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A SHORT NOTE ABOUT 1-WIDTH OF LENS SPACES
MARCIO BATISTA* AND ANDERSON DE LIMA

ABSTRACT. In this note we explore the nature of Lens spaces to
study the first width of those spaces, more precisely we use the
existence of a sharp sweepout associated to a Clifford torus to
provide a simple and pretty application of the Willmore conjecture
for the computation of the 1-width of Lens Spaces.

1. INTRODUCTION

In a remarkable work, [2], Almgren proved that:

The width of the round 3-sphere is equal to 47 and the surface which
reaches this number is an equatorial sphere.

Later on, using, in a fundamental way, the symmetric structure of
the round unit sphere in R*, Nurser motived by a question proposed
by Marques & Neves, [14], computed the values of some widths of the
round unit sphere, more precisely, he computed

w1 (S?) = wy(S?) = w3(S?) = w4 (S?) = 47 and ws5(S?) = 272,

and he also gets some bounds to wy and w3, see [16].

From the close relationship between S™ and RP", do Carmo, Ros
and Ritoré studied closed minimal hypersurfaces in RP" and classified
those hypersurfaces with index one, see [5]. More recently, Ramirez-
Luna gets a similar result for hypersurfaces immersed in CP" and using
this classification and some tools from the min-max theory, she gets the
value of the width of RP" for n between 3 and 7, see [18]. Using another
approach, the authors get the value of the first and second widths of
RP" for n in the same range as before, see [4].

Motivated by questions in the works of Guth [9], Gromov [§] and
Marques & Neves [14], others works were done and the value of widths
were computed, see for instance [I], [16], [3] and [6]. These works used
strongly the symmetric structure of the target spaces.
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THE FIRST AND SECOND WIDTH OF THE REAL PROJECTIVE SPACE

MARCIO BATISTA* AND ANDERSON DE LIMA

ABSTRACT. In this paper we deal with the first and second width of the real projective space
RP™, for n in the range 4 to 7, in the setting of Almgren-Pitts min-max theory. In a recent
paper, Ramirez-Luna, using a result due to do Carmo, Ritoré and Ros, computed the first width
of the real projective spaces and, at the same time, we obtain optimal sweepouts which realize
the first and second widths of those spaces.

1. INTRODUCTION

Liokumovich, Marques and Neves in [§] were interested in understand the volume spectrum
of a given Riemannian manifold, {w,(M)},, and they were able to prove a Weyl law for such
non-linear spectral problem as conjectured by Gromov in [5] and so they obtained the more
quantitative result after the works done by Gromov [5] and Guth [6]. Using also the volume
spectrum, Marques and Neves provided a proof of one famous conjecture of Yau about minimal
surfaces in the setting of Frankel property and in the same work, see [10, Section 9], they point
out that would be interesting to compute the values of wy,(M) in specific examples and verify
whether such numbers are achieved by interesting minimal hypersurfaces. Therefore, in a recent
work, see [2], the authors computed and provided some upper bounds for the widths on the real
projective 3-space. More precisely, the authors proved:

For the p-widths of the 3-dimensional real projective space, RP?,
we have

o w1 (RP?) = wy(RP?) = w3(RP3) = 72;

o wy(RP?) < 4,
and the surface which realizes this number w2 is the minimal Clif-
ford torus T?/{—x,z} in RP3. Moreover, there exists a closed

minimal surface X, with genus greater or equal to two, realizing
the 4-width.

The computations of the widths in the above result relies on a number of crucial ingredients:
the results of Almgren and Pitts [I3], [I6] and [7] about existence of closed embedded minimal
hypersurfaces with index one and a construction of an optimal sweepouts. Moreover, the authors
used an algebraic sweepout to provide an upper bound to the ninth width.

We note that the interest about the asymptotic behavior of the volume spectrum appears
first in [5] and [6], and later on in [§]. In the first two works cited, the authors obtain an upper
and lower bound of the p-width as a particular power of its parameter p. In [10], Marques and
Neves developed the min-max theory and using the p-widths they proved a famous conjecture
of Yau, as noted before.

We highlight that produce an optimal sweepout and so compute the width is a hard task and
we have just a little works with this purpose. As example we cite one of the breakthroughs done
by Marques and Neves, [9]. Roughly speaking, after them developed the necessary machinery,
they introduced an optimal 5-sweepout associated to the minimal Clifford torus immersed in the
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