STABILITY PROPERTIES OF COMPLETE SELF-SHRINKING
SURFACES IN R?

HILARIO ALENCAR, GREGORIO SILVA NETO & DETANG ZHOU

ABSTRACT. This paper studies rigidity for immersed self-shrinkers of the mean curva-
ture flow of surfaces in the three-dimensional Euclidean space R3. We prove that an
immersed self-shrinker with finite L-index must be proper and of finite topology. As one
of consequences, there is no stable two-dimensional self-shrinker in R? without assuming
properness. We conclude the paper by giving an affirmative answer to a question of

Mantegazza.

1. INTRODUCTION

A n-dimensional self-shrinker of the mean curvature flow in R™*! is a hypersurface &

which satisfies

where H(x) is the mean curvature of ¥ at # € ¥ and v is its outward unitary normal
vector field. Here we are using the convention of [8] such that the mean curvature of a
n-dimensional round sphere of radius R is n/R, and H = trace A, where A(Y) = Vyv,
for Y € TS, and V is the connection of R**.

Self-shrinkers are known as type I singularities of the mean curvature flow. They can

also be seen as the critical points of the weighted area functional
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under all the compactly supported normal variations. Taking the second variation of the

weighted area functional, we obtain
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for every variation of the form &v, where ¢ is any smooth function with compact support.
Here £& = A — L (z, V¢) is the so called drifted Laplacian and L& = ££ + (JA]? + 1)<
We say that a complete self-shrinker is L-stable, if
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for all the compactly supported normal variations. We refer to Cheng, Mejia and the

>0
t=0

third author, see [6], for the calculations and a more detailed discussion of this subject.
It was shown by Colding and Minicozzi (see Theorem 0.5 of [9]), that there is no L-stable
smooth complete n-dimensional self-shrinkers without boundary and with polynomial
volume growth in R"*!. This non-existence result was extended to n-dimensional self-
shrinkers with sub exponential volume growth by Impera and Rimoldi, see [16]. Our first
result is to prove the volume growth hypothesis is not necessary for the two-dimensional

case:
Theorem 1.1. There is no complete L-stable two-dimensional self-shrinkers in R3.

Remark 1.1. It is natural to ask whether there exists self-shrinkers with volume growth
faster than polynomial. Halldorsson [14] proved the existence of complete self-shrinking
curves I' contained in an annulus of R? centered at the origin and which is dense in the
annulus. Since this self-shrinker is not proper, by the result of Cheng and the third author
7], it has volume growth faster than polynomial. This implies that the cylinders T' x R*~!
are self-shrinkers with volume growth faster than polynomial in R"*! (see also Proposition

1.1 of the paper [5] of Cheng and Ogata).

In order to study the L-instability of a self-shrinker, we use the concept of L-index.

Given a bounded domain 2 C X, define

Ind*(Q) = #{negative eigenvalues of L on C°(Q)}
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and the L-index of ¥ as
Ind. () := sup Ind*(Q).

acs
The L-index is the maximal dimension of the subspace in C§°(X) such that the quadratic

form
Qu(E.€) = — / cLee gy
>

is negative. Intuitively, this is the maximal dimension of the subspaces in C§°(3) such
that the compact variations decreases the weighted area. In this subject, our main result
is
Theorem 1.2. Let & be a two-dimensional self-shrinker of R3. If ¥ has finite L-index
then

i) 3 is proper;

ii) ¥ has finite topology;

ii) the squared norm |A|* of the second fundamental form satisfies
/ |A\2e_i“x”2d2 < 00.
b
As a consequence of Theorem 1.2 we have

Corollary 1.1. Let ¥ C R? be a complete self-shrinker with L-index at most 4. Then ¥
is a plane or a cylinder S*'(v/2) x R.

Remark 1.2. In [8], Colding and Minicozzi introduced the notion of F-stability considering

the variations of the functional

|z —xq|?

Froto(2) :/6_ o d3.
o

They proved that a self-shrinker with polynomial volume growth is a critical point of the

functional F}, +, under all the normal variations of the volume and under all the variations
x, and t, of the translations xy and 3. A self-shrinker with polynomial volume growth is
said F-stable if, for every normal variation ¥, of X, there exist variations x, and t, of x
and ty that make

d2
(Fxs,ts(ZS)) > 0.
d82 s=0

They also proved in Theorem 4.31, p.480, of [8] that the hyperplanes which passes through

the origin are the only F-stable self-shrinkers with polynomial volume growth.
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On the other hand, since there is no L-stable self-shrinker of polynomial volume growth
(i.e., when zy and t, are fixed and varies ¥ alone), the instability then comes from the
directions of variation given by the translations xy and t,. This gives there are at most
n + 2 directions of instability and thus, initially, F-stable hypersurfaces of R"*! has L-
index at most n+ 2. Therefore, if we want to remove the hypothesis of polynomial volume
growth in the definition of F-stability, the class of hypersurfaces which must be considered

is the one of hypersurfaces with index at most n + 2.

Cao and Li proved in [3] that properly immersed n-dimensional self-shrinkers in R"**
with the squared norm of the second fundamental form satisfying |A|* < 1/2 are of the
form S*(v2k) x R"* for k € {0,1,...,n}. As a immediate consequence of Theorem 1.2

and the result of Cao and Li, we can observe that

Corollary 1.2. The only self-shrinking surfaces in R® with finite index and such that its
squared norm of the second fundamental form satisfies |A|> < 1/2 are the sphere S*(2),
the plane passing through the origin, and the cylinder S'(v/2) x R.

In [8], section 9, Colding and Minicozzi defined the bottom of the spectrum of the
operator L by

g e s [V (AP + 5) €] e Heay
L ety ¢ [, &2 il gy

Y

where the infimum is taken over all smooth functions £ with compact support in . Notice

that it is possible to have p; = —oo. Our next result is

Theorem 1.3. Let & C R® be a two-dimensional complete self-shrinker. If jy > —1,

then X is homeomorphic to C. Moreover, it holds
/ (JAP + H?) e il7 a5 < 4r.
)

In [8], Colding and Minicozzi proved that complete, embedded, self-shrinkers with poly-
nomial volume growth satisfies p; < —% (Theorem 9.2, p.797). Moreover, they proved
that, if H change sign, then p; < —1 (Theorem 9.36, p.802 of [8]). In this paper, without

any embeddedness hypothesis, but assuming that 3 has finite weighted volume, we have
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Theorem 1.4. Let Y C R3 be a two-dimensional complete self-shrinker with finite weighted
volume. If py € (—o0, —1/2), then ¥ has finite topology. Moreover, it holds

/ (JAP + H?) e il qsy < 4y () — (2 + 1) / e il gy < oo,
> >
where x(3) denotes the Euler characteristic of X.

As a consequence of Theorem 1.3 and Theorem 1.4 we have

Corollary 1.3. Let ¥ C R? be a two-dimensional self-shrinker with polynomial volume

growth. If 3 has infinite topology, then p; = —oo.

Remark 1.3. We are using, in Corollary 1.3, the equivalence between properness, polyno-

/ e~ illzl® gy < 00
v

proved by Cheng and the third author (see Theorem 1.3, p.688-689 of [7]).

mial volume growth, and

We will include here a result answering an open question proposed by Mantegazza in
[19] for n-dimensional self-shrinkers in R™™! removing the volume growth condition or
properness. In Proposition 2.10 in [22], White proved that hyperplanes of multiplicity
one are the only ones realizing the minimum of Gaussian densities of all proper nonempty
mean curvature flows.

Later, Mantegazza reinterpreted and detailed a little bit more in the proof in his book
(see Lemma 3.2.17, p.66 of [19]) showing that, for self-shrinkers, the properness can be
replaced by the integrability condition

(1.1) / e I=ldy < oo.
s

He also asked whether the the hypothesis (1.1) can be removed (see Remark 3.2.18, p.67 of
[19]). Here we prove that the integrability condition in Lemma 3.2.17, p.66, is superfluous

which gives a positive answer to his question. Namely,

Theorem 1.5. Among all the smooth, complete, n-dimensional self-shrinkers ¥ in R" 1,
the hyperplanes of multiplicity one through the origin are the only minimizers of the func-

tional

F(%) = ! . /@—iIIwIIQdV
(47T)5 )

Hence, for all such hypersurfaces the value of this integral is at least 1.
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Remark 1.4. The results we present here, except for Theorem 1.5, will be proven in a more
general context, namely for f-minimal surfaces in three-dimensional weighted Riemannian

manifolds (M3, (-,-),e~/) satisfying
Scal +Hessf (v,v) > k

for some k € R. Here, Scal is the scalar curvature of M? and Hessf(v,v) is the hessian

tensor of f in M? applied to the outward unitary normal vector field v of ¥ in M?3.

Remark 1.5. The case of two-dimensional translating solitons and self-expanders is treated

by the first two authors in [1].

2. PRELIMINARIES

Let ¥ be a Riemannian surface with Gaussian curvature K. Let r(x) be the Riemannian
(intrinsic) distance in ¥ between = € ¥ to a fixed point zy € ¥ and let B(s) be the open
geodesic ball in ¥ of center zy and radius s. Denote by L(s) the length of the boundary
of B(s). This length function is a priori only defined for s € R, \E, where the set E
of exceptional values is closed, and has Lebesgue measure zero. For t < s, denote for
C(t,s) = B(s)\B(t), where B(t) is the closure of B(t). Denoting by x(B(t)) the Euler
characteristic of B(t), define

X(5) = sup{x(B(1))[t € [s,00)}.

This function is continuous on the left, nonincreasing from [0, c0) to Z, and with at most

countably many discontinuities. Let
{tj}jﬁzlz{0<t1 <ty <<ty <}

be the set of discontinuities, with N € NU {oo}, N = 0 when the sequence is empty, and
N = 0o when the sequence is infinite. Notice that this sequence depends on the reference

point xg. At each discontinuity ¢,, n > 1, the function Y has a jump
wy =Xt = X(E), w, € Nyw, > 1.
This implies X(s) = 1, for s € [0, ], and
X(s) =1—= (w14 Fw) <—=(n—-1),

for s € (tn, tnyi1]-
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One of the key facts we use in the proof of our results is the following inequalities,
which were proved first by Fiala [11] for the set R\ E and were extended to R by the
work Hartman [15], Shiohama and Tanaka [20] and [21]. For a more details, we refer to

the paper [2] of Bérard and Castillon.

Lemma 2.1 (Fiala’s inequality). On the set R, \E, the function L is of class C' and its

extension to R satisfies
i)
L) < 2mx(B0) - [ Kas
B()

where x(B(t)) is the Euler characteristic of B(t);
if)

b

L(b) - Lla) < L) - La) < [ L0t

whenever 0 < a < b.
The proof of the following Lemma can found in [2].

Lemma 2.2. Let ¥ be a complete Riemannian surface. Let {L‘n}nﬁz1 be the set of discon-
tinuities of the function X, with jumps w,, relative to some reference point xoy € . Let
X(X) be the Euler characteristic of 3, with x(X) = —oo if ¥ does not have finite topology.

Then,
N

n=1

We will also need the well known coarea formula, which we state here for the sake of

completeness.

Lemma 2.3 (Coarea formula). Let h : ¥ — R be a Lipschitz function. If h='((—oo,t])
1s compact for all t € R, then

t
/ g|Vsh|dE = / {/ gdA} du,
{h<t} —oo {h=u}

for every g : ¥ — R locally integrable. In particular,

d
= V g\Vgh\dE} :/ gdA.
dt | (n<ey {h=t}
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Corollary 2.1. For every g : ¥ — R locally integrable,

t
/ gdy = / { / gds} du
B(t) —00 OB (u)

where ds is the length element of 0B(u). In particular,

il
— gdZ] = / gds.
dt { B() OB(u)

Definition 2.1. Let 0 < R < S. We say that a function ¢ : [R, S] — R is admissible in
the interval [R, S] if

i) € is of class C'! and piecewise C? in [R, S];
i) £>0,¢ <0and¢” > 0.

The next lemma uses the ideas of the proof of Theorem 3.4, p.223 by Gulliver and
Lawson, see [13], see also Lemma 2.2, p.1245 of [2] and Lemma 1.8, p.276 of Castillon’s

paper [4].

Lemma 2.4. Fiz zo € ¥ and let r(z) be the distance to xq in 3. If f : ¥ — R is a
locally integrable function, such that infs, f > —oo then, for every 0 < R < @) and for any
admissible function & on [R,Q)],

(2.1)

/ KE(r)2e™/ds < e 02T (€26 4 26¢'L — 2n(R)EY | — / (€%)"(r)e”!dx.
C(RQ) C(R,Q)

Proof. Let

G(t) = /B(t) Kd¥ and H(t) = /t G(u)du.

R

Since f > infy f in C(R,Q), we have e/ < e~ ™=/ This gives

/ Ké(r)’e de < eminf=f / K&(r)2dy.
C(R,Q) C(R,Q)
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On the other hand, by using the coarea formula (see Corollary 2.1), we have

Q
/ K&(r)2dy = / £(t)? Kdsdt
C(R,Q)

R S(t)

Q Q
- [Cewrewa = ¢al; - [ @yoa
R

R

Q
2526—FG}§_/R (52)/H/dt

Q
= £2e” FG}R §)'H|% + /R(g?)“Hdt.

By using the Fiala’s inequality of Lemma 2.1, we obtain

H(t) = /R G(u)du < /R[27rx(B(u)) — L'(u)]du
< 2 R(R)(t — R) — L(t) + L(R).
Since ¢ is admissible, then (£2) = 2£¢ < 0 and (£2)" = 2(£')? + 2¢¢” > 0. Thus, using
that H(R) =0,
[ e £ €612 - (€ QRIRNQ - B) - L@ + L(R)
C(R,Q)

Q

Q
- 27%(R) / (€)"(t)(t — R)dt + L(R) / (&) (1)t

R
Q
- / (@) () L(t)dt
= &2G|% — 273(R)(€)(Q)(Q — R)
L L@@V (@) — LIR)EV Q)

+2rs(R) | €@@@Q- R - | Q(é)'(t)dt]

R

Q
L LREY(Q) — LR)(E)(R) - / (&) () L(t)dt

R

Q
— 26|24 (@YL|? - 207(R) ()2 - / (&) () L(t)dt

=[2G + (2¢¢')L — 27R(R)EY] \R / (€2 (t)L(t)dt.

Thus,

Q
/ K¢(r)y?eds < em ™7 [€2G + (2¢6¢')L — 27X(R )SQH mf”/ (£2)"(t)L(t)dt.
(R,Q) R
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By using the coarea formula again and the fact that (£2)”(¢) > 0, we have

Q Q
st [y = [y [ dsa

R

—e et [ (@) Vsl
C(RQ)

—emed [ (@yas
C(R,Q)

H' (P e T dy.
> /C NG LGE

This concludes the proof of the lemma. O

Lemma 2.5. Let {t,})_, be the discontinuities of the function X. Let N(R) be the largest
integer m such that t, < R. Let & be an admissible function in the interval [R,Q)|. If
f X —= R is a locally integrable function such that infy f > —o0, then

6inf2f/ KE(r)?e™ds < [€G + (€)' LI + 27X(tnm)E(R)?
C(RQ)

N(@Q)
(2.2) - Z 27Twn€<tn)2 - 2775(\(tN(Q))£<Q)2

n=N(R)+1

et [ @y fas
C(R,Q)

In particular, if R =0 and assuming that £(Q) = 0, then

()
: K¢(r)eds mnis S 2— nE(tn)?| — 2'(r)e! ds.
(2.3) / ) FEPetas < ome T €07 =3 k() /B @
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Proof. Applying Lemma 2.4, we have

einfzf/ Ké(r)’e fdy = einfzf/ Ké(r)’e fds
C(R,Q) C(RIN(R)+1)

N(@Q)-1

+ Z emfo/ K&(r)?e ldy
C(tn,tnt1)

n=N(R)+1

+ einf=f / Ké(r)2edx
Cltng),Q)

< €26+ 26€'L)|2 — 2nX(twir) (€ (tviry1)? — E(R)?)
N(@)-1

— 27 Z N(tn)[E(tnr1)? — €(t0)7)

n=N(R)+1

— 21X (tn @) [E(Q) — Eltn)’]
_ einfe f H'(rYe fd.
‘ / o EV

Since X(t,) = wn + X(tn—1), we have
Xlnm) Etnmn)? —ER+ Y X(ta)E(tni)® = £(t)7]

+ X(tn@) [E(Q) — E(tv)?]

N(@Q)-1
= )?(tN(R))f@N(R)H)Q — X(tnm)E(R)* + Z X(tn)€(tns1)?
n=N(R)+1
N(Q)-2
- Z X(tni1)€ (1) + X(tv@)E(Q)* = X(tn@)E(tv)?
n=N(R)
N@)-1 N(Q)-
= —Rnm)ER)+ D X(tn)E(tnta)’ Z X(tn+1)&(tns1)” + X(tn)E(Q)?
n=N(R)
N(Q)
= —X(tvw)ER)? = Y [K(tn) = R(tn-1)IE(t)* + X(tn@)é(Q)?
N(R)+1
N(Q)
= —R(nm)ER)” = D wibltn)® + X(tn@))E(Q)*
N(R)+1

This concludes the proof of estimate (2.2). O
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Definition 2.2. Let (3, (-, -),e~/) be a Riemannian surface with weighted measure e~/ d¥%
and Aju = ef div(e™fu) = Au — (Vf,Vu) be its weighted Laplacian, where A denotes
the Laplacian and V denotes the gradient on . If W is a locally integrable function and
a € R, we say that the operator Ay — aK — W is nonnegative if the quadratic form

Q€)= - / €A € — aE — Wele

(2.4) z

= / [[VEP? + aK& + We] e dx > 0,
>

for every Lipschitz function with compact support in ¥ (or equivalently on C' functions

with compact support).

Proposition 2.1. Let ¥ be a complete, noncompact Riemannian surface, f : ¥ — R and
W ¥ — R be locally integrable functions such that infy, f > —oo. If Ay —aK — W is

nonnegative, then

B(Q)

=t / W_E(r)etds + o= ! / [(2a = 1)(€(r)* + 2a(r)¢" (r)]e
B(Q)
(2.5) N(Q)

+ 2ma Z wné(ty)? < 2ma&(0)? + einfzf/ W E(r)2e /s,
n=1 B(Q)

for every admissible function with support in B(Q), where B(Q) is the geodesic ball of ¥
with center at a fized reference point xo € ¥ and radius Q@ > 0. Here, W, = max{W,0},
W_ = max{—W,0}, {t,})_, is the set of discontinuities of the function Y, w, = X(t;) —
X&), and N(Q) is the largest integer n such that t, < Q. In particular, if a € (1/4,00),
then taking £(t) = (1 —t/Q)** for a > 4a/(4a — 1), we have, for every e € (0, 1),

einfg f

(1 —¢)enfs/ W_e™dY + af(4a — 1)a — 2a](1 — €)**2 e ldy

B(=Q) O )
NQ)

2c
t .
+ 27ma E Wh, (1 - —n) < 2ma + emfo/ W+e_fd2.
ot Q B(@Q)

Proof. First notice that W = W, — W_. Applying the inequality (2.4) to the admissible

(2.6)

function £(r(x)) gives

W_g(r)2eds < / [(€'(r)? + aKE(r)?)eds + W.oE(r)2edx.

B(Q) B(Q) B(Q)
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Considering £(Q) = 0 and using (2.3), we have
. N(Q)
/ W_g(r)?etds < / (&(r))’e 7 dS + 2mae™ ™= |£(0)° = ) wa(ta)’
B(Q) B(Q) n=1

- 2\ —f 2 _—f
a/B(Q)(ﬁ )'(r)e dZ—i—/B(Q) Wig(r)e ds.

— 2rac MIEOP + [ (1= 20)(€10)) ~ 20€(r)¢" (1)) S

B(Q)
N(Q)
— 27a Z wné(t,)? +/ W E(r)2efadx.
n=1 B(Q)

This proves (2.5). By taking £(r) = (1 —r/Q)%, where a > 1, we have

gy =—2 (1 _ 1) " <0, and &'(r) = ala—1) (1 — i>a_2 >0
Q Q T Q? Q T

which implies that ¢ is admissible. Moreover,

(1= 20)(€'(r))? — 2a€(r)e"(r) = — 20— Da = 2a] (1 ) -

Q? Q
This gives
r 2c N(Q) ¢ 2c
infzf/ 1474 (1——) dv 42 (1——")
e _ e Ta W,
B(Q) Q ; Q
infz f 2a—2
(2.7) + af(4a — Do —2a i (1 — i) e ldy
[ ) 1= o 0

< 2ma + einfzf/ Woe /dy.
B(Q)

4a

Taking a > 1/4 and o > 7%,

all the terms in the left hand side of (2.7) are nonnegative.

In order to conclude the proof of the proposition, notice that, for every ¢ € (0, 1),

2 2c
T T
w_ (1 — —> ety > w_ <1 - —) e fdy
/B(Q) Q B(=Q) Q

> (1—¢)™ W_e fdy.
B(=Q)

Analogously, since, for r € [0,2Q)], (1—¢)? < (1-r/Q)? < 1if f>0and 1 < (1-7r/Q)" <

—Lif 8 < 0, we have

(1—¢)P
einfs f / ( r >2a—2 einfs f
— 1-—= e dy > (1 - 5)20‘_2—/ e ldy.
Q* Jpo Q Q* JBo
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Replacing these two estimates in (2.7) gives

N(Q) 2c¢
: t
1 — g)%eeintzf W_e /dS + 2ra W, (1 — —n)
( ) B(<Q) ; Q
6infzf
+ of(4a — 1)a — 2a](1 — &)**?—— e fay
Q* Jseo

< 2ma + ™=/ / WJre’de.
B(Q)

3. f-STABILITY

If ¥ is a complete, orientable, f-minimal surface of a weighted manifold (M3, {-,-),e~/),
then its mean curvature H satisfies H = (V f, v), where V denotes the gradient of M? and
v is the outward unitary normal vector field of the immersion. The f-minimal surfaces

are the critical points of the weighted area functional

/ e fdy
b

under all the compactly supported normal variations. Taking the second derivative, we
d2
— e 1dy
de? \ Js

for every variation of the form £, where £ : ¥ — R is a smooth compactly supported

have

. / E[AsE + (JA]? + Ricy (v, 1))Eleds
t=0 3

= —/5Lf§efd2,
by

function. Here,

Ly = Ag€ + (|A]2 + Ric (v, )¢
is the L-stability operator, A;& = e/ div(e™/VE) = A¢ — (VE, V) is the weighted
(drifted) Laplacian, V is the gradient of 3, |A]? is the squared norm of the second fun-
damental form of 3, Ric; = Ric + Hessf, Ric is the Ricci tensor of M3, and Hessf is the
Hessian tensor of f in M3. We refer the reader to [6] to more detailed discussions and
calculations.

We say that a f-minimal surface is L-stable if

i (o)
— e 1dX
dt? \ Js

>0
t=0
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for every compactly supported variation. Since the squared norm of the second funda-
mental form satisfies
A = H? - 2(K — K(TY))
= (Vf,v)? — 2K + 2K (TY),
where K(TY) is the sectional curvature of M? at the plane TS, if ¥ is L-stable, then
0=~ [ €[A€+ (AP + Ry r))e] e /s
b
1 1 — S
= / {]VQQ + K¢&? — (§]A|2 + §(Vf, v)? + Scal +Hess f (v, I/)) 62] e dy
)

1 S
= / {]Vf]g + K¢&? — (5]14\2 + %H2 + Scal +Hess f (v, V)) 52] e 1dy,
>

for every smooth function ¢ with compact support in 3.
If ¥ is closed (i.e., compact without boundary), an argument similar to Fischer-Colbrie

and Schoen, see [12], gives

Theorem 3.1. If a Ly-stable, closed, f-minimal surface ¥ of a weighted three-dimensional

Riemannian manifold (M3, (-,-),e~7), satisfies
Scal +Hessf(v,v) > 0,

then ¥ is homeomorphic to the sphere S? or the flat torus T?. Moreover,

i) if Scal +Hessf(v,v) > 0 then X is homeomorphic to S?;
ii) if 3 is homeomorphic to T? then ¥ is totally geodesic and Scal +Hessf(v,v) = 0.

Here Scal is the scalar curvature of M3, Hessf is the Hessian tensor of f in M?®, and

v is the outward unitary normal vector field of the immersion.
Proof. Since ¥ is Ly-stable, we have

/Z (%]AF - %HQ + Scal +Hessf (v, y)> e ldy < /E [[VEP + K€% e/ dx.
Taking £ = 1 and using the Gauss-Bonnet theorem, we have

1 1 -
/<§]A|2+Scal+§H2+Hessf(y, y)> e dy g/Ke—de.
% P

< (maxef)/KdE
2 s

= 27r(mzax e Nx ().
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Since the left hand side is nonnegative by hypothesis, we have that x(X) = 1 or x(X) = 0.
In the first case ¥ is homeomorphic to S? and, in the second case, 3 is homeomorphic to T2.
Moreover, if Scal +Hessf(v,v) > 0, then x(X) = 1 and ¥ is homeomorphic to S?. If ¥ is
homeomorphic to T2, then x(X) = 0, which gives |A|?> = 0 and Scal +Hessf(v,v) =0. O

Remark 3.1. Theorem 3.1 can be compared with Theorem 1, p.1066, of [18], where Liu
proved a topological classification result for closed, orientable hypersurfaces in oriented,

complete, m-dimensional Riemannian manifolds (M™, g, e~/) satisfying Ric; > 0.

In the following we will consider the case where ¥ is complete and noncompact. For

L¢-stable f-minimal surfaces with infy, f > —oo0, we have

Theorem 3.2. If a Ls-stable, complete, f-minimal surface > of a weighted three-dimensional

Riemannian manifold (M3, (-,-),e~7T), for infy, f > —o0, satisfies
Scal +Hessf(v,v) > 0,

then 3 is homeomorphic to C or C\{0}. Moreover,

i) the f-volume of 33 has alt most quadratic growth;
i) if ¥ is homeomorphic to C\{0}, then ¥ is totally geodesic and Scal +Hessf(v,v) =
0.
iii) it holds

1 1 _— )
/ [§\A|2 + §H2 + Scal +Hess f (v, 1/)} e dY < 2my(D)e M < 0.
>

In particular,

/ |Al2e™7dY < 0.
>

Moreover, if there exists k > 0 such that Scal +Hessf(v,v) > k, then the f-volume
of X is finite.

Here Scal is the scalar curvature of M3, Hessf is the Hessian tensor of f in M3, and v

18 the outward unitary normal vector field of the immersion.

N

Proof. Since infy, f > —o0, we can use Proposition 2.1. Let {t,},_; be the discontinuities

of X(s). Choose N = N if N < oo and consider N as any fixed integer if N = oco. By
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taking @) large enough, inequality (2.6) gives

1 1 —
(1— 5)2“/ —|A]> + =H? + Scal +Hessf(v,v) | e /d%
B(=Q) 12 2

2 2a—2 1 _
(3.1) +a(Ea =21 -9 o /B(sQ) -

By taking () — 0o, we obtain, from the second integral in the left hand side of (3.1), that
i) B(O) e~/d¥ has at most quadratic growth and, by taking N — N,

N
E Wy < 0.
n=1

Since w, > 1, we get N < oo. On the other hand, Lemma 2.2, p.7, implies

N
n=1
which gives, by taking ¢ — 0,
1 1 _ ,
/ {5“4’2 + §H2 + Scal +Hess f (v, y)} e fdy < 2ry(D)e "/ < .
>

Moreover, since the left hand side of the last inequality is nonnegative, we have

N
an <1
n=1

and thus N = 0 and ¥ is homeomorphic to C or N = 1, w; = 1 and ¥ is homeomorphic

to C\{0}. Moreover, if ¥ is homeomorphic to C\{0}, then x(X) = 0, which gives

0< /2 B]AF + %HZ + Scal +Hessf (v, u)} e TdL = 0.
This implies that X is totally geodesic, Scal +Hessf(v,v) =0 and (Vf, N) = 0. O
Remark 3.2. The hypothesis Scal +Hessf(v, ) > 0 of Theorem 3.2 can be replaced by

the weaker one

/(ﬁ#—Hessf(u, v))_e1dY < co.
>

In this case, however, we obtain the weaker result that 3 has finite topology, i.e., its Euler
characteristic x(3) > —oo. Here, W_ = max{—W, 0} is the negative part of the function
Ww.
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If ¥ is a L-stable, complete self-shrinker of the mean curvature flow in R?, then ¥ is a
L-stable f-minimal surface of R? for f = inHQ Applying Theorem 3.2 to this situation

we can prove Theorem 1.1:

Proof of Theorem 1.1. By using Theorem 3.2, and noticing that infy, 1[|z[|? > 0, we have

1

1 o2
5/ <|A|2 + 4, V)% + 1) e~ 1l gy < 27y (2) < 0.
b

In particular,

/ e_%HIHQdE < 00.
b

On the other hand, Colding and Minicozzi proved in [8] (see Theorem 0.5 of [9]) that there
is no L-stable self-shrinker with polynomial volume growth. Since polynomial volume
growth is equivalent to [, e~ 1171’ 4% < 0o by Theorem 1.3, p.688-689, of [7], we conclude
the proof of the Theorem. We remark that this conclusion can be also derived more

directly by using Theorem 3, p.4042, of [6]. O

4. f-INDEX

Let L = Ay — W, where W is a locally integrable function. Given a bounded domain
Q) C X, define
Ind*(Q) = #{negative eigenvalues of L on C°(Q)}

and the f-index of ¥ as
Ind;(X) := Ind"*(¥) = sup Ind"(Q).
Qcy
The f-index is the maximal dimension of the linear subspaces of C§° such that the qua-

dratic form

Qr(&,€&) = —/EéLéedeI —/Eﬁ[Afé—Wg] e ldy = /E [IVE? +We?] efax

is negative.
We will need the following result, due to Devyver [10], and which was enunciated in

the following form by Impera and Rimoldi in [16], Proposition 5, p.29:

Proposition 4.1. Let (3, (-,-),e™/) be a weighted complete manifold, and let L = Ay—W,
where W € L2 (X). The following facts are equivalent:

loc

i) L has finite Morse index;
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ii) there exists a positive smooth function ¢ € I/Vlif which satisfies Lo = 0 outside a

compact set;

iii) AL(M\Q) > 0 for some Q C X, i.e., L is nonnegative in M\S).

We will also need the following result, which use some ideas of Proposition 4.1., p.1259,
of [2]:

Proposition 4.2. Let (2, (-,-),e™f) be a weighted complete Riemannian manifold and let
W be a locally integrable function on X. Then the operator L = Ay —W has finite f-index
if and only if there exists a locally integrable function P with compact support such that

the operator Ay — W — P 1is nonnegative.

Proof. Suppose that L = Ay — W has finite index. By the Proposition 4.1, there exists
a compact set K C X such that L is nonnegative in ¥\ K. Let us find a function P, with
support in a compact neighborhood of K, such that L — P is nonnegative in the whole
Y. Let ¢ be a smooth function with compact support, such that 0 < ¢ <1, and ¢ =1 in
a compact neighborhood of K. Given any smooth function £ with compact support in 3,

write

§= o5+ (1 - 9).
We have

/E [[VEP +WeP] e /ds
= [ V(1= 9098 + 29069, 9((1 - 6)8)) + [V (9] 2
+ /E W (1= )% + 20(1 — 9)&% + (¢€)*] e~/ dx
= [ 19 =09k +w( - ) efas
+ /E W [¢° +26(1 — ¢)] e~ /dD

+ [ 29066, 91~ 9)9) + V(0] e Vaz.
On the other hand, since
(V(66), V(1 - 0)6)) = (V6 + 6VE,—€V6 + (1 — )VE)
— V6P + (1 - 20)(V6, VE) + 6(1 — 6)| V[
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and
IV(€)|” = ¢*|VE]? + 206(V g, VE) + £V,
we have

2V(66), V(1 - $)6) + [V (66 = ~€2|V[? + 26(1 - 6)(VE, V)
2 (1 - §¢) e
On the other hand, since div(uVv) = uA v + (Vu, Vo), we obtain
2 (1~ O)(VE, V6) = ~ L (V(E), V(1 - 6)")
= L divg(EV((1 - ) + 5625 ((1 - 0)?)
This gives
JIveP +wetetas = [ V(1= ) + W1 = 0)e)?] e Y
+/ZW (0% +26(1 — ¢)] e /dE — /E§2|ng5|2e_fd2
v [eada-opetazi2 [o(1-50) wepetas
= [ v =00)F + W - 0 e Ma
+ 2/2¢ (1 - %qﬁ) IVEPe fan
- [ oto = 2w+ 9o - fas(a - op)| ez

Defining
1
P = (¢ =W + Vo’ = SA((1-9)°)

we can see that P is locally integrable, has compact support in >, and
[ IVeR £ Wet 4 P ertaz = [ [[9((1= )P + W((1 - 0)¢)] e/
b b

+ 2/Z¢> (1 — %¢) |VEPefdx > 0.

Conversely, suppose there exists a locally integrable function P with compact support and

such that L — P is nonnegative. Let K C Y be a compact neighborhood of the support
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of P. Given any function ¢ with compact support in 3\ K, we have
/ [|[VEP +WeP] e ldE = / [IVEP? +WE + P& e /ds > 0.
b by

This gives that L is nonnegative in M\ K. By Proposition 4.1, we conclude that L has
finite index. O

In the following we will consider the f-index of the stability operator
Ly = Ag + (Ricy(v,v) +]A]%).
Now we are ready to present the main result of this section:

Theorem 4.1. If a complete f-minimal surface ¥ of a weighted three-dimensional Rie-

mannian manifold (M3, (-,-),e~7), for infs, f > —o0o, has finite f-index and satisfies
Scal +Hessf (v, ) > 0,

then X2 has finite topology (i.e., the Euler characteristic x(X) > —oc). Moreover,
i) the f-volume of ¥ has quadratic growth;
ii) it holds

1 1 -
/ {§|A|2 + §H2 + Scal +Hessf (v, v) | e 7d¥ < oo.
s

In particular,

/ |Al2e™7dY < 0.
s

Moreover, if there exists k > 0 such that Scal +Hessf(v,v) > k, then the f-volume
of ¥ is finite.

Here Scal is the scalar curvature of M3, Hessf is the Hessian tensor of f in M3, and v

18 the outward unitary normal vector field of the immersion.

Proof. Since X has finite index, by Proposition 4.2, there exists a locally integrable func-
tion P, with compact support, such that L; + P is nonnegative. Since infs, f > —oo0,
we can use Proposition 2.1. Let {t,} _, be the discontinuities of Y(s). Choose N = N
if N < oo and consider N as any fixed integer if N = oco. By taking @ large enough,
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inequality (2.6) gives

1 1 S
(1— 5)2a/ {—|A|2 + ~H? + Scal +Hess f (v, 1/)} e fdx
B(=Q) 2

2
1
+ a(3a —2)e*(1 — g)* 2 / e dy
(4.1) (€Q)? /()
N + 2a
+ 2re~ 0t f an <1 — 5) < 2me =S 4 / Pe=/dx.
n=1 by

Notice that, since P ha compact support and it is locally integrable, then the last in
integral in the right hand side of (4.1) is finite. By taking () — oo, we obtain, by the
second integral in the left hand side of (4.1), that [ B(Q) e~/d¥ has at most quadratic
growth and, by taking N — N,

N
E Wy < Q.
n=1

Since w, > 1, we get N < co. On the other hand, Lemma 2.2, p.7, implies

N
1- an < x(%)
n=1
which gives, by taking ¢ — 0,

1 1 —
/ {§|Al2 + §H2 + Scal +Hessf(v,v)] e/dx
5

< 2my(R)e =S / Pe™1d¥. < cc.
)
Moreover, since the left hand side of the last inequality is nonnegative,
x(X) > —einfzf/ Pe1dY > —o0,
)

i.e., X has finite topology. U
Remark 4.1. The case when infy, f = 0o is treated by the first two authors in [1].

Now, we conclude this section by proving Theorem 1.2 and Corollary 1.1 in the Intro-

duction.

Proof of Theorem 1.2. Applying Theorem 4.1, we obtain that ¥ has finite topology and

it holds

1 1
5/ (|A|2 + é_l<$’ v)? + 1) e 1l 7% < oo,
>
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This gives
— L2 _ 1012
/ |APPe1le17g%Y < 00 and /e 1l gy < oo
s 2

By the last statement and using Theorem 1.3, p.688-689, of [7], we have that ¥ is proper.
OJ

Proof of Corollary 1.1. Since the L-index is at most 4, then by Theorem 1.2 we have that
Y. is proper. The conclusion comes from the result of Impera, see [17], which proves that
a properly immersed m-dimensional self-shrinker of R™*! is a hyperplane with L-index

one or it has L-index at least m + 2, with the equality holding only on the cylinders
S*(VE) x Rk, O

5. THE BOTTOM OF THE SPECTRUM OF THE STABILITY OPERATOR

Definition 5.1. Let ¥ C (M3, {-,-),e™/) be a f-minimal surface. We define the bottom
of the spectrum of the L;-operator on X by

o fELEetan [ [IVER (AR £ Rity ()€ eI
H1 : fz £2e-1dy € fz £2e—Fdn) 5

where the infimum is taken over every smooth function with compact support in 3. Here

Ly€ = Ag&+ (Ricy(v,v) + [AP)E.

Remark 5.1. Following our previous discussions, Definition 5.1 is equivalent to the in-

equalities
0< /E [Wg\? + K¢ — (%|A|2 + %(W, v)? + Scal +Hessf (v, y)) €2 — mg?] e~ dx
= /E [|V§|2 + K& — <%|A|2 + %H2 + Scal +Hessf (v, y)> I m&ﬂ e fdx
for every smooth function £ with compact support in X.

The proof of the next result follows the same steps of the proof of Theorem 3.2. Theorem

1.3 and Theorem 1.4 are direct applications of this theorem by taking f(z) = 1||z[|* > 0.

Theorem 5.1. Let Y be a complete f-minimal surface of a weighted manifold (M3, {-,-),e~/),

such that infs, f > —o0o and Scal +Hessf(v,v) > 4§, for some 6 € R.



24 HILARIO ALENCAR, GREGORIO SILVA NETO & DETANG ZHOU

i) If the bottom of the spectrum of Ly satisfies 11 > —9, then X is homeomorphic to
C or C\{0}, the f-volume of ¥ has at most quadratic volume growth, and it holds

1 1 S — ,
/ [§\A!2 + §H2 + Scal +Hessf(v,v) — 0| e 7d% < 2my(8)e” ™=/ < 0o,
2

Moreover,
a) if ¥ is homeomorphic to C\{0}, then ¥ is totally geodesic and Scal +Hessf (v, v) =
5:
b) if there exists € > 0 such that Scal +Hessf (v, ) > 0 +¢, then ¥ is homeomor-
phic to C and it has finite f-volume, i.e., fz e TdY < 0.
ii) If the bottom of the spectrum of Ly satisfies 11 € (—00, —d) and the f-volume of
Y is finite, i.e., fz e fdY < 0o, then ¥ has finite topology. Moreover,

1 1 S
/ {§]A|2 + §H2 + Scal +Hessf (v, v) — (5] e fdx
b
<2y (X)e M= (g + ) / e dY < oo.

by

In both situations, we have, in particular, that
/ |Al2e 7 dY < co.
b

Here Scal is the scalar curvature of M3, Hessf is the Hessian tensor of f in M3, and v

18 the outward unitary normal vector field of the immersion.

Proof. In fact, we can use, in Proposition 2.1, p.12,

1 1 —
(5.1) W=— (5\14]2 + §H2 + Scal +Hess f (v, v) — (5> — (1 +9)
in the proof of item i) and to observe that W, = 0. In the case ii) we observe that
W, = —(pu1 + §). The conclusion comes following the same steps of the proof of Theorem
3.2. O

Theorem 1.4 is an immediate consequence of Theorem 5.1. The proof of Theorem 1.3

we proceed as follows.

Proof of Theorem 1.3. The proof is an immediate consequence of Theorem 5.1, except by
the situation that ¥ homeomorphic to C\{0} cannot happen. In fact, if ¥ is homeomor-
phic to C\{0}, then x(¥) = 0 and thus, by the item ii) of Theorem 5.1, |[A|*> = 0, i.e.,

Y is totally geodesic. Since the totally geodesic surfaces of the Euclidean space are the
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planes, which are homeomorphic to C, we conclude that the case of > homeomorphic to

C\{0} cannot happen. O
We conclude the paper proving Theorem 1.5.

Proof of Theorem 1.5. Assume for the sake of contradiction the hyperplane P with multi-
plicity one through the origin is not the unique minimizer among the self-shrinkers. Then
there exists a self-shrinker M such that F'(X) is at most F(P) = 1. From Theorem 1.3,
p.688-689 of [7], the finiteness of F(X) implies that ¥ is proper which implies that it has
polynomial volume growth which implies the integrability in the Lemma. The rest of the

proof follows from Proposition 2.10 in [22]. O
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