = 𝜋 [
4

3
ℎ3 + 6ℎ2 + 9ℎ] 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑟𝑜𝑓𝑢𝑛𝑑𝑖𝑑𝑎𝑑𝑒𝑓𝑜𝑟 𝑑𝑒 3𝑚, 𝑡𝑒𝑟𝑒𝑚𝑜𝑠: 
 

𝑉(3) = 𝜋 [
4

3
33 +6(3)2 + 9(3)] = 𝜋[36 + 54 + 27] = 117𝜋 𝑚3 𝑑𝑒 á𝑔𝑢𝑎.  

 

𝑏) 𝑆𝑒 𝑓(𝑥) =
2𝑥

√𝑥2+ 1
,𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑥) =

2

(𝑥2 +1)3 2⁄
 𝑒 𝑓 ′′(𝑥) =

−6𝑥

(𝑥2 + 1)5 2⁄
. 

𝐶𝑜𝑚 𝑏𝑎𝑠𝑒 𝑛𝑖𝑠𝑡𝑜, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠 𝑑𝑒 𝑓,𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜, 
𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑟𝑒𝑠𝑐𝑒 𝑒 𝑜𝑛𝑑𝑒 𝑒𝑙𝑎 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒, 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑒  
𝑜𝑠 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜𝑠 𝑜𝑛𝑑𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 é 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑜𝑢 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜.𝐷𝑒𝑝𝑜𝑖𝑠  
𝑑𝑒𝑠𝑡𝑎𝑠  𝑎𝑛á𝑙𝑖𝑠𝑒𝑠, 𝑓𝑎ç𝑎 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓. 
 
1) 𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 𝐷(𝑓) = ℝ. 

 
2) 𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 𝑂(0,0). 

 
3) 𝐴𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠: 

 
∗ 𝑁ã𝑜 ℎá 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑖𝑠 𝑒𝑚 𝑓 𝑝𝑜𝑟𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

∀𝑎 ∈ ℝ, lim
𝑥→𝑎

𝑓(𝑥) = 𝑓(𝑎). 𝐸 𝑝𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 (lim
𝑥→𝑎

𝑓(𝑥) = ±∞)  

𝑒𝑠𝑡𝑎𝑠 𝑜𝑐𝑜𝑟𝑟𝑒𝑚 𝑒𝑚 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑑𝑒𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 , 𝑝𝑜𝑟é𝑚,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 ℝ. 

 
𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 𝑜𝑐𝑜𝑟𝑟𝑒𝑟 𝑢𝑚 𝑑𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 
𝑎 𝑠𝑒𝑔𝑢𝑖𝑟: 

lim
𝑥→+∞

𝑓(𝑥) = 𝐿          𝑜𝑢           lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

2𝑥

√𝑥2 +1
= lim
𝑥→+∞

2𝑥

√𝑥2 (1 +
1
𝑥2
)

= lim
𝑥→+∞

2𝑥

|𝑥|√1 +
1
𝑥2

; 

𝑂𝑏𝑠: 𝑠𝑒 𝑥 → +∞,𝑒𝑛𝑡ã𝑜 |𝑥| = 𝑥. 

 



218 

 

 
 

lim
𝑥→+∞

2𝑥

|𝑥|√1+
1
𝑥2

= lim
𝑥→+∞

2𝑥

𝑥√1 +
1
𝑥2

= lim
𝑥→+∞

2

√1+
1
𝑥2

=
lim
𝑥→+∞

2

lim
𝑥→+∞

√1+
1
𝑥2

= 

lim
𝑥→+∞

2

√ lim
𝑥→+∞

1 + lim
𝑥→+∞

1
𝑥2

=
2

√1+ 0
=
2

1
= 2. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

2𝑥

√𝑥2 +1
= lim
𝑥→−∞

2𝑥

√𝑥2 (1 +
1
𝑥2
)

= lim
𝑥→−∞

2𝑥

|𝑥|√1 +
1
𝑥2

; 

∗ 𝑂𝑏𝑠: 𝑠𝑒 𝑥 → −∞,𝑒𝑛𝑡ã𝑜 |𝑥| = −𝑥. 
 

lim
𝑥→−∞

2𝑥

|𝑥|√1+
1
𝑥2

= lim
𝑥→−∞

2𝑥

−𝑥√1 +
1
𝑥2

= lim
𝑥→−∞

−2

√1 +
1
𝑥2

=
lim
𝑥→−∞

−2

lim
𝑥→−∞

√1+
1
𝑥2

= 

lim
𝑥→−∞

−2

√ lim
𝑥→−∞

1 + lim
𝑥→−∞

1
𝑥2

=
−2

√1+ 0
=
−2

1
= −2. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑦 = −2 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓(𝑥). 
 
∗ 𝑂𝑏𝑙í𝑞𝑢𝑎: 𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝑎𝑥 + 𝑏 é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 
𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑠𝑒,𝑠𝑜𝑚𝑒𝑛𝑡𝑒 𝑠𝑒, lim

𝑥→±∞
[𝑓(𝑥) − (𝑎𝑥 + 𝑏)] = 0. 

𝑂𝑛𝑑𝑒 𝑎 = lim
𝑥→±∞

𝑓(𝑥)

𝑥
 ; 𝑎 ≠ 0  𝑒  𝑏 = lim

𝑥→±∞
[𝑓(𝑥)− 𝑎𝑥] ; 

 

lim
𝑥→±∞

𝑓(𝑥)

𝑥
= lim
𝑥→−∞

2

√𝑥2 +1⏟    
↓

+∞

= 0 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎 𝑜𝑏𝑙í𝑞𝑢𝑎. 
   
3) 𝐶𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜, 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑖𝑚𝑒𝑛𝑡𝑜 𝑒 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠: 

 

𝑓 ′(𝑥) =
2

(𝑥2 +1)3 2⁄
> 0, ∀𝑥 ∈ ℝ. 

 
∗ 𝐶𝑜𝑚𝑜 𝑓 ′(𝑥) > 0, ∀𝑥 ∈ 𝐷(𝑓), 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑡𝑒. 
∗ 𝑁𝑎 𝑎𝑢𝑠ê𝑛𝑐𝑖𝑎 𝑑𝑒 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓, 𝑠𝑒𝑛𝑑𝑜 𝑓 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ, 
𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑝𝑜𝑛𝑡𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜𝑠. 

 
4) 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜: 

 

𝑓 ′′(𝑥) = −
6𝑥

(𝑥2 +1)5 2⁄
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𝐸𝑠𝑡𝑢𝑑𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑒𝑙𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑒 𝑓 ′′(𝑥): 
 

                     + ++ ++ ++ + (0) −− −− −− −−     𝑓 ′′(𝑥) 
 
𝑃𝑒𝑙𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒: 

 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒𝑚 (−∞,0) 𝑒 
𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜 𝑒𝑚 (0,+∞) 
 
𝐸 𝑐𝑜𝑚𝑜 𝑜𝑐𝑜𝑟𝑟𝑒 𝑚𝑢𝑑𝑎𝑛𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 0 𝑒 0 ∈ 𝐷(𝑓) 𝑒𝑛𝑡ã𝑜, 

𝑜 𝑝𝑜𝑛𝑡𝑜 (0,𝑓(0)) é 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑒 𝑓.   𝑃𝑜𝑛𝑡𝑜 𝑂(0,0) 

 
𝐸𝑠𝑏𝑜ç𝑜 𝐺𝑟á𝑓𝑖𝑐𝑜:  
 

 
       

  



220 

 

 
 

2.12 Prova de Reavaliação da AB2 – 21 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑈𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑜 𝑟𝑎𝑖𝑜 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎 100𝑚 𝑒 
𝑣𝑜𝑙𝑢𝑚𝑒 401𝜋𝑚3 . 
 
𝑏) 𝑆𝑒𝑗𝑎 𝐶 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑦 = cosh𝑥 − 3 senh𝑥 . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 
𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝐶 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑦 = 1. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒  
 

𝑓(𝑥) = {
𝑥2 + 2,   𝑥 ≤ 1

4 − 𝑥2,   𝑥 > 1,
 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−1,2]. 
 
𝑏) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = sen2 𝑥 + cos2 𝑥 + senh2 𝑥 − cosh2 𝑥 . 𝑈𝑠𝑒 𝑐𝑜𝑛𝑠𝑒𝑞𝑢ê𝑛𝑐𝑖𝑎 𝑑𝑜  
𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑥 ∈ ℝ. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3  
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑙𝑖𝑚𝑖𝑡𝑒: lim
𝑥→∞

1
𝑥

tg
2
𝑥

. 

 
𝑏)𝑆𝑒 𝑓(𝑥) = 𝑎𝑥3 +𝑏𝑥2 + 𝑐𝑥 + 𝑑, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎, 𝑏, 𝑐 𝑒 𝑑, 𝑑𝑒 𝑓𝑜𝑟𝑚𝑎 𝑞𝑢𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎  
𝑢𝑚 𝑒𝑥𝑡𝑟𝑒𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (0,3) 𝑒 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎 𝑢𝑚𝑎 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,−1). 𝑂𝑏𝑠: 𝐶𝑜𝑚𝑜 𝑓 é 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙, 𝑠𝑒 𝑓 𝑡𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜  
𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 = 𝑛, 𝑒𝑛𝑡ã𝑜 𝑓 ′′(𝑛) = 0. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 
𝑎) 𝑃𝑎𝑟𝑎 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑖𝑟 𝑢𝑚𝑎 𝑡𝑎ç𝑎 𝑒𝑚 𝑓𝑜𝑟𝑚𝑎 𝑑𝑒 𝑐𝑜𝑛𝑒 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜,𝑟𝑒𝑚𝑜𝑣𝑒-𝑠𝑒 𝑢𝑚 𝑠𝑒𝑡𝑜𝑟 

𝑑𝑒 𝑢𝑚𝑎 𝑓𝑜𝑙ℎ𝑎 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑑𝑒 𝑐𝑎𝑟𝑡𝑜𝑙𝑖𝑛𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 √3,𝑒 𝑢𝑛𝑒𝑚-𝑠𝑒 𝑎𝑠 𝑑𝑢𝑎𝑠 𝑚𝑎𝑟𝑔𝑒𝑛𝑠  
𝑟𝑒𝑡𝑖𝑙í𝑛𝑒𝑎𝑠 𝑑𝑜 𝑐𝑜𝑟𝑡𝑒.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑚𝑎𝑖𝑜𝑟 𝑡𝑎ç𝑎 𝑞𝑢𝑒 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑢í𝑑𝑎. 

 
𝑏) 𝐴𝑟𝑒𝑖𝑎 é 𝑑𝑒𝑟𝑟𝑎𝑚𝑎𝑑𝑎 𝑒𝑚 𝑢𝑚𝑎 𝑠𝑢𝑝𝑒𝑟𝑓í𝑐𝑖𝑒, 𝑓𝑜𝑟𝑚𝑎𝑛𝑑𝑜 𝑢𝑚𝑎 𝑝𝑖𝑙ℎ𝑎 𝑐ô𝑛𝑖𝑐𝑎 𝑐𝑢𝑗𝑜 
𝑑𝑖â𝑚𝑒𝑡𝑟𝑜 𝑑𝑎 𝑏𝑎𝑠𝑒 é 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑞𝑢ã𝑜 𝑟á𝑝𝑖𝑑𝑜 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑎 
𝑝𝑖𝑙ℎ𝑎 𝑐𝑟𝑒𝑠𝑐𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 é 3𝑚. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 5 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓 ′(𝑥) =
√𝑥 − 𝑥

3. 𝑒𝑥 + 𝑥2 +𝑥3. cosh𝑥

𝑥3
  𝑒 𝑞𝑢𝑒 

𝑓(1) = −𝑒. 
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𝑏) 𝐷𝑎𝑑𝑜𝑠 𝑓(𝑥) =
3𝑥

𝑥2 +1
 𝑒 𝑓 ′′(𝑥) =

6𝑥3 −18𝑥

(𝑥2 +1)3
, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 

𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
𝑎) 𝑈𝑠𝑒 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑖𝑚𝑎𝑟 𝑜 𝑟𝑎𝑖𝑜 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 𝑑𝑒 𝑎𝑙𝑡𝑢𝑟𝑎 100𝑚 𝑒 
𝑣𝑜𝑙𝑢𝑚𝑒 401𝜋𝑚3 . 

 
𝑉(𝑟) = 𝜋𝑟2 .ℎ = 100𝜋𝑟2 

𝑟(𝑉) = √
𝑉

100𝜋
=
1

10𝜋
√𝜋.𝑉 

𝑟′(𝑉) =
1

20√𝜋. 𝑉
  ;   𝑟′(400𝜋) =

1

400𝜋
 

 
𝑆𝑢𝑝𝑜𝑛𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑒𝑟𝑎 400𝜋𝑚3 , 𝑒𝑛𝑡ã𝑜: 

 

𝑟 =
1

10𝜋
√400𝜋2 

𝑟 =
1

10𝜋
. 20𝜋 = 2𝑚  

 
𝑃𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑢 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑟(𝑉) 𝑒𝑚 𝑉 = 400𝜋, 𝑡𝑒𝑚𝑜𝑠: 
 

𝐿(𝑉) = 𝑟(400𝜋) + 𝑟′(400𝜋).(𝑉 − 400𝜋) 

𝐿(𝑉) = 2+
1

400𝜋
(𝑉 − 400𝜋)  

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑉 = 401𝜋𝑚3, 𝑡𝑒𝑚𝑜𝑠: 
 

𝐿(401𝜋) = 2+
1

400𝜋
(401𝜋 − 400𝜋)  

𝐿(401𝜋) = (2 +
1

400
)𝑚 

 
𝑃𝑒𝑙𝑎 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟,𝑜 𝑟𝑎𝑖𝑜 𝑟 𝑑𝑜 𝑐𝑖𝑙𝑖𝑛𝑑𝑟𝑜 é 𝑟 = 𝐿(401𝜋).  

 

𝑟 = (2 +
1

400
)𝑚 = 2,0025𝑚 

       𝑟 = (200 +
1

4
)𝑐𝑚 = 200,25𝑐𝑚    

  
𝑏) 𝑆𝑒𝑗𝑎 𝐶 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑦 = cosh𝑥 − 3 senh𝑥 . 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 

𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝐶 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑦 = 1. 
 

cosh𝑥 − 3senh𝑥 = 1 
𝑒𝑥 + 𝑒−𝑥

2
−
3𝑒𝑥 −3𝑒−𝑥

2
= 1 

𝑒𝑥 + 𝑒−𝑥 −3𝑒𝑥 +3𝑒−𝑥 = 2 

−2𝑒𝑥 +4𝑒−𝑥 = 2 
−2𝑒2𝑥 +4 = 2𝑒𝑥 
2𝑒2𝑥 +2𝑒𝑥 −4 = 0 
𝑒2𝑥 + 𝑒𝑥 −2 = 0 
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(𝑒𝑥)2 + (𝑒𝑥) − 2 = 0  
𝑆𝑒𝑗𝑎 𝑦 = 𝑒𝑥  ;𝑦 > 0. 𝐸𝑛𝑡ã𝑜, 

𝑦2 +𝑦 − 2 = 0 

𝑦 =
−1± 3

2
∴    𝒚𝟏 = 𝟏    𝑜𝑢    𝑦2 = −2 (𝑛ã𝑜 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜) 

𝑦1 = 𝑒
𝑥1 ∴ 𝑥1 = ln 𝑦1 = ln 1 = 0. 

 
𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑑𝑜 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠: 

 
𝑦 = 𝑓(𝑥) = cosh𝑥 − 3senh 𝑥 
𝑓 ′(𝑥) = senh 𝑥 − 3cosh𝑥 

𝑓 ′(0) = senh0 − 3cosh0 

𝑓 ′(0) = 0− 3(1) 
𝑓 ′(0) = −3 

 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒𝑚 𝑥 = 0 é − 3.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟐. 
 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒  
 

𝑓(𝑥) = {
𝑥2 + 2,   𝑥 ≤ 1
4 − 𝑥2,   𝑥 > 1,

 

𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−1,2]. 
 
𝑃𝑎𝑟𝑎 𝑢𝑡𝑖𝑙𝑖𝑧𝑎𝑚𝑜𝑠 𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜 𝑝𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 
𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [−1,2] 𝑓 𝑑𝑒𝑣𝑒 𝑠𝑒𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 [−1,2]. 
 
𝐶𝑜𝑚𝑜 𝑓 é 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑒 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑖𝑠, 𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 (−∞,1) ∪ (1,+∞).𝐶𝑜𝑚𝑜 1 ∈ [−1,2],𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑟 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 
𝑓 𝑒𝑚 1. 𝐿𝑜𝑔𝑜, 

 
𝑓(1) = 12 +2 = 1 + 2 = 3.  
 
lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

(4 − 𝑥2) = lim
𝑥→1+

4 − lim
𝑥→1+

𝑥2 = 4 − 12 = 4 − 1 = 3 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

(𝑥2 +2) = lim
𝑥→1−

𝑥2 + lim
𝑥→1−

2 = 12 + 2 = 1 + 2 = 3 

∴ lim
𝑥→1
𝑓(𝑥) = 3. 

 
𝐶𝑜𝑚𝑜 lim

𝑥→1
𝑓(𝑥) = 𝑓(1),𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 1 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−1,2]. 

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜: 

 
1) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜: 

 
𝑓(−1) = (−1)2 + 2 = 1 + 2 = 3        𝑒     𝑓(2) = 4 − 22 = 4− 4 = 0. 

 
2) 𝑉𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (−1,2). 
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"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 
𝑜𝑢 𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 

 
𝑈𝑚𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓 é: 

 

𝑓 ′(𝑥) = {
2𝑥,   𝑥 < 1
−2𝑥,   𝑥 > 1

 

 
𝑓 ′(𝑥) = 0⟹ 2𝑥 = 0 ;𝑥 < 1    𝑜𝑢  − 2𝑥 = 0; 𝑥 > 1 
 
𝐷𝑎𝑠 𝑑𝑢𝑎𝑠 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑡𝑖𝑟𝑎𝑚𝑜𝑠 𝑥 = 0, 𝑝𝑜𝑟é𝑚,0 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎𝑝𝑒𝑛𝑎𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝑒𝑞𝑢𝑎çã𝑜 
𝑐𝑢𝑗𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 é 𝑥 < 1.  𝐿𝑜𝑔𝑜,0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑜 (−1,2). 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 1,𝑡𝑒𝑚𝑜𝑠: 

 
𝑓+
′ (1) = −2    𝑒    𝑓−

′(1) = 2 

 
𝐶𝑜𝑚𝑜 𝑎𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 𝑙𝑎𝑡𝑒𝑟𝑎𝑖𝑠 𝑒𝑥𝑖𝑠𝑡𝑒𝑚, 𝑝𝑜𝑟é𝑚 𝑠ã𝑜 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑒𝑠, 𝑒𝑛𝑡ã𝑜 𝑓 𝑛ã𝑜 é 
𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚 𝑥 = 1 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,1 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (−1,2). 
 

𝑓(0) = 02 + 2 = 2         𝑒        𝑓(1) = 12 + 2 = 1+ 2 = 3 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠 𝑡𝑒𝑚𝑜𝑠: 
 
3 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−1,2] 𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒 
𝑎𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (−1,3) 𝑒 (1,3). 
 
0 é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [−1,2] 𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒 
𝑎𝑜 𝑝𝑜𝑛𝑡𝑜 (2,0). 

 
𝑃𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜:(−1,3) 𝑒 (1,3) 
𝑃𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜:(2,0)   

 
𝑏) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = sen2 𝑥 + cos2 𝑥 + senh2 𝑥 − cosh2 𝑥 . 𝑈𝑠𝑒 𝑐𝑜𝑛𝑠𝑒𝑞𝑢ê𝑛𝑐𝑖𝑎 𝑑𝑜  
𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑝𝑎𝑟𝑎 𝑚𝑜𝑠𝑡𝑟𝑎𝑟 𝑞𝑢𝑒 𝑓(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑥 ∈ ℝ. 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 𝐷(𝑓) = ℝ 

 
𝑓 ′(𝑥) = 2sen𝑥 cos𝑥 − 2 sen𝑥 cos𝑥 + 2senh𝑥 cosh𝑥 − 2 senh𝑥 cosh𝑥 
𝑓 ′(𝑥) = 0 
 
𝐶𝑜𝑚𝑜 𝑐𝑜𝑛𝑠𝑒𝑞𝑢ê𝑛𝑐𝑖𝑎 𝑑𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜,𝑠𝑒 𝑓 ′(𝑥) = 0 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑥 ∈ ℝ, 
𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 𝑒𝑚 ℝ .𝑂𝑢 𝑠𝑒𝑗𝑎, 𝑓(𝑥) = 𝐶 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑥 ∈ ℝ, 𝑜𝑛𝑑𝑒 𝐶 é 𝑢𝑚𝑎 
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒. 𝑃𝑎𝑟𝑎 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑟 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝐶 𝑡𝑒𝑚𝑜𝑠: 
 
𝑓(0) = sen2 0 + cos20 + senh2 0 − cosh20 

𝑓(0) = 0 + 1 + 0 − 1 ⟹ 𝑓(0) = 0 ∴ 𝐶 = 0. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = 0, ∀𝑥 ∈ ℝ.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑  
 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑜 𝑠𝑒𝑔𝑢𝑖𝑛𝑡𝑒 𝑙𝑖𝑚𝑖𝑡𝑒: lim
𝑥→∞

1
𝑥

tg
2
𝑥

. 

 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑥 → ∞, 𝑡𝑒𝑚𝑜𝑠 
1

𝑥
→ 0 𝑒 tg

2

𝑥
→ 0,𝑎𝑠𝑠𝑖𝑚, 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 é 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑑𝑜. 

𝑈𝑠𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙 𝑡𝑒𝑚𝑜𝑠  

 

lim
𝑥→∞

1
𝑥

tg
2
𝑥

= lim
𝑥→∞

−
1
𝑥2

−
2
𝑥2
sec2

2
𝑥

=  lim
𝑥→∞

1

2sec2
2
𝑥

=
1

2sec20
=
1

2
 

 
𝑏)𝑆𝑒 𝑓(𝑥) = 𝑎𝑥3 +𝑏𝑥2 + 𝑐𝑥 + 𝑑, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎, 𝑏, 𝑐 𝑒 𝑑, 𝑑𝑒 𝑓𝑜𝑟𝑚𝑎 𝑞𝑢𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎  
𝑢𝑚 𝑒𝑥𝑡𝑟𝑒𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (0,3) 𝑒 𝑞𝑢𝑒 𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑡𝑒𝑛ℎ𝑎 𝑢𝑚𝑎 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 
𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (1,−1). 𝑂𝑏𝑠: 𝐶𝑜𝑚𝑜 𝑓 é 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙, 𝑠𝑒 𝑓 𝑡𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑞𝑢𝑎𝑛𝑑𝑜 
𝑥 = 𝑛, 𝑒𝑛𝑡ã𝑜 𝑓 ′′(𝑛) = 0. 

 
𝐶𝑜𝑚𝑜 𝑜 𝑝𝑜𝑛𝑡𝑜 (0,3) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥),𝑒𝑛𝑡ã𝑜 𝑓(0) = 3.𝐿𝑜𝑔𝑜, 
𝑓(0) = 𝑑. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑑 = 3. 

 
𝐶𝑜𝑚𝑜 𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚 𝑒𝑥𝑡𝑟𝑒𝑚𝑜 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑜 𝑒𝑚 𝑥 = 0,𝑒𝑛𝑡ã𝑜 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑎 

𝑓𝑢𝑛çã𝑜 𝑓 𝑒,𝑝𝑜𝑟 𝑓 𝑠𝑒𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ, 𝑓 ′(0) 𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′(0) = 0. 

 
𝑓 ′(𝑥) = 3𝑎𝑥2 +2𝑏𝑥 + 𝑐 
𝑓 ′(0) = 𝑐 ∴ 𝑐 = 0. 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙, 𝑠𝑒 𝑓 𝑡𝑒𝑚 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 = 1,𝑒𝑛𝑡ã𝑜 𝑓 ′′(1) 
𝑒𝑥𝑖𝑠𝑡𝑒 𝑒 𝑓 ′′(1) = 0. 

𝑓 ′′(𝑥) = 6𝑎𝑥 + 2𝑏 
𝑓 ′′(1) = 6𝑎 + 2𝑏  
 6𝑎 + 2𝑏 = 0   

                   3𝑎 + 𝑏 = 0    (𝐸𝑞.1) 

 
𝐶𝑜𝑚𝑜 𝑜 𝑝𝑜𝑛𝑡𝑜 (1,−1) 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥),𝑒𝑛𝑡ã𝑜 𝑓(1) = −1.  
𝐿𝑜𝑔𝑜, 

𝑓(1) = 𝑎 + 𝑏 + 3 
𝑎 + 𝑏 + 3 = −1 

                   𝑎 + 𝑏 = −4      (𝐸𝑞.2) 

𝑅𝑒𝑠𝑜𝑙𝑣𝑒𝑛𝑑𝑜 𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑑𝑒 𝑒𝑞𝑢𝑎çõ𝑒𝑠: {
3𝑎 + 𝑏 = 0
𝑎 + 𝑏 = −4

, 𝑡𝑒𝑚𝑜𝑠 𝑎 = 2 𝑒 𝑏 = −6. 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = 2𝑥3 − 6𝑥2 +3.  
 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟒 

 
𝑎) 𝑃𝑎𝑟𝑎 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑖𝑟 𝑢𝑚𝑎 𝑡𝑎ç𝑎 𝑒𝑚 𝑓𝑜𝑟𝑚𝑎 𝑑𝑒 𝑐𝑜𝑛𝑒 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜,𝑟𝑒𝑚𝑜𝑣𝑒-𝑠𝑒 𝑢𝑚 𝑠𝑒𝑡𝑜𝑟 

𝑑𝑒 𝑢𝑚𝑎 𝑓𝑜𝑙ℎ𝑎 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑑𝑒 𝑐𝑎𝑟𝑡𝑜𝑙𝑖𝑛𝑎 𝑑𝑒 𝑟𝑎𝑖𝑜 √3,𝑒 𝑢𝑛𝑒𝑚-𝑠𝑒 𝑎𝑠 𝑑𝑢𝑎𝑠 𝑚𝑎𝑟𝑔𝑒𝑛𝑠  
𝑟𝑒𝑡𝑖𝑙í𝑛𝑒𝑎𝑠 𝑑𝑜 𝑐𝑜𝑟𝑡𝑒.𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑚𝑎𝑖𝑜𝑟 𝑡𝑎ç𝑎 𝑞𝑢𝑒 𝑝𝑜𝑑𝑒 𝑠𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑢í𝑑𝑎. 
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𝑂 𝑟𝑎𝑖𝑜 𝑑𝑜 𝑠𝑒𝑡𝑜𝑟 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 é 𝑎 𝑔𝑒𝑟𝑎𝑡𝑟𝑖𝑧 𝑔 𝑑𝑜 𝑐𝑜𝑛𝑒 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑟𝑒𝑡𝑜.𝑆𝑒𝑛𝑑𝑜 𝑟 𝑜 𝑟𝑎𝑖𝑜 
𝑑𝑎 𝑏𝑎𝑠𝑒 𝑑𝑜 𝑐𝑜𝑛𝑒 𝑒 ℎ 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎,𝑡𝑒𝑚𝑜𝑠: 

𝑔2 = ℎ2 + 𝑟2 ∴ 𝑟2 = 𝑔2 −ℎ2 

𝑂𝑛𝑑𝑒  0 < ℎ < 𝑔, 𝑜𝑢 𝑠𝑒𝑗𝑎, 0 < ℎ < √3. 

𝑉𝑐𝑜𝑛𝑒 =
1

3
𝜋𝑟2ℎ 

𝑉(ℎ) =
1

3
𝜋(𝑔2 −ℎ2)ℎ 

𝑉(ℎ) =
1

3
𝜋(𝑔2ℎ − ℎ3) 

𝑉′(ℎ) =
1

3
𝜋(𝑔2 −3ℎ2) 

 
𝐸𝑠𝑡𝑢𝑑𝑜 𝑑𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑉(ℎ),𝑡𝑒𝑚𝑜𝑠: 

 

(0) + ++ +(
𝑔√3

3
)−− −− − (√3)   𝑉′(ℎ) 

𝑃𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, ℎ =
𝑔√3

3
 é 𝑜 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 𝑎𝑜 

𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒,𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (0,√3),𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑎 

𝑓𝑢𝑛çã𝑜. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑝𝑎𝑟𝑎 ℎ =
𝑔√3

3
 𝑡𝑒𝑟𝑒𝑚𝑜𝑠 𝑎 𝑡𝑎ç𝑎 𝑑𝑒 𝑚𝑎𝑖𝑜𝑟 𝑣𝑜𝑙𝑢𝑚𝑒.  

𝐶𝑜𝑚𝑜 𝑔 = √3,𝑡𝑒𝑚𝑜𝑠 ℎ = 1.𝐿𝑜𝑔𝑜, 
 

𝑉(1) = 𝑉𝑚á𝑥 =
1

3
𝜋(3 − 1) =

2

3
𝜋 𝑢. 𝑉   

 
𝑏) 𝐴𝑟𝑒𝑖𝑎 é 𝑑𝑒𝑟𝑟𝑎𝑚𝑎𝑑𝑎 𝑒𝑚 𝑢𝑚𝑎 𝑠𝑢𝑝𝑒𝑟𝑓í𝑐𝑖𝑒, 𝑓𝑜𝑟𝑚𝑎𝑛𝑑𝑜 𝑢𝑚𝑎 𝑝𝑖𝑙ℎ𝑎 𝑐ô𝑛𝑖𝑐𝑎 𝑐𝑢𝑗𝑜 
𝑑𝑖â𝑚𝑒𝑡𝑟𝑜 𝑑𝑎 𝑏𝑎𝑠𝑒 é 𝑖𝑔𝑢𝑎𝑙 𝑎 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎. 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑞𝑢ã𝑜 𝑟á𝑝𝑖𝑑𝑜 𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 𝑑𝑎 
𝑝𝑖𝑙ℎ𝑎 𝑐𝑟𝑒𝑠𝑐𝑒 𝑞𝑢𝑎𝑛𝑑𝑜 𝑠𝑢𝑎 𝑎𝑙𝑡𝑢𝑟𝑎 é 3𝑚. (𝑨𝑵𝑼𝑳𝑨𝑫𝑨!) 

 
𝑀é𝑡𝑜𝑑𝑜 𝑑𝑒 𝑟𝑒𝑠𝑜𝑙𝑢çã𝑜 𝑝𝑎𝑟𝑎 𝑒𝑠𝑡𝑒 𝑖𝑡𝑒𝑚: 

 

𝑇𝑎𝑥𝑎 𝑐𝑜𝑚 𝑎 𝑞𝑢𝑎𝑙 𝑎 𝑎𝑟𝑒𝑖𝑎 é 𝑑𝑒𝑟𝑟𝑎𝑚𝑎𝑑𝑎 é 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 
𝑑𝑉

𝑑𝑡
= 𝑘(𝑚3 𝑢𝑛𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜⁄ ) 

𝑉𝑜𝑙𝑢𝑚𝑒 𝑑𝑎 𝑝𝑖𝑙ℎ𝑎 𝑑𝑒 𝑎𝑟𝑒𝑖𝑎: 

𝑉 =
1

3
𝜋𝑟2 . ℎ 

𝐼𝑛𝑓𝑜𝑟𝑚𝑎çã𝑜 𝑑𝑎 𝑞𝑢𝑒𝑠𝑡ã𝑜 ∶ 2𝑟 = ℎ ∴ 𝑟 =
ℎ

2
. 

 

𝑉 =
1

3
𝜋(
ℎ

2
)
2

. ℎ 

𝑉(ℎ) =
𝜋ℎ3

12
  

𝑃𝑒𝑙𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎, 

 
𝑑𝑉

𝑑𝑡
=
𝑑𝑉

𝑑ℎ
.
𝑑ℎ

𝑑𝑡
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𝑘 =
𝜋ℎ2 

4
.
𝑑ℎ

𝑑𝑡
 

𝑑ℎ

𝑑𝑡
=
4𝑘

𝜋ℎ2
 

 
𝑄𝑢𝑎𝑛𝑑𝑜 ℎ = 3𝑚, 𝑡𝑒𝑚𝑜𝑠: 

𝑑ℎ

𝑑𝑡
=
4𝑘

9𝜋
 𝑚 (𝑢𝑛𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑡𝑒𝑚𝑝𝑜)⁄   

 
𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟓 

 

𝑎) 𝐸𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑓, 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓 ′(𝑥) =
√𝑥 − 𝑥

3. 𝑒𝑥 + 𝑥2 +𝑥3. cosh𝑥

𝑥3
  𝑒 𝑞𝑢𝑒 

𝑓(1) = −𝑒. 

𝑓 ′(𝑥) =
𝑥
1
2

𝑥3
− 𝑒𝑥 +

1

𝑥
+ cosh𝑥 

𝑓 ′(𝑥) = 𝑥
−
5
2 − 𝑒𝑥 +

1

𝑥
+ cosh𝑥 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑜𝑢 𝑝𝑟𝑖𝑚𝑖𝑡𝑖𝑣𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é 
 

𝑓(𝑥) =
1

−
5
2+ 1

𝑥−
5
2
+1 − 𝑒𝑥 + ln 𝑥 + senh𝑥 + 𝐶 

𝑓(𝑥) = −
2

3
𝑥
−
3
2 − 𝑒𝑥 + ln 𝑥 + senh𝑥 + 𝐶 

 
𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓(1) = −𝑒, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

−𝑒 = −
2

3
− 𝑒+ ln 1 + senh1 + 𝐶 

𝐶 =
2

3
− senh1   , 𝑜𝑢 𝑎𝑖𝑛𝑑𝑎,𝐶 =

2

3
−
𝑒−

1
𝑒

2
=
2

3
−
𝑒

2
+
1

2𝑒
 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑥) = −
2

3
𝑥−

3
2 − 𝑒𝑥 + ln 𝑥 + senh𝑥 +

2

3
− senh(1).  

 

𝑏) 𝐷𝑎𝑑𝑜𝑠 𝑓(𝑥) =
3𝑥

𝑥2 +1
 𝑒 𝑓 ′′(𝑥) =

6𝑥3 −18𝑥

(𝑥2 +1)3
, 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑒 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 

𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 . 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:  𝐷(𝑓) = ℝ. 

 

𝑓 ′′(𝑥) =
6𝑥3 −18𝑥

(𝑥2 +1)3
 

𝑓 ′′(𝑥) =
6𝑥(𝑥2 − 3)

(𝑥2 +1)3
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𝐸𝑠𝑡𝑢𝑑𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 
 
− −− −− −− −−(0) ++ ++ ++ ++ ++         6𝑥 

+ ++(−√3)− −− −− −− −(√3)+ ++ +          (𝑥2 −3) 
+ ++ ++ ++ ++ ++ ++ ++ ++ ++ +           (𝑥2 +1)3  

− −−(−√3)+ ++ (0)− −− (√3)+ ++ +          𝑓 ′′(𝑥) 

 
𝐶𝑜𝑚𝑜 𝑜𝑐𝑜𝑟𝑟𝑒 𝑎 𝑚𝑢𝑑𝑎𝑛ç𝑎 𝑛𝑎 𝑑𝑖𝑟𝑒çã𝑜 𝑑𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑛𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 

𝑥1 = −√3,𝑥2 = 0 𝑒 𝑥3 = √3 𝑒 𝑒𝑠𝑡𝑒𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑚 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓, 
𝑒𝑛𝑡ã𝑜 𝑥1,𝑥2 𝑒 𝑥3 𝑠ã𝑜 𝑎𝑠 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎𝑠 𝑑𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑖𝑛𝑓𝑙𝑒𝑥ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎.  
 

𝑃𝐼1 (−√3,−
3√3

4
) ;    𝑃𝐼2(0,0)    𝑒   𝑃𝐼3(√3,

3√3

4
)  
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2.13 Prova Final – 27 de Maio de 2016 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 1 

 
𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥2.𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [𝑎, 𝑏],𝑜 𝑝𝑜𝑛𝑡𝑜 𝑐 𝑟𝑒𝑓𝑒𝑟𝑖𝑑𝑜 

𝑛𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑖𝑔𝑢𝑎𝑙 𝑎  
𝑎 + 𝑏

2
. 

 
𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑥2 + 𝑦2 = 𝑅2, 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑝𝑜𝑛𝑡𝑜,𝑝𝑎𝑠𝑠𝑎 

𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚.𝐷ê 𝑒𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑎𝑡𝑒𝑛çã𝑜 𝑎𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 é 𝑛𝑢𝑙𝑎. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 2 

 
𝑎) 𝐸𝑠𝑡𝑖𝑚𝑒, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çõ𝑒𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑒𝑠,𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 arctg(0,1) + 𝑒0,9. 
 
𝑏) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) =
[√ln2 𝑥
3

]𝑥3

cos2𝑥
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 3 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3) 𝑒 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎 

𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑚𝑒𝑛𝑜𝑟 á𝑟𝑒𝑎. 

 

𝑏) 𝐴𝑐ℎ𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = √𝑥2 − 2𝑥 + 3−√𝑥2 +4𝑥 − 2. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 4 

 

𝑎) 𝑆𝑒𝑛𝑑𝑜 4(𝑥 − √2)
6
≥ |𝑓(𝑥) − 𝑒2|, 𝑐𝑎𝑙𝑐𝑢𝑙𝑒 lim

𝑥→√2
𝑓(𝑥). 

 

𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = arcsen(log2 𝑥) , 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓
′ (
1

2
). 

 

𝑄𝑢𝑒𝑠𝑡ã𝑜 5 
 

𝑎) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑒𝑠𝑡á 𝑠𝑒 𝑚𝑜𝑣𝑒𝑛𝑑𝑜 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥. 𝑄𝑢𝑎𝑛𝑑𝑜 𝑎  
𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2) 𝑠𝑢𝑎 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑥 𝑐𝑟𝑒𝑠𝑐𝑒 𝑎 𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
3 𝑐𝑚 𝑠⁄ . 𝑆𝑒 𝜃 é 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑝𝑒𝑙𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑒 𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑢𝑛𝑒 
𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 à 𝑜𝑟𝑖𝑔𝑒𝑚,𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑒𝑠𝑡á 𝑣𝑎𝑟𝑖𝑎𝑛𝑑𝑜 𝜃,𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒  

𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2). 
 

𝑏) 𝑆𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓′(𝑥) = sec 𝑥 . tg 𝑥 +
1

√1− 𝑥2
+ 𝑒2𝑥 , 𝑒 𝑞𝑢𝑒 𝑓(0) =

3

2
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 

𝑓(𝑥). 
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𝑄𝑢𝑒𝑠𝑡ã𝑜 6 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = sen7[𝑒𝑥 . 𝑥]10 +
2𝑥

ln 2
, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0. 

 
𝑏) 𝑆𝑒 𝑓𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 a 𝑒 b ∈ ℝ, 𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) = {
𝑎𝑥 + 𝑏,   𝑠𝑒 |𝑥| ≤ 2
|𝑥 − 1|,   𝑠𝑒 |𝑥| > 2

 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 7 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑐𝑜𝑛𝑡é𝑚 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 

𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln 𝑥 − 𝑥, 𝑐𝑜𝑚 𝑒 ≤ 𝑥 ≤ 𝑒2 . 

 
𝑏) 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
1

√𝑥 + 1
3

, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑓(𝑥) =
1

2
. 

 
𝑄𝑢𝑒𝑠𝑡ã𝑜 8 

 

𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

𝑥
ln 2
1+ln 𝑥 .  

 
𝑏) 𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log2 𝑥 + 𝑥

2. 
 

𝑄𝑢𝑒𝑠𝑡ã𝑜 9 

 
𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑐 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 

à 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝑦 =
𝜋

2
. (ln𝑥)2 + 𝑒sen 𝑥 + cos2(2𝑥)  𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 𝜋 é 

−1+ 𝑐. 

 
𝑏) 𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑔 é 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒 𝑞𝑢𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3) é −
1

3
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 

𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔 𝑒𝑚 𝑥 = 3. 
 
𝑄𝑢𝑒𝑠𝑡ã𝑜 10 

 

𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜ln 𝑥 − 𝑒−𝑥 = 0 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑟𝑎𝑖𝑧 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (1 2⁄ , 3). 
 
𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝛼 𝑒 𝛽 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 2.𝑒𝑥 −5. 𝑒−𝑥 = 𝛼 senh(𝑥 + 𝛽). 
 
 
 

 
 

 
 



231 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
(𝑎) 𝑆𝑒𝑗𝑎 𝑓(𝑥) = 𝑥2. 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑝𝑎𝑟𝑎 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 [𝑎,𝑏], 𝑜 𝑝𝑜𝑛𝑡𝑜 𝑐 𝑟𝑒𝑓𝑒𝑟𝑖𝑑𝑜 

𝑛𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 é 𝑠𝑒𝑚𝑝𝑟𝑒 𝑖𝑔𝑢𝑎𝑙 𝑎  
𝑎 + 𝑏

2
. 

 
𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑒𝑚 ℝ.𝐿𝑜𝑔𝑜, 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑎,𝑏] 𝑒 𝑓 é 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖á𝑣𝑒𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑎𝑏𝑒𝑟𝑡𝑜 
(𝑎, 𝑏),𝑒𝑛𝑡ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (𝑎, 𝑏) 𝑡𝑎𝑙 𝑞𝑢𝑒 

 

𝑓 ′(𝑐) =
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
  , 𝑎 ≠ 𝑏 

 
𝑇𝑒𝑚𝑜𝑠, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓(𝑏) = 𝑏2 𝑒 𝑓(𝑎) = 𝑎2  𝑒 𝑓 ′(𝑥) = 2𝑥, 𝑒𝑛𝑡ã𝑜 𝑓 ′(𝑐) = 2𝑐.  𝐿𝑜𝑔𝑜, 

 

2𝑐 =
𝑏2 −𝑎2

𝑏 − 𝑎
 

 

                                                      2𝑐 =
(𝑏 − 𝑎)(𝑏 + 𝑎)

𝑏 − 𝑎
 , 𝑎 ≠ 𝑏 ⟹ 𝑏 − 𝑎 ≠ 0 

 
2𝑐 = 𝑏 + 𝑎 

 

𝑐 =
𝑏 + 𝑎

2
 

 

𝑐 =
𝑎 + 𝑏

2
 

 
𝐿𝑜𝑔𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝑀é𝑑𝑖𝑜 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 

é 𝑝𝑎𝑟𝑎𝑙𝑒𝑙𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑠𝑒𝑐𝑎𝑛𝑡𝑒 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (𝑎, 𝑓(𝑎)) 𝑒 (𝑏,𝑓(𝑏)) é 𝑐 =
𝑎+ 𝑏

2
. 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏 

 
(𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 𝑥2 +𝑦2 = 𝑅2, 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑝𝑜𝑛𝑡𝑜,𝑝𝑎𝑠𝑠𝑎 

𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚.𝐷ê 𝑒𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑎𝑡𝑒𝑛çã𝑜 𝑎𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 𝑒𝑚 𝑞𝑢𝑒 𝑢𝑚𝑎 𝑑𝑎𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎𝑠 é 𝑛𝑢𝑙𝑎. 
 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎,𝑡𝑒𝑚𝑜𝑠: 

𝑑

𝑑𝑥
(𝑥2)+

𝑑

𝑑𝑥
(𝑦2) =

𝑑

𝑑𝑥
(𝑅2) 

2𝑥 + 2𝑦𝑦′ = 0 

𝑦′ = −
𝑥

𝑦
 

𝐷𝑎𝑑𝑜 𝑢𝑚 𝑝𝑜𝑛𝑡𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒𝑛𝑡𝑒 𝑎𝑜 𝑐í𝑟𝑐𝑢𝑙𝑜 (𝑥0,𝑦0) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑥0 ≠ 0 𝑒 𝑦0 ≠ 0, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 
𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑒𝑠𝑠𝑒 𝑝𝑜𝑛𝑡𝑜 é 𝑚 = − 𝑥0 𝑦0⁄ . 𝐿𝑜𝑔𝑜,𝑜 
𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 é 𝑚𝑛 = 𝑦0 𝑥0⁄ . 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 (𝑥0,𝑦0): 
 

𝑦 − 𝑦0 =
𝑦0
𝑥0
(𝑥 − 𝑥0) 

𝑦 =
𝑦0
𝑥0
𝑥 

 
𝑃𝑎𝑟𝑎 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠 𝑦 = 0 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑚 𝑞𝑢𝑎𝑙𝑞𝑢𝑒𝑟 𝑝𝑜𝑛𝑡𝑜 (𝑥0, 𝑦0) 𝑡𝑎𝑙 
𝑞𝑢𝑒 𝑥0 ≠ 0 𝑒 𝑦0 ≠ 0 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 (0,0). 

 
1º 𝑐𝑎𝑠𝑜: 𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 é 𝑛𝑢𝑙𝑎.  𝑃𝑜𝑛𝑡𝑜𝑠 (0,𝑅) 𝑒 (0,−𝑅). 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑥0 = 0, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 é 𝑛𝑢𝑙𝑜, 𝑖𝑠𝑡𝑜 é,𝑚 = 0 𝑒, 
𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (0,𝑅) 𝑒 (0,−𝑅) é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙. 𝐿𝑜𝑔𝑜, 𝑎 𝑟𝑒𝑡𝑎 

𝑛𝑜𝑟𝑚𝑎𝑙 𝑛𝑒𝑠𝑡𝑒𝑠 𝑝𝑜𝑛𝑡𝑜𝑠, é 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑐𝑢𝑗𝑎 𝑒𝑞𝑢𝑎çã𝑜 é 𝑥 = 𝑥0 = 0. 

 
2º 𝑐𝑎𝑠𝑜: 𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 é 𝑛𝑢𝑙𝑎. 𝑃𝑜𝑛𝑡𝑜𝑠 (𝑅, 0) 𝑒 (−𝑅, 0). 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑦 = 0 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑎𝑑𝑜 é 𝑛𝑢𝑙𝑜, 𝑖𝑠𝑡𝑜 é,𝑚𝑛 = 0 𝑒, 
𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑛𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (𝑅, 0) 𝑒 (−𝑅, 0) é ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙, 𝑐𝑢𝑗𝑎 𝑒𝑞𝑢𝑎çã𝑜 é 
𝑦 = 𝑦0 = 0. 
 
𝐸𝑚 𝑎𝑚𝑏𝑜𝑠 𝑜𝑠 𝑐𝑎𝑠𝑜𝑠 1 𝑒 2,𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑥 = 0 𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 0 𝑝𝑎𝑠𝑠𝑎𝑚 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚 

𝑑𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛𝑜 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑝𝑎𝑟𝑎 𝑡𝑜𝑑𝑜 𝑝𝑜𝑛𝑡𝑜 (𝑥,𝑦) 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑥2 +𝑦2 = 𝑅2 𝑎 

𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑎 𝑜𝑟𝑖𝑔𝑒𝑚.  
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(𝑎) 𝐸𝑠𝑡𝑖𝑚𝑒, 𝑢𝑠𝑎𝑛𝑑𝑜 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çõ𝑒𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑒𝑠, 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 arctg(0,1) + 𝑒0,9. 

 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = arctg 𝑥 + 𝑒1−𝑥 , 𝑡𝑎𝑙 𝑞𝑢𝑒 𝑓′(𝑥) =
1

1 + 𝑥2
− 𝑒1−𝑥 . 𝑆𝑎𝑏𝑒𝑛𝑑𝑜 − 𝑠𝑒 𝑞𝑢𝑒 

𝑓(0) = 𝑒 𝑒 𝑓 ′(0) = 1 − 𝑒.𝑃𝑜𝑟 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎çã𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑢 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑎çã𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 

𝑓 𝑒𝑚 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠: 

 
𝐿(𝑥) = 𝑓(0)+ 𝑓 ′(0)(𝑥 − 0) 

𝐿(𝑥) = 𝑒 + (1 − 𝑒)𝑥 

 
𝑄𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡𝑖𝑣𝑒𝑟 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑎 0,𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(𝑥) ≈ 𝐿(𝑥)   

𝑓(𝑥) ≈ 𝑒 + (1 − 𝑒)𝑥 

 
𝐸𝑚 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟,𝑡𝑒𝑚𝑜𝑠  

 

𝑓(0,1) ≈ 𝑒 + (1 − 𝑒). 0,1 = 0,9𝑒 + 0,1 =
9𝑒 + 1

10
. 

 
∗ 𝑓(0,1) = arctg(0,1) + 𝑒0,9. 

 
𝐿𝑜𝑔𝑜, 

 

arctg(0,1)+ 𝑒0,9 ≈
9𝑒 + 1

10
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(𝑏) 𝑈𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎 𝑝𝑎𝑟𝑎 𝑒𝑛𝑐𝑜𝑛𝑡𝑟𝑎𝑟 𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) =
[√ln2 𝑥
3

]𝑥3

cos2𝑥
. 

 

𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 0, 𝑥 ≠
𝜋

2
+ 𝑘𝜋, 𝑘 ∈ ℕ}   𝑒   𝐼𝑚(𝑓) = {𝑦 ∈ ℝ; 𝑦 ≥ 0} 

 

𝑓(𝑥) =
(ln 𝑥)

2
3 .𝑥3

(cos𝑥)2
 

 

ln 𝑓(𝑥) = ln [
(ln𝑥)

2
3 .𝑥3

(cos𝑥)2
] 

 

ln 𝑓(𝑥) = ln(ln𝑥)
2
3 + ln 𝑥3 − ln(cos𝑥)2 

 

ln 𝑓(𝑥) =
2

3
ln(ln 𝑥) + 3 ln 𝑥 − 2 ln(cos𝑥) 

 
𝑃𝑜𝑟 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎çã𝑜 𝑙𝑜𝑔𝑎𝑟í𝑡𝑚𝑖𝑐𝑎, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝑓 ′(𝑥)

𝑓(𝑥)
=
2

3
.
1

ln 𝑥
.
1

𝑥
+ 3.

1

𝑥
+ 2.

sen 𝑥

cos𝑥
 

 
𝑓 ′(𝑥)

𝑓(𝑥)
=

2

3𝑥. ln 𝑥
+
3

𝑥
+ 2 tg 𝑥 

 

𝑓 ′(𝑥) = 𝑓(𝑥) [
2

3𝑥. ln 𝑥
+
3

𝑥
+ 2tg 𝑥] 

 

𝑓 ′(𝑥) =
[√ln2 𝑥
3

]𝑥3

cos2 𝑥
[

2

3𝑥. ln 𝑥
+
3

𝑥
+ 2 tg 𝑥] 

 

 
 
 

 
 

 
 
 

 
 

 
 
 



235 

 

 
 

𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟑 

 
(𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑢𝑚𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑝𝑎𝑟𝑎 𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3) 𝑒 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎 
𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑚𝑒𝑛𝑜𝑟 á𝑟𝑒𝑎. 

 
𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3): 

 
𝑦 − 3 = 𝑚(𝑥 − 2) 

 
𝑃𝑎𝑟𝑎 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑟 𝑢𝑚 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑛𝑜 𝑝𝑟𝑖𝑚𝑒𝑖𝑟𝑜 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡𝑒 𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 𝑚 < 0 𝑒 
−2𝑚 + 3 > 0. 

 
𝐴𝑠 𝑑𝑖𝑚𝑒𝑛𝑠õ𝑒𝑠 𝑑𝑒𝑠𝑠𝑒 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑠ã𝑜 𝑥0  𝑒 𝑦0  𝑞𝑢𝑒 𝑠ã𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑎 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑒 
𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑎𝑚𝑒𝑛𝑡𝑒, 𝑜𝑛𝑑𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑎 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠. 

 
𝑃𝑎𝑟𝑎 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠 𝑦 = 𝑦0 = −2𝑚 + 3  

𝑃𝑎𝑟𝑎 𝑦 = 0, 𝑡𝑒𝑚𝑜𝑠 𝑥 = 𝑥0 = 2−
3

𝑚
 

 
Á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 𝑒 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 

 

𝐴 =
𝑥0. 𝑦0
2

=
(2 −

3
𝑚)
(−2𝑚 +3)

2
=
(2𝑚− 3)(−2𝑚+ 3)

2𝑚
= −

(2𝑚− 3)2

2𝑚
 

                                      𝐴(𝑚) = −
4𝑚2 − 12𝑚 +9

2𝑚
 ;     𝐷(𝐴) = {𝑚 ∈ ℝ;𝑚 < 0} 

 

𝐴′(𝑚) = −
(8𝑚 −12)(2𝑚) − (4𝑚2 −12𝑚 + 9)(2)

(2𝑚)2
 

 

𝐴′(𝑚) = −
16𝑚2 − 24𝑚 −8𝑚2 +24𝑚 − 18

4𝑚2
= −

8𝑚2 − 18

4𝑚2
=
18− 8𝑚2

4𝑚2
 

 
𝐸𝑠𝑡𝑢𝑑𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝐴′(𝑚): 

 
− −− −−(−3 2⁄ )+ +(0) ++ + (3 2⁄ )− −− −−         18− 8𝑚2  

+ ++ ++ ++ ++ + (0) ++ ++ ++ ++ ++ +           4𝑚2 
− −− −−(−3 2⁄ )+ +(0) ++ + (3 2⁄ )− −− −−           𝐴′(𝑚) 

 
∗ 𝐴 𝑝𝑎𝑟𝑡𝑒 𝑒𝑚 𝑑𝑒𝑠𝑡𝑎𝑞𝑢𝑒 𝑛ã𝑜 𝑓𝑎𝑧 𝑝𝑎𝑟𝑡𝑒 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑑𝑒 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜. 

 
∗ 𝑁𝑜𝑡𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑚 = − 3 2⁄  é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝐴(𝑚) 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑑𝑜 à 𝑢𝑚 

𝑝𝑜𝑛𝑡𝑜 𝑑𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑙𝑜𝑐𝑎𝑙 𝑒, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜,𝑝𝑒𝑙𝑜 𝑇𝑒𝑠𝑡𝑒 𝑑𝑎 𝑃𝑟𝑖𝑚𝑒𝑖𝑟𝑎 

𝐷𝑒𝑟𝑖𝑣𝑎𝑑𝑎, 𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝐴(𝑚) ≥ 𝐴(− 3 2⁄ ) 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝐴(− 3 2⁄ ) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑎 𝑓𝑢𝑛ç𝑎𝑜 𝐴.  𝐿𝑜𝑔𝑜,𝑝𝑎𝑟𝑎 𝑚 = − 3 2⁄  𝑡𝑒𝑚𝑜𝑠 𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒 𝑚𝑒𝑛𝑜𝑟 á𝑟𝑒𝑎 𝑒 
𝑎 𝑒𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑒𝑚 𝑞𝑢𝑒𝑠𝑡ã𝑜 é: 

𝑦 − 3 = −
3

2
(𝑥 − 2) 

𝑦 = −
3

2
𝑥 + 6   
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(𝑏) 𝐴𝑐ℎ𝑒 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = √𝑥2 −2𝑥 + 3 −√𝑥2 + 4𝑥 − 2. 
 

𝐷𝑖𝑧𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑎 𝑟𝑒𝑡𝑎 𝑦 = 𝐿  é 𝑢𝑚𝑎 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎  ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑒 lim
𝑥→+∞

𝑓(𝑥) = 𝐿    𝑜𝑢 lim
𝑥→−∞

𝑓(𝑥) = 𝐿. 

 

lim
𝑥→+∞

𝑓(𝑥) = lim
𝑥→+∞

(√𝑥2 −2𝑥 + 3−√𝑥2 +4𝑥 − 2) = lim
𝑥→+∞

[(√𝑥2−2𝑥 + 3 −√𝑥2+ 4𝑥− 2).
(√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥 − 2)

(√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥 − 2)
] = 

lim
𝑥→+∞

𝑥2− 2𝑥+ 3 − (𝑥2 +4𝑥 − 2)

√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥− 2
= lim
𝑥→+∞

−6𝑥 + 5

√𝑥2 −2𝑥 + 3+√𝑥2+ 4𝑥− 2
= lim
𝑥→+∞

−6𝑥+ 5

√𝑥2 (1 −
2
𝑥
+
3
𝑥2
)+√𝑥2 (1+

4
𝑥
−
2
𝑥2
)

= 

lim
𝑥→+∞

−6𝑥+ 5

|𝑥|√1−
2
𝑥
+
3
𝑥2
+ |𝑥|√1+

4
𝑥
−
2
𝑥2

= lim
𝑥→+∞

−6𝑥 + 5

𝑥√1−
2
𝑥
+
3
𝑥2
+𝑥√1+

4
𝑥
−
2
𝑥2

= lim
𝑥→+∞

−6+
5
𝑥

√1−
2
𝑥
+
3
𝑥2
+√1 +

4
𝑥
−
2
𝑥2

=
−6 +0

√1− 0 + 0+√1+ 0− 0
=
−6

2
= −3  

 
−− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− −− − −− −− −− −− −− −− −− 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

(√𝑥2 −2𝑥 + 3−√𝑥2 +4𝑥 − 2) = lim
𝑥→−∞

[(√𝑥2−2𝑥 + 3 −√𝑥2+ 4𝑥− 2).
(√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥 − 2)

(√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥 − 2)
] = 

lim
𝑥→−∞

𝑥2− 2𝑥+ 3 − (𝑥2 +4𝑥 − 2)

√𝑥2− 2𝑥+ 3+√𝑥2+ 4𝑥− 2
= lim
𝑥→−∞

−6𝑥 + 5

√𝑥2 −2𝑥 + 3+√𝑥2+ 4𝑥− 2
= lim
𝑥→−∞

−6𝑥+ 5

√𝑥2 (1 −
2
𝑥
+
3
𝑥2
)+√𝑥2 (1+

4
𝑥
−
2
𝑥2
)

= 

lim
𝑥→−∞

−6𝑥+ 5

|𝑥|√1−
2
𝑥
+
3
𝑥2
+ |𝑥|√1+

4
𝑥
−
2
𝑥2

= lim
𝑥→−∞

−6𝑥+ 5

−𝑥√1−
2
𝑥
+
3
𝑥2
−𝑥√1 +

4
𝑥
−
2
𝑥2

= lim
𝑥→+∞

6 −
5
𝑥

√1−
2
𝑥
+
3
𝑥2
+√1+

4
𝑥
−
2
𝑥2

=
6 −0

√1− 0 + 0+√1+ 0−0
=
6

2
= 3 

 

𝐿𝑜𝑔𝑜,𝑎𝑠 𝑟𝑒𝑡𝑎𝑠 𝑦 = −3 𝑒 𝑦 = 3 𝑠ã𝑜 𝑎𝑠 𝑎𝑠𝑠í𝑛𝑡𝑜𝑡𝑎𝑠 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑖𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = √𝑥2 − 2𝑥 + 3− √𝑥2 +4𝑥 − 2.  
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(𝑎) 𝑆𝑒𝑛𝑑𝑜 4(𝑥 − √2)
6
≥ |𝑓(𝑥) − 𝑒2|, 𝑐𝑎𝑙𝑐𝑢𝑙𝑒 lim

𝑥→√2
𝑓(𝑥). 

 

𝑃𝑒𝑙𝑎 𝑑𝑒𝑠𝑖𝑔𝑢𝑎𝑙𝑑𝑎𝑑𝑒 𝑚𝑜𝑑𝑢𝑙𝑎𝑟  |𝑓(𝑥) − 𝑒2| ≤ 4(𝑥 − √2)
6
, 𝑡𝑒𝑚𝑜𝑠: 

 

−4(𝑥 − √2)
6
≤ 𝑓(𝑥) − 𝑒2 ≤ 4(𝑥 −√2)

6
 

𝑒2 −4(𝑥 − √2)
6
≤ 𝑓(𝑥) ≤ 𝑒2 + 4(𝑥 − √2)

6
 

 

lim
𝑥→√2

(𝑒2 −4(𝑥 −√2)
6
) = lim

𝑥→√2
𝑒2 − 4 lim

𝑥→√2
(𝑥 − √2)

6
= 𝑒2 − 4(0)6 = 𝑒2 

 

lim
𝑥→√2

(𝑒2 +4(𝑥 −√2)
6
) = lim

𝑥→√2
𝑒2 + 4 lim

𝑥→√2
(𝑥 − √2)

6
= 𝑒2 + 4(0)6 = 𝑒2  

 

𝑆𝑒  𝑒2− 4(𝑥 − √2)
6
≤ 𝑓(𝑥) ≤ 𝑒2 +4(𝑥 −√2)

6
 𝑞𝑢𝑎𝑛𝑑𝑜 𝑥 𝑒𝑠𝑡á 𝑝𝑟ó𝑥𝑖𝑚𝑜 𝑎 √2   

(𝑒𝑥𝑐𝑒𝑡𝑜 𝑝𝑜𝑠𝑠𝑖𝑣𝑒𝑙𝑚𝑒𝑛𝑡𝑒 𝑒𝑚 √2) 𝑒 lim
𝑥→√2

(𝑒2 −4(𝑥 −√2)
6
) = lim

𝑥→√2
(𝑒2 + 4(𝑥 − √2)

6
) = 𝑒2 

𝑒𝑛𝑡ã𝑜, 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝐶𝑜𝑛𝑓𝑟𝑜𝑛𝑡𝑜, lim
𝑥→√2

𝑓(𝑥) = 𝑒2. 
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(𝑏) 𝑆𝑒𝑛𝑑𝑜 𝑓(𝑥) = arcsen(log2𝑥) , 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑓
′(
1

2
) .∗ 𝐶𝑜𝑟𝑟𝑒çã𝑜 𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 𝑓′(1). 

 

𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 𝐷(𝑓) = {𝑥 ∈ ℝ; 
1

2
≤ 𝑥 ≤ 2} 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑐𝑜𝑚𝑝𝑜𝑠𝑡𝑎, 𝑒𝑠𝑡𝑎 𝑠𝑒𝑟á 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡𝑖𝑣𝑒𝑟 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎, 𝑖𝑠𝑡𝑜 é,  

𝑒𝑚 𝑠𝑒𝑢 𝑑𝑜𝑚í𝑛𝑖𝑜. 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 [
1

2
, 2]. 

 
𝑂𝑏𝑠: 𝑈𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑢𝑚 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑎, 𝑏] 𝑖𝑚𝑝𝑙𝑖𝑐𝑎 𝑑𝑖𝑧𝑒𝑟 𝑞𝑢𝑒 𝑓  
é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (𝑎,𝑏) 𝑒 𝑞𝑢𝑒   𝑓(𝑎) = lim

𝑥→𝑎+
𝑓(𝑥)  𝑒 𝑓(𝑏) = lim

𝑥→𝑏−
𝑓(𝑥). 

𝑁𝑜𝑡𝑒 𝑞𝑢𝑒,𝑒𝑚𝑏𝑜𝑟𝑎 𝑓(
1

2
)  𝑒𝑠𝑡𝑒𝑗𝑎 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑒 lim

𝑥→
1
2

+
𝑓(𝑥)  𝑒𝑥𝑖𝑠𝑡𝑒, 𝑝𝑜𝑟 𝑜𝑢𝑡𝑟𝑜 𝑙𝑎𝑑𝑜,  

lim
𝑥→
1
2

− 𝑓(𝑥) ∄ 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, lim
𝑥→
1
2

𝑓(𝑥) ∄. 𝐿𝑜𝑔𝑜, 𝑓 𝑛ã𝑜 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 
1

2
 𝑒 , 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑒𝑚𝑒𝑛𝑡𝑒, 

𝑛ã𝑜 é 𝑑𝑒𝑟𝑖𝑣á𝑣𝑒𝑙 𝑒𝑚
1

2
. 𝑃𝑜𝑟 𝑒𝑠𝑡𝑎 𝑟𝑎𝑧ã𝑜,𝑓 ′ (

1

2
)  𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒! 

 
…𝒂𝒑ó𝒔 𝒂 𝒄𝒐𝒓𝒓𝒆çã𝒐.𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒇′(𝟏). 

 
𝑃𝑒𝑙𝑜 𝑒𝑠𝑡𝑢𝑑𝑜 𝑑𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒  𝑑𝑒 𝑓,𝑡𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 1.𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 

𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑐𝑖𝑎𝑏𝑖𝑙𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 𝑥 = 1, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑓 ′(𝑥) =
1

𝑥. ln2
.

1

√1− (log2 𝑥)
2
 

𝑓 ′(1) =
1

ln 2
.

1

√1− (log21)
2
 

𝑓 ′(1) =
1

ln 2
.

1

√1 − 02
 

 

𝑓 ′(1) =
1

ln 2
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(𝑎) 𝑈𝑚𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑒𝑠𝑡á 𝑠𝑒 𝑚𝑜𝑣𝑒𝑛𝑑𝑜 𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑎 𝑐𝑢𝑟𝑣𝑎 𝑦 = √𝑥.𝑄𝑢𝑎𝑛𝑑𝑜 𝑎  
𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2) 𝑠𝑢𝑎 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑥 𝑐𝑟𝑒𝑠𝑐𝑒 𝑎 𝑢𝑚𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
3 𝑐𝑚 𝑠⁄ . 𝑆𝑒 𝜃 é 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑝𝑒𝑙𝑜 𝑒𝑖𝑥𝑜 𝑥 𝑒 𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑢𝑛𝑒 
𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 à 𝑜𝑟𝑖𝑔𝑒𝑚,𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑎 𝑞𝑢𝑒 𝑡𝑎𝑥𝑎 𝑒𝑠𝑡á 𝑣𝑎𝑟𝑖𝑎𝑛𝑑𝑜 𝜃,𝑛𝑜 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒  
𝑒𝑚 𝑞𝑢𝑒 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2). 

 
𝐷𝑜 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑜 𝑑𝑒 𝑟𝑒𝑡𝑎 𝑡𝑖𝑟𝑎𝑚𝑜𝑠 𝑎 𝑟𝑒𝑙𝑎çã𝑜 𝑒𝑛𝑡𝑟𝑒 𝜃 𝑒 𝑎 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑎 𝑥 𝑑𝑎𝑑𝑎 𝑝𝑒𝑙𝑎 
𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜: 

 

tg 𝜃 =
𝑦

𝑥
 

tg 𝜃 =
√𝑥

𝑥
 

tg 𝜃 = 𝑥−
1
2 

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑡𝑜𝑑𝑎 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 𝑒𝑚 𝑟𝑒𝑙𝑎çã𝑜 𝑎𝑜 𝑡𝑒𝑚𝑝𝑜,𝑡𝑒𝑚𝑜𝑠: 

 
𝑑

𝑑𝑡
(tg 𝜃) =

𝑑

𝑑𝑡
(𝑥−

1
2) 

sec2𝜃 .
𝑑𝜃

𝑑𝑡
= −

1

2
𝑥−

3
2 .
𝑑𝑥

𝑑𝑡
 

 

𝑄𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2) 𝑡𝑒𝑚𝑜𝑠 
𝑑𝑥

𝑑𝑡
= 3 𝑐𝑚 𝑠⁄  𝑒 tg 𝜃 =

1

2
. 

𝐿𝑜𝑔𝑜, sec2𝜃 = tg2 𝜃 + 1 =
1

4
+ 1 =

5

4
. 𝐶𝑜𝑚 𝑖𝑠𝑠𝑜, 

 
5

4
.
𝑑𝜃

𝑑𝑡
= −

1

2
(4)−

3
2 .3 

5

4
.
𝑑𝜃

𝑑𝑡
= −

1

2
.
1

8
. 3 

𝑑𝜃

𝑑𝑡
= −

3

20
𝑟𝑎𝑑 𝑠⁄  

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 â𝑛𝑔𝑢𝑙𝑜 𝜃 𝑒𝑠𝑡á 𝑑𝑒𝑐𝑟𝑒𝑠𝑐𝑒𝑛𝑑𝑜 𝑎 𝑡𝑎𝑥𝑎 𝑑𝑒 
3

20
𝑟𝑎𝑑 𝑠⁄  𝑞𝑢𝑎𝑛𝑑𝑜 𝑎 𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 

𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜 𝑝𝑜𝑛𝑡𝑜 (4,2). 
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(𝑏) 𝑆𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑓 ′(𝑥) = sec𝑥 . tg 𝑥 +
1

√1− 𝑥2
+ 𝑒2𝑥 , 𝑒 𝑞𝑢𝑒 𝑓(0) =

3

2
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 

𝑓(𝑥). 

 
𝐴 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑜𝑢 𝑝𝑟𝑖𝑚𝑖𝑡𝑖𝑣𝑎 𝑚𝑎𝑖𝑠 𝑔𝑒𝑟𝑎𝑙 𝑑𝑒 𝑓 ′(𝑥) é 

 

𝑓(𝑥) = sec𝑥 + arcsen𝑥 +
1

2
𝑒2𝑥 + 𝐶 

 

𝑈𝑡𝑖𝑙𝑖𝑧𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑑𝑖çã𝑜 𝑓(0) =
3

2
, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
3

2
= sec0 + arcsen0 +

1

2
𝑒0 + 𝐶 

3

2
= 1 + 0 +

1

2
+ 𝐶  

3

2
=
3

2
+ 𝐶  

𝐶 = 0 

 

𝐿𝑜𝑔𝑜, 𝑓(𝑥) = sec𝑥 + arcsen𝑥 +
1

2
𝑒2𝑥 . 
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(𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 𝑎 á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑓𝑜𝑟𝑚𝑎𝑑𝑜 𝑝𝑒𝑙𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠 𝑒 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑦 = sen7[𝑒𝑥 . 𝑥]10 +
2𝑥

ln 2
, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0. 

 

𝑃𝑜𝑛𝑡𝑜 𝑃(0,
1

ln 2
). 

 

𝑦′ = 7 sen6[𝑒𝑥 .𝑥]10 . cos[𝑒𝑥 .𝑥]10 . 10[𝑒𝑥 .𝑥]9. (𝑒𝑥 + 𝑥𝑒𝑥) +
1

ln 2
. 2𝑥 . ln 2 

𝑦′ = 70[𝑒𝑥 .𝑥]9(𝑒𝑥 + 𝑥𝑒𝑥). cos[𝑒𝑥 . 𝑥]10 . sen[𝑒𝑥 .𝑥]10 +2𝑥  

 
𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 0, 𝑡𝑒𝑚𝑜𝑠 𝑦′ = 1. 

 

𝐸𝑞𝑢𝑎çã𝑜 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑃(0,
1

ln 2
): 

 

𝑦 −
1

ln 2
= 1(𝑥 − 0) 

𝑦 = 𝑥 +
1

ln 2
 

 
𝐼𝑛𝑡𝑒𝑟𝑠𝑒çõ𝑒𝑠 𝑐𝑜𝑚 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 

 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 𝑥: 𝐴(−
1

ln 2
, 0) 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒çã𝑜 𝑐𝑜𝑚 𝑜 𝑒𝑖𝑥𝑜 𝑦:𝐵 (0,
1

ln2
) 

 
Á𝑟𝑒𝑎 𝑑𝑜 𝑡𝑟𝑖â𝑛𝑔𝑢𝑙𝑜 𝑑𝑒𝑙𝑖𝑚𝑖𝑡𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑒 𝑜𝑠 𝑒𝑖𝑥𝑜𝑠 𝑐𝑜𝑜𝑟𝑑𝑒𝑛𝑎𝑑𝑜𝑠: 

 

𝐴∆𝐴𝑂𝐵 =
1

2
× (

1

ln 2
) × (

1

ln 2
) =

1

2(ln 2)2
 𝑢. 𝐴 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟔 

 
(𝑏) 𝑆𝑒 𝑓𝑜𝑟 𝑝𝑜𝑠𝑠í𝑣𝑒𝑙, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 a 𝑒 b ∈ ℝ, 𝑑𝑒 𝑚𝑜𝑑𝑜 𝑞𝑢𝑒 𝑎 𝑓𝑢𝑛çã𝑜  

𝑓(𝑥) = {
𝑎𝑥 + 𝑏,   𝑠𝑒 |𝑥| ≤ 2
|𝑥 − 1|,   𝑠𝑒 |𝑥| > 2

 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 

 

𝑓(𝑥) = {
𝑎𝑥 + 𝑏,   𝑠𝑒 − 2 ≤ 𝑥 ≤ 2

|𝑥 − 1|,   𝑠𝑒 𝑥 < −2 𝑜𝑢 𝑥 > 2
 

 

𝑓(𝑥) = {
−(𝑥 − 1),            𝑠𝑒 𝑥 < −2

     𝑎𝑥+ 𝑏,     𝑠𝑒 − 2 ≤ 𝑥 ≤ 2
𝑥 − 1,           𝑠𝑒 𝑥 > 2

 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑖𝑎𝑙 𝑓𝑜𝑟𝑚𝑎𝑑𝑎 𝑝𝑜𝑟 𝑓𝑢𝑛çõ𝑒𝑠 𝑝𝑜𝑙𝑖𝑛𝑜𝑚𝑖𝑎𝑖𝑠 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 ℝ,𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑛𝑑𝑜 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡𝑎 𝑓𝑢𝑛çõ𝑒𝑠 𝑒𝑠𝑡ã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎𝑠 
𝑒𝑚 𝑓(𝑥),𝑠𝑜𝑏𝑟𝑒 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑝𝑜𝑑𝑒𝑚𝑜𝑠 𝑎𝑓𝑖𝑟𝑚𝑎𝑟 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 

𝑒𝑚 (−∞,−2) ∪ (−2,2) ∪ (2,+∞). 
 

𝑆𝑒 𝑓 𝑓𝑜𝑟 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 − 2 𝑒 2 𝑐ℎ𝑒𝑔𝑎𝑚𝑜𝑠 à 𝑐𝑜𝑛𝑐𝑙𝑢𝑠ã𝑜 𝑑𝑒 𝑞𝑢𝑒 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 
𝑜𝑠 𝑟𝑒𝑎𝑖𝑠. 𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑒𝑚 − 2 𝑒 2,𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(−2) = −2𝑎 + 𝑏 

lim
𝑥→−2+

𝑓(𝑥) = lim
𝑥→−2+

(𝑎𝑥 + 𝑏) = −2𝑎+ 𝑏 

lim
𝑥→−2−

𝑓(𝑥) = lim
𝑥→−2−

−(𝑥 − 1) = −(−2− 1) = −(−3) = 3. 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = −2,𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟 

 
𝑓(−2) = lim

𝑥→−2+
𝑓(𝑥) = lim

𝑥→−2−
𝑓(𝑥) 

−2𝑎+ 𝑏 = 3 

 
𝐴𝑛𝑎𝑙𝑖𝑠𝑎𝑛𝑑𝑜 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒 𝑓 𝑒𝑚 2,𝑡𝑒𝑚𝑜𝑠: 

 
𝑓(2) = 2𝑎 + 𝑏 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

(𝑎𝑥 + 𝑏) = 2𝑎 + 𝑏 

lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

(𝑥 − 1) = 2 − 1 = 1. 

 
𝑃𝑎𝑟𝑎 𝑞𝑢𝑒 𝑓 𝑠𝑒𝑗𝑎 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑥 = 2,𝑑𝑒𝑣𝑒𝑚𝑜𝑠 𝑡𝑒𝑟     

 
  𝑓(𝑥) = lim

𝑥→2+
𝑓(𝑥) = lim

𝑥→2−
𝑓(𝑥) 

2𝑎 + 𝑏 = 1 

 

{
−2𝑎+ 𝑏 = 3
2𝑎+ 𝑏 = 1

∴ 𝑏 = 2 𝑒 𝑎 = −
1

2
 é 𝑎 𝑠𝑜𝑙𝑢çã𝑜 𝑑𝑜 𝑠𝑖𝑠𝑡𝑒𝑚𝑎 𝑑𝑒 𝑒𝑞𝑢𝑎çõ𝑒𝑠 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 

𝑝𝑎𝑟𝑎 𝑒𝑠𝑠𝑒𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑎 𝑒 𝑏,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚
− 2 𝑒 2. 𝐽𝑢𝑛𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑐𝑜𝑚 𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 

𝑑𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑑𝑎𝑑𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑜 𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟𝑚𝑒𝑛𝑡𝑒,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 𝑡𝑜𝑑𝑜𝑠 𝑜𝑠 𝑟𝑒𝑎𝑖𝑠.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟕 

 
(𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑐𝑜𝑛𝑡é𝑚 𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 𝑑𝑒 𝑚á𝑥𝑖𝑚𝑜 
𝑒 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜𝑠 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = ln 𝑥 − 𝑥, 𝑐𝑜𝑚 𝑒 ≤ 𝑥 ≤ 𝑒2 . 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:  𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 0} 
 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑜𝑛𝑑𝑒 𝑒𝑠𝑡á 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑒, 𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (0,+∞).𝐿𝑜𝑔𝑜, 
𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑒,𝑒2]. 

 
𝑃𝑒𝑙𝑜 𝑀é𝑡𝑜𝑑𝑜 𝑑𝑜 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝐹𝑒𝑐ℎ𝑎𝑑𝑜,𝑡𝑒𝑚𝑜𝑠: 

 
1)𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑒𝑥𝑡𝑟𝑒𝑚𝑜𝑠 𝑑𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜; 

 
𝑓(𝑒) = ln 𝑒 − 𝑒 = 1 − 𝑒      e      𝑓(𝑒2) = ln 𝑒2 − 𝑒2 = 2− 𝑒2 

 
2) 𝑂𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑑𝑒 𝑓 𝑛𝑜𝑠 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑑𝑒 𝑓 𝑒𝑚 (𝑒,𝑒2); 
 
"𝑈𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐𝑟í𝑡𝑖𝑐𝑜 𝑑𝑒 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑓 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑐 𝑛𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 𝑑𝑒 𝑓 𝑜𝑛𝑑𝑒 𝑜𝑢 
𝑓 ′(𝑐) = 0 𝑜𝑢 𝑜𝑛𝑑𝑒 𝑓 ′(𝑐) 𝑛ã𝑜 𝑒𝑥𝑖𝑠𝑡𝑒" 
 

𝑓 ′(𝑥) =
1

𝑥
− 1 =

1− 𝑥

𝑥
 

 
𝑓 ′(𝑥) ∄ ⟹  𝑥 = 0 𝑒 𝑓 ′(𝑥) = 0⟹ 𝑥 = 1, 𝑒𝑛𝑡𝑟𝑒𝑡𝑎𝑛𝑡𝑜, 0 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑑𝑜𝑚í𝑛𝑖𝑜 

𝑑𝑒 𝑓 𝑒 1 𝑛ã𝑜 𝑝𝑒𝑟𝑡𝑒𝑛𝑐𝑒 𝑎𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (𝑒,𝑒2) 𝑒,𝑝𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑓 𝑛ã𝑜 𝑝𝑜𝑠𝑠𝑢𝑖 𝑛ú𝑚𝑒𝑟𝑜𝑠 
𝑐𝑟í𝑡𝑖𝑐𝑜𝑠 𝑒𝑚 (𝑒,𝑒2). 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑎𝑛𝑑𝑜 𝑜𝑠 𝑣𝑎𝑙𝑜𝑟𝑒𝑠 𝑜𝑏𝑡𝑖𝑑𝑜𝑠,𝑡𝑒𝑚𝑜𝑠 (2 − 𝑒2) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚í𝑛𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑒 
(1 − 𝑒) é 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑚á𝑥𝑖𝑚𝑜 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [𝑒,𝑒2]. 
 
𝑂 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑞𝑢𝑒 𝑝𝑎𝑠𝑠𝑎 𝑝𝑒𝑙𝑜𝑠 𝑝𝑜𝑛𝑡𝑜𝑠 (𝑒, 1 − 𝑒) 𝑒 (𝑒2, 2 − 𝑒2): 
 

𝑚 =
∆𝑦

∆𝑥
=
(2 − 𝑒2) − (1 − 𝑒)

𝑒2 − 𝑒
=
1 − 𝑒2 + 𝑒

𝑒2 − 𝑒
= −1 +

1

𝑒2 − 𝑒
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟕 

 
(𝑏) 𝑈𝑠𝑒 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑟 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) =
1

√𝑥 + 1
3

, 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑓(𝑥) =
1

2
. 

 

𝑓(𝑥) =
1

2
⟹

1

√𝑥 + 1
3

=
1

2
⟹ √𝑥 + 1

3
= 2 ⟹ 𝑥 +1 = 8 ∴ 𝑥 = 7. 

 
𝑃𝑒𝑙𝑎 𝑑𝑒𝑓𝑖𝑛𝑖çã𝑜 𝑑𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎,𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 

𝑑𝑒 𝑎𝑏𝑠𝑐𝑖𝑠𝑠𝑎 𝑥 = 7 é 𝑑𝑎𝑑𝑜 𝑝𝑒𝑙𝑎 𝑒𝑥𝑝𝑟𝑒𝑠ã𝑜: 

 

𝑚 = lim
∆𝑥→0

𝑓(7 + ∆𝑥) − 𝑓(7)

∆𝑥
 

 
𝑆𝑒𝑛𝑑𝑜 ∆𝑥 = 𝑥 − 7, 𝑠𝑒 ∆𝑥 → 0,𝑒𝑛𝑡ã𝑜 𝑥 → 7. 𝐿𝑜𝑔𝑜, 
 

𝑚 = lim
𝑥→7

𝑓(𝑥) − 𝑓(7)

𝑥 − 7
 

 

𝑚 = lim
𝑥→7

𝑓(𝑥)− 𝑓(7)

𝑥 − 7
= lim
𝑥→7

1

√𝑥+ 1
3 −

1
2

𝑥 − 7
= lim
𝑥→7

2 − √𝑥+ 1
3

2(𝑥 − 7)√𝑥+ 1
3

 

     = lim
𝑥→7

[
2 − √𝑥+ 1

3

2(𝑥− 7)√𝑥 + 1
3

(4 + 2√𝑥+ 1
3 + √(𝑥+ 1)23 )

(4 + 2√𝑥+ 1
3 + √(𝑥+ 1)23 )

] 

     = lim
𝑥→7

8 − (𝑥 + 1)

2(𝑥 − 7)√𝑥+ 1
3 (4 + 2√𝑥 + 1

3 + √(𝑥 + 1)23 )
 

     = lim
𝑥→7

7 − 𝑥

2(𝑥 − 7)√𝑥 + 1
3 (4 + 2√𝑥+ 1

3 + √(𝑥+ 1)23 )
 

     = lim
𝑥→7

−(𝑥 − 7)

2(𝑥 − 7)√𝑥+ 1
3 (4 + 2√𝑥 + 1

3 + √(𝑥 + 1)23 )
 

     = lim
𝑥→7

−1

2√𝑥+ 1
3 (4 + 2√𝑥 + 1

3 + √(𝑥 + 1)23 )
 

      =
lim
𝑥→7
(−1)

lim
𝑥→7
[2√𝑥 + 1

3
(4 + 2√𝑥 + 1

3
+ √(𝑥 + 1)2

3
)]

 

      =
−1

2√8
3 (4 + 2√8

3 + √64
3 )

 

      =
−1

4(4+ 4+ 4)
 

      = −
1

48
 

 

𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (7,
1

2
)  é −

1

48
.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟖 

 

(𝑎) 𝐶𝑎𝑙𝑐𝑢𝑙𝑒 lim
𝑥→+∞

𝑥
ln 2
1+ln 𝑥  ;    𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "∞0" 

 

lim
𝑥→+∞

𝑥
ln 2
1+ln 𝑥 = lim

𝑥→+∞
𝑒 ln 𝑥

(
ln 2
1+ln 𝑥

)

= lim
𝑥→+∞

𝑒
(
ln 2
1+ln 𝑥

).ln 𝑥
= 𝑒

lim
𝑥→+∞

ln 2.ln 𝑥
1+ln 𝑥 ; 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑛𝑑𝑜 𝑜 𝑙𝑖𝑚𝑖𝑡𝑒 𝑑𝑜 𝑒𝑥𝑝𝑜𝑒𝑛𝑡𝑒,𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑥→+∞

ln 2 . ln 𝑥

1 + ln𝑥
;   𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎çã𝑜 𝑑𝑜 𝑡𝑖𝑝𝑜 "

∞

∞
" 

 
𝐴𝑝𝑙𝑖𝑐𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑒 𝐿′𝐻ô𝑠𝑝𝑖𝑡𝑎𝑙, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 
 

lim
𝑥→+∞

ln 2 . ln 𝑥

1 + ln𝑥
= lim
𝑥→+∞

ln 2 .
1
𝑥

0 +
1
𝑥

= lim
𝑥→+∞

ln 2 .
1
𝑥

1
𝑥

= lim
𝑥→+∞

ln 2 = ln 2. 

 
𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
 

lim
𝑥→+∞

𝑥
ln 2
1+ln 𝑥 = 𝑒

lim
𝑥→+∞

ln 2.ln 𝑥
1+ln 𝑥 = 𝑒 ln 2 = 2.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟖 

 
(𝑏)𝐴𝑛𝑎𝑙𝑖𝑠𝑒 𝑎 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑑𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓(𝑥) = log2 𝑥 + 𝑥

2. 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓:  𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 0}. 

 

𝑓 ′(𝑥) =
1

𝑥. ln 2
+ 2𝑥 

𝑓 ′′(𝑥) = −
1

𝑥2. ln 2
+ 2 =

2𝑥2. ln 2 − 1

𝑥2. ln 2
  

 
𝐸𝑠𝑡𝑢𝑑𝑎𝑛𝑑𝑜 𝑜 𝑠𝑖𝑛𝑎𝑙 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓, 𝑡𝑒𝑚𝑜𝑠: 

 

(0) −− −− − (1 √ln 4⁄ )+ ++ ++ ++ ++ +             (2𝑥2. ln 2 − 1) 
(0) ++ ++ ++ ++ ++ ++ ++ ++ ++ +                 𝑥2. ln 2 

(0) −− −− − (1 √ln 4⁄ )+ ++ ++ ++ ++ +               𝑓′′(𝑥) 

 
𝐶𝑜𝑚 𝑎 𝑎𝑛á𝑙𝑖𝑠𝑒 𝑑𝑎 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎 𝑑𝑒 𝑓,𝑐𝑜𝑛𝑐𝑙𝑢𝑖𝑚𝑜𝑠 𝑞𝑢𝑒 
 

𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑐𝑖𝑚𝑎 𝑒𝑚 (
1

√ln4
,+∞)  𝑒 

 

𝑓 𝑝𝑜𝑠𝑠𝑢𝑖 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑑𝑎𝑑𝑒 𝑣𝑜𝑙𝑡𝑎𝑑𝑎 𝑝𝑎𝑟𝑎 𝑏𝑎𝑖𝑥𝑜 𝑒𝑚 (0,
1

√ln4
). 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟗 

 
(𝑎) 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝑐 𝑠𝑎𝑏𝑒𝑛𝑑𝑜 𝑞𝑢𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 

à 𝑐𝑢𝑟𝑣𝑎 𝑑𝑎𝑑𝑎 𝑝𝑜𝑟 𝑦 =
𝜋

2
. (ln𝑥)2 + 𝑒sen 𝑥 + cos2(2𝑥)  𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 𝜋 é 

−1+ 𝑐. 

 

𝑦′ =
𝜋

2
. 2. ln𝑥 .

1

𝑥
+ cos𝑥 . 𝑒sen 𝑥 +2. cos(2𝑥) . [−sen(2𝑥)] 

𝑦′ =
𝜋. ln 𝑥

𝑥
+ cos𝑥 . 𝑒sen 𝑥 −2 sen(2𝑥) cos(2𝑥) 

𝑦′ =
𝜋. ln 𝑥

𝑥
+ cos𝑥 . 𝑒sen 𝑥 − sen(4𝑥) 

 
𝑁𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 𝜋, 𝑡𝑒𝑚𝑜𝑠: 
 

𝑦′ =
𝜋. ln 𝜋

𝜋
+ cos𝜋 . 𝑒sen 𝜋 − sen(4𝜋) 

𝑦′ = ln 𝜋 − 1 − 0 

𝑦′ = ln 𝜋 − 1 

 
𝐶𝑜𝑚𝑜 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 à 𝑐𝑢𝑟𝑣𝑎 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 𝑒𝑚 𝑞𝑢𝑒 𝑥 = 𝜋 é 
−1+ 𝑐, 𝑒𝑛𝑡ã𝑜 𝑦′ = −1+ 𝑐 𝑒𝑚 𝑥 = 𝜋. 𝑃𝑜𝑟𝑡𝑎𝑛𝑡𝑜, 
 

ln 𝜋 − 1 = −1+ 𝑐 
 

𝑐 = ln 𝜋  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟗 

 
(𝑏) 𝑆𝑎𝑏𝑒𝑚𝑜𝑠 𝑞𝑢𝑒 𝑔 é 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓 𝑒 𝑞𝑢𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 

𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3) é −
1

3
, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 

𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔 𝑒𝑚 𝑥 = 3. 

 

𝐶𝑜𝑚𝑜 𝑔 é 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑎 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓,𝑒𝑛𝑡ã𝑜 𝑓(𝑔(𝑥)) = 𝑔(𝑓(𝑥)) = 𝑥. 

 
𝐶𝑜𝑚𝑜 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑓 𝑛𝑜 𝑝𝑜𝑛𝑡𝑜 (2,3) é

−
1

3
 

𝑒𝑛𝑡ã𝑜 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑛𝑒𝑠𝑡𝑒 𝑝𝑜𝑛𝑡𝑜 é 3.𝐿𝑜𝑔𝑜,𝑓 ′(2) = 3. 
 

𝑔(𝑓(𝑥)) = 𝑥  

 
𝐷𝑒𝑟𝑖𝑣𝑎𝑛𝑑𝑜 𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑎𝑚𝑒𝑛𝑡𝑒 𝑒 𝑢𝑠𝑎𝑛𝑑𝑜 𝑎 𝑅𝑒𝑔𝑟𝑎 𝑑𝑎 𝐶𝑎𝑑𝑒𝑖𝑎,𝑡𝑒𝑚𝑜𝑠: 

 

𝑔′(𝑓(𝑥)). 𝑓 ′(𝑥) = 1 

𝑔′(𝑓(𝑥))=
1

𝑓 ′(𝑥)
 

 
𝑔′(𝑓(𝑥)) = 𝑔′(3)⟹ 𝑓(𝑥) = 3 ∴ 𝑥 = 2. 𝐿𝑜𝑔𝑜, 

 

𝑔′(𝑓(2))=
1

𝑓 ′(2)
 

 

𝑔′(3) =
1

3
  

 
𝑂𝑛𝑑𝑒, 𝑔′(3) é 𝑜 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑎 𝑟𝑒𝑡𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑒 𝑎𝑜 𝑔𝑟á𝑓𝑖𝑐𝑜 𝑑𝑒 𝑔 𝑒𝑚 𝑥

= 3.  
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏𝟎 
 

(𝑎) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 ln 𝑥 − 𝑒−𝑥 = 0 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑟𝑎𝑖𝑧 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (1 2⁄ ,3). 
 

𝑆𝑒𝑗𝑎 𝑓(𝑥) = ln 𝑥 − 𝑒−𝑥 . 

 
𝐷𝑜𝑚í𝑛𝑖𝑜 𝑑𝑎 𝑓𝑢𝑛çã𝑜 𝑓: 𝐷(𝑓) = {𝑥 ∈ ℝ; 𝑥 > 0}. 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑢𝑚𝑎 𝑓𝑢𝑛çã𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑑𝑎 𝑝𝑒𝑙𝑎 𝑠𝑢𝑏𝑡𝑟𝑎çã𝑜 𝑑𝑒 𝑑𝑢𝑎𝑠 𝑓𝑢𝑛çõ𝑒𝑠 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎𝑠 𝑒𝑚 (0,+∞) 
𝑒𝑛𝑡ã𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑒𝑚 (0,+∞). 𝐿𝑜𝑔𝑜,𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [1 2⁄ , 3]. 

 

𝑓 (
1

2
) = ln

1

2
− 𝑒−

1
2 = − ln 2 −

1

√𝑒
< 0 

 

𝑓(3) = ln 3 − 𝑒−3 = ln 3 −
1

𝑒3
> 0 

 
𝐶𝑜𝑚𝑜 𝑓 é 𝑐𝑜𝑛𝑡í𝑛𝑢𝑎 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 𝑓𝑒𝑐ℎ𝑎𝑑𝑜 [1 2⁄ , 3] 𝑒 0 é 𝑢𝑚 𝑛ú𝑚𝑒𝑟𝑜 𝑒𝑛𝑡𝑟𝑒 𝑓(1 2⁄ ) 𝑒 
𝑓(3),𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜,𝑒𝑥𝑖𝑠𝑡𝑒 𝑎𝑙𝑔𝑢𝑚 𝑐 ∈ (1 2⁄ , 3) 𝑡𝑎𝑙 𝑞𝑢𝑒 
𝑓(𝑐) = 0. 

 
𝑓(𝑥) = 0⟹ ln 𝑥 − 𝑒−𝑥 = 0 

 
𝐷𝑒𝑠𝑠𝑒 𝑚𝑜𝑑𝑜 𝑝𝑟𝑜𝑣𝑎𝑚𝑜𝑠 𝑝𝑒𝑙𝑜 𝑇𝑒𝑜𝑟𝑒𝑚𝑎 𝑑𝑜 𝑉𝑎𝑙𝑜𝑟 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖á𝑟𝑖𝑜 𝑞𝑢𝑒 𝑎 𝑒𝑞𝑢𝑎çã𝑜 
𝑎𝑐𝑖𝑚𝑎 𝑝𝑜𝑠𝑠𝑢𝑖 𝑢𝑚𝑎 𝑟𝑎í𝑧 𝑟𝑒𝑎𝑙 𝑛𝑜 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑜 (1 2⁄ , 3). 
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𝑸𝒖𝒆𝒔𝒕ã𝒐 𝟏𝟎 
 
(𝑏) 𝑀𝑜𝑠𝑡𝑟𝑒 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝑛ú𝑚𝑒𝑟𝑜𝑠 𝛼 𝑒 𝛽 𝑡𝑎𝑖𝑠 𝑞𝑢𝑒 2.𝑒𝑥 − 5. 𝑒−𝑥 = 𝛼 senh(𝑥 + 𝛽). 
 

2.𝑒𝑥 −5. 𝑒−𝑥 = 𝛼.
𝑒𝑥+𝛽 − 𝑒−(𝑥+𝛽)

2
 

2. 𝑒𝑥 − 5. 𝑒−𝑥 =
𝛼

2
𝑒𝛽 . 𝑒𝑥 −

𝛼

2
𝑒−𝛽 . 𝑒−𝑥 

 
𝐼𝑔𝑢𝑎𝑙𝑎𝑛𝑑𝑜 𝑜𝑠 𝑐𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 𝑑𝑒 𝑚𝑒𝑠𝑚𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑑𝑎𝑑𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑐𝑖𝑎𝑙, 𝑡𝑒𝑚𝑜𝑠: 

 
𝛼

2
𝑒𝛽 = 2 ⟹ 𝛼𝑒𝛽 = 4     (𝐼) 

 
𝛼

2
𝑒−𝛽 = 5 ⟹ 𝛼𝑒−𝛽 = 10⟹ 𝛼 = 10𝑒𝛽    (𝐼𝐼) 

 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑛𝑑𝑜 𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 (𝐼𝐼) 𝛼 = 10𝑒𝛽  𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 (𝐼) 𝛼𝑒𝛽 = 4, 𝑜𝑏𝑡𝑒𝑚𝑜𝑠: 

 
𝛼. 𝑒𝛽 = 4 

10𝑒𝛽 . 𝑒𝛽 = 4 

10𝑒2𝛽 = 4 

𝑒2𝛽 =
2

5
 

2𝛽 = ln (
2

5
) 

𝛽 =
1

2
ln (
2

5
) = ln(

2

5
)

1
2
 

 
𝐶𝑜𝑚 𝑜 𝑣𝑎𝑙𝑜𝑟 𝑑𝑒 𝛽, 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑖𝑚𝑜𝑠 𝑛𝑎 𝑒𝑥𝑝𝑟𝑒𝑠𝑠ã𝑜 (𝐼): 
 

𝛼 = 10𝑒𝛽 

𝛼 = 10𝑒
1
2
ln(
2
5
)
 

𝛼 = 10(
2

5
)

1
2
 

𝛼 =
10√2

√5
= 2√10  

 
𝐶𝑜𝑚 𝑖𝑠𝑠𝑜 𝑚𝑜𝑠𝑡𝑟𝑎𝑚𝑜𝑠 𝑞𝑢𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑚 𝛼 𝑒 𝛽 𝑞𝑢𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑎𝑧 𝑎 𝑒𝑞𝑢𝑎çã𝑜 
 

2𝑒𝑥 −5𝑒−𝑥 = 𝛼senh(𝑥 + 𝛽) 

2𝑒𝑥 −5𝑒−𝑥 = 2√10.senh(𝑥 + ln (
5

2
)

1
2
)    


