Isoperimetric inequalities and monotonicity
formulas for submanifolds
in warped products manifolds

Hilario Alencar and Gregério Silva Neto

Abstract. In this paper we first prove some linear isoperimetric in-
equalities for submanifolds in the de Sitter—Schwarzschild and Reissner—
Nordstrom manifolds. Moreover, the equality is attained. Next, we prove
some monotonicity formulas for submanifolds with bounded mean cur-
vature vector in warped product manifolds and, as consequences, we give
lower bound estimates for the volume of these submanifolds in terms of the
warping function. We conclude the paper with an isoperimetric inequality
for minimal surfaces.

1. Introduction

Let I C R be an open interval and N"~! be a Riemannian manifold. We define
the n-dimensional warped product manifold by M™ = I x N*~1, n > 2, endowed
with the warped metric

(1.1) = dr? +h(r)QgN,

where h: I — R is a smooth and positive function, called the warping function,
and gy is the metric of N™~1.

These manifolds were first introduced by R. Bishop and B. O’Neill in 1969,
see [2], and has had increasing importance due its applications as model spaces
in general relativity. There are many interesting papers in this subject, see for
example [12], [3], [5], [4], [1], [18], [19], [8], and [6] for more references and results.

In the following we introduce some examples of warped product manifolds used
in this paper.

Example 1.1 (The space forms R", H"(¢), ¢ < 0, and S™(¢), ¢ > 0,n > 2).
We can consider the space forms as warped product manifolds endowed with the
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warped metric g = dr? + h(r)?ggn-1, where gg.—1 denotes the standard metric of
unit (n — 1)-dimensional sphere S*~1.
(i) For R™, the warping function is h(r) =r, r € (0, 00);
(ii) For H"(¢), the warping function is h(r) = \/174: sinh(y/—cr), r € (0, 00);
(iii) For S"(c), the warping function is h(r) = \}C sin(y/er), r € (0,7).

Example 1.2 (The de Sitter-Schwarzschild manifolds). Let n > 3, m > 0 and
c € R. Let

(50,81) = {5 > 0;1 —ms®>"™ —¢cs? > 0}.
If ¢ <0, then s; = co. If ¢ > 0, assume that 4(n_"2n)n_2 m2¢"=2 < 1. The de Sitter—

Schwarzschild manifold is defined by M™(c) = (sg,s1) x S"~! endowed with the

metric
1

— 22
= | s — g2 ds”™ + s“ggn-1.

g
In order to write the metric ¢ in the form (1.1), define F': [sg,s1) — R by
1

F'(s) = ,
(#) V1 —ms2—n — cs2

Taking r = F(s), we can write g = dr? +h(r)%2ggn—1, where h: [0, F(s1)) — [0, 51)
denotes the inverse function of F. The function h(r) clearly satisfies

(1.2) W (r) = /1 —mh(r)2™ — ch(r)?, h(0)=sy, and h'(0)=0.

Example 1.3 (The Reissner-Nordstrom manifold). The Reissner—Nordstrom man-
ifold is defined by M™ = (sg,00) x S*~ ! n > 3, with the metric

1

_ 2 2
= s 4 2si—n ds® + s“ggn-1,

9

2 1/0-2)

where m > 2¢ > 0 and sp = ( Jm g2 is the larger of the two solutions
m—+/m?—4q

of 1 —ms? "+ ¢%s?72" = 0. In order to write the metric g in the form (1.1), define
F: [sg,00) = R by

1

F'(s) = 2— 2.4—2n’
\/1—ms "4 gestTEn

Taking r = F(s), we can write g = dr? + h(r)?ggn—1, where h: [0,00) — [sg,0)
denotes the inverse function of F. The function h(r) clearly satisfies

(1.3) KW (r) = /1 —mh(r)2™ + ¢2h(r)4=2", h(0) =so, and &'(0)=0.

In this paper we first prove some linear isoperimetric inequalities for subman-
ifolds in the de Sitter—Schwarzschild and Reissner—Nordstrom manifolds. In par-
ticular, we obtain some known isoperimetric inequalities for submanifolds in space
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forms. Next, we prove some monotonicity formulas for submanifolds with bounded
mean curvature vector in warped product manifolds and, as consequences, we give
lower bound estimates for the volume of these submanifolds in terms of the warp-
ing function. We conclude the paper with an isoperimetric inequality for minimal
surfaces.

The first result is an isoperimetric inequality for submanifolds in the de Sitter—
Schwarzschild manifold.

Theorem 1.1. Let ¥ be a k-dimensional, compact, oriented, submanifold, k > 2,
of the de Sitter—Schwarzschild manifold M"™(c) = (so,s1) x S"~1, n > 3.

(i) If = C (so, (mn/2)Y(=2)) x "1, then

ds;
k1 mdd ™ — cdd
d

a Ricrn (o) (V) |Ver[* dS,
k(n—l)(l—md;”—cd;)/Z iy (¢ (V)| Vsr|

5] < [|az|+k/ 1| ds]
P

(1.4)

where ds; = min{s € (sg,s1); X N {{s} x S"~1} £ O}. In particular,
(1.5) x| < C’l(dg)[|82| +k/ |ﬁ|d2},
by

where
de/1—md3 " — cd,

Ci(ds) = .
1(ds) (1= &™) + (k—1)(1 —mdy "™ — cd3)

(ii) If ¢ >0 and X C ((m(n— 2)/(20))1/",31) x SP=1 then

Ry,
k1 - mRE™ — R
d

a Ricrn (o) (Vr)|Ver[* dS,
k(n—l)(l—md;”—cd;)/Z ican (¢ (V)| Vsr|

5] < [|az|+k/ 1| ds]
P

(1.6)

where Ry, = max {s € (so,51); 5N {{s} x S"7'} #0}.
(ili) If ¢ < 0 and £ € ((mn/2)Y/"=2 00) x "7, or if ¢ > 0 and £ C
((mn/?)l/("_Q), (m(n — 2)/(20))1/") x S"1 then
Ry,
k1 - mRE™ — R
RS,

— Ricysn (o (Vr)|Vsr|? dE.
k(n—l)(l—mR%_"—cR%)/z iearm o (Vr)[Ver]

5| < [|az|+k/ |ﬁ|d2}
>

(1.7)
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(iv) Forc € R and ¥ C ((mn/2)"/("=2) 51) x S"~1, we have also
Ry,

a8 I9<
(k—1)\/1 - mRE™ —cR2

[|az| + k/z || dz]

In particular, if ¢ < 0, then

1 -
1.9 3| < oX|+k | |H|dX|.
(19) SIS gy 0%k 1]

Moreover, if ¥ is a slice {s} xS" ™1, then the equality holds for the inequalities (1.4),
(1.6), and (1.7). Here, Ricysn (o) denotes the Ricci curvature of M™(c), Vr denotes
the gradient of the distance function r, Vyr denotes the component of Vr tangent
to X, and H denotes the normalized mean curvature vector of .

Remark 1.1. Since Cy(dsg) < 0 for dx near from sg, the inequality (1.5) holds
only away from sg, for those dy; such that C;(ds) > 0. Since C4 ((mn/2)1/("_2)) =
1/(k—1) > 0, there exists s € (so, (mn/2)1/("’2)), depending on m,n,c and k,
such that C(ds) > 0 for every dy. € (s, (mn/2)1/("_2)) .

If £ = n, we obtain an isoperimetric inequality for domains in the de Sitter—
Schwarzschild manifold:

Corollary 1.1. Let Q be a domain of the de Sitter—Schwarzschild manifold with
smooth boundary OS).

(i) If @ C (so, (mn/2)Y/(=2)) x "1 n >3, then
(1.10) 1] < Ci(dq) |09,

where
do /1 —md3y " — cd?,
(1—"mdg™) + (n—1)(1 —mdy ™ — cd3)’
and do = min {s € (so, (mn/2)Y"=2) QN {{s} x S"~1} £0}.
(ii) If Q@ C ((mn/2)Y("=2) 51) x S*=1, n >3, then

Ci(dq) =

(1.11) Q| < 109,

Rq
(n— 1)\/1 —mRy " — cR?,

where R = max {s € ((mn/2)Y/"=2 s);Qn {{s} x S" 1} #0}. In par-
ticular, if ¢ < 0, then

1
V—c(n—1)

Taking m — 0 in the de Sitter—Schwarzschild manifold, it becomes H"(c)
for ¢ < 0, S”(¢) for ¢ > 0 and R™ for ¢ = 0. Thus, as consequences of Theorem 1.1
we obtain isoperimetric inequalities for submanifolds in space forms. First, we
present an isoperimetric inequality for submanifolds of the hyperbolic space.

(1.12) Q| < 109)].
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Corollary 1.2. Let 3 be a k-dimensional, compact, oriented, submanifold, k > 2,
of the hyperbolic space H"(c), n >3, ¢ < 0. Then

tanh(y/—c Ry,)

(113) o< Y

[|az|+k/ 1| dz] + 1/tanh2(\/—cr)|V2r|2dE,
b P

k

where Ry, is the radius of the smallest extrinsic ball which contains X. If ¥ is a
geodesic sphere, then the equality holds.

Remark 1.2. It is possible to obtain another proof of Corollary 1.2 from the
proofs of Theorem 6 (b), p. 185 of [7], for H = 0, and Corollary 3.6, p. 533 of [16],
for arbitrary H.

Remark 1.3. Since the de Sitter-Schwarzschild manifold, ¢ < 0, becomes H"(c)
when m — 0, the inequality (1.12) holds also for H"(c). This fact was proved first
by S.-T. Yau in [20], see Proposition 3, p. 498.

The next corollary is an isoperimetric inequality for submanifolds of the open
hemisphere S (c).

Corollary 1.3. Let X be a k-dimensional, compact, oriented, submanifold, k > 2,
of the open hemisphere STy (c), n >3, ¢ > 0. Then

tan(y/c Ry;)

(g pp =

[|az|+k/ 1| dz] - l/tanQ(\/cr)|Vgr|2dE,
b k b

where Eg is the radius of the smallest extrinsic ball which contains 3. If ¥ is a
geodesic sphere, then the equality holds.

Remark 1.4. Tt is possible to obtain another proof of Corollary 1.2 from the proofs
of Theorem 6 (a), p. 185, of [7], for H = 0, and Corollary 3.4, p. 533, of [16], for
arbitrary H.

Our second result is the following isoperimetric inequality for submanifolds in
the Reissner—Nordstrom manifold.

Theorem 1.2. Let ¥ be a k-dimensional, compact, oriented, submanifold, k > 2,
of the Reissner—Nordstrom manifold M™ = (sg,00) x S*=Y n > 3. Let s =
( 4(n—1)¢> )1/("_2)

mnf\/an?716(nfl)q2 '

(i) If ¥ C (so,82) x S"1, then

5 < .

| k1 - mdd 4 g2l

- % / Rican (Vr)|Vsr|* dS.
k(n—1)(1— md%_" + qu‘é—Q") 5

[|az| + k/ || dz}
(1.15 )
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In particular,

(1.16) |Z] < [|az|+k/ |H’|d2],
b))

(Ca(ds) — \/1 - md2 g 2din
where dy, = min {s € (sg,00); N {{s} x S"7'} #£0}.
(i) If ¥ C (s2,00) x S"71, then
Ry
k1 - mRE™ 4 2RE™
R2

(1.17) - . o /RicMn(Vr)|Vgr|2d2.
k(n —1)(1 —mRE™ + 2Ry, *") Jx

5| < [|az|+k/ |ﬁ|d2}
b))

In particular,

(1.18) |9 < [|az|+k/ |ﬁ|dz},
>

(Ca(ds) — \/1 — R2 "4+ 2Ry
where Ry, = max {s € (s2,00); Z N {{s} x S"71} #0}.

Moreover, if ¥ is a slice {s} x S"~! then the equality holds for both inequali-
ties (1.15) and (1.17). Here,

_n—2 2¢* 1 _m(n=2) 5, 4—2n
Calde) = ) 2 (m—dgz) i =y O,

Remark 1.5. Since C3(dy) — 0o when dy. — sg, the inequalities (1.16) and (1.18)
hold only away from sg, i.e., for C2(dyx) < k. On the other hand, since Cz(dx) — 0
when dy, — oo, there exists s € (sg,00) depending on m,q,n and k, such that
Cy(ds) < k for every dx € (s,00).

If £ = n, we obtain an isoperimetric inequality for domains in the Reissner—
Nordstrom manifold.

Corollary 1.4. Let Q2 be a compact domain in the Reissner—Nordstrom manifold
with smooth boundary OS).

(i) If Q C (s0,82) x S"™1, n >3, then
do

0] <
(Ca(d) — m)y/1 = md3 ™+ q2dly "

1091,
where do = min {s € (so,00); QN {{s} x S"71} #£0}.

(i) If Q C (sg,00) x S®7L n >3, then

Ro

1] <
(Ca(dg) = n)y/1 —mRE™ + 2Ry ™"

1092,

where Ro = max {s € (s2,00); QN {{s} x S"71} #0}.
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Remark 1.6. If X is a compact, without boundary, embedded, orientable hyper-
surface of the de Sitter—Schwarzschild manifold or the Reissner—Nordstrom mani-
fold, with constant mean curvature, S. Brendle in [4], see Corollary 1.2 and Corol-
lary 1.3, pp. 249-250, proved that X is a slice.

If we suppose in addition that the norm of the mean curvature vector is
bounded, we obtain the following monotonicity formula for submanifolds in warped
product manifolds. Let M™ = I x N"~! be the warped product manifold. Here-
after, we denote by

B,={scI|s<r}xN"lcMm

Theorem 1.3. Let I C R be an open interval and N"~', n > 3, be a (n — 1)-
dimensional Riemannian manifold. Let M™ = I x N be endowed with the
warped metric ds? = dr? +h(r)?gn, where gy is the metric of N*=% and h/(r) > 0
for all r € I. Assume also that h(r)/h'(r) is non-decreasing for all r € I. If ¥ is a
k-dimensional, proper, oriented, submanifold of M™ such that its mean curvature
vector satisfies k|ﬁ| < «a for some a > 0, then

(i) the function Vi: I — R given by
ear

h(r)* /m,.”(s) ax

1s monotone non-decreasing. Moreover,

Vi(r) =

(1.19) 12N B,| > Cy(ro) e~ h(r)F~1,

LT
e

h(ro)k /ZJOBTO hls) 4%

for every r > ro, ro,r € I, where Cy(r9) =

(ii) the function Vao: I — R given by
eo”'

() /EQB,"’/(S) i

is monotone non-decreasing. Moreover, if h'(r) < B, B > 0, then

Va(r) =

(1.20) I©N B, > CQgO) e~ h(r)*,
and if b (r) > 0 then
(1.21) SN B, > Chz,?:;) e h(r)*,

o
e 0

for every r > rq, ro,r € I, where Ca(rg) = i / n(s)dX.
h(ro) SNBy,
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In the next corollary we assume
(1.22) (H,Vr) >0.

This condition holds, for example, for minimal submanifolds (FI = 0) or cones

((H,Vr) = 0) in the warped product manifolds. If k = n — 1, we say that ¥ is
a star-shaped hypersurface if there is a choice of unit normal n of ¥ such that
(n, Vr) > 0. In this case, the condition (1.22) means that ¥ is star—shaped.

Corollary 1.5. Let I C R be an open interval and N"~%, n > 3, be a (n — 1)-
dimensional Riemannian manifold. Let M™ = I x N"~! be endowed with the
warped metric ds> = dr? + h(r)%gn, where gy is the metric of N*~! and W' (r) > 0
for all r € 1. Assume also that h(r)/R'(r) is non-decreasing for all r € 1. If 3 is a
k-dimensional, proper, oriented, submanifold, k > 2, of M™ such that <ﬁ, Vr) >0,
then the functions

o o Lo
r— h(s)dX and r+— h'(s)dX
h(r)k $NB, (#) h(r)k SNB, (#)

are monotone non-decreasing for all v € 1. In particular,
(1.23) XN B,| > Ci(ro) h(r)" .

Moreover, if there exists B > 0 such that h'(r) < B for every r € I, then

(1.24) 2N B,| > Cng)h(r)k
and, if h"(r) > 0 then
Co(r
SN B, > h%ir‘;) h(r)*

for every r > 1o, where

1 ~ 1
h(s)d% d C = / h(s)dX.
h(TO)k /EHBTO (8) o 2(7"0) h(TO)k 2NBr, (S)

As applications of Theorem 1.3 we have the following results:

51 (7"0) =

Corollary 1.6. Let X be a k-dimensional, proper, oriented, submanif_qld, k> 2,
of the de Sitter—Schwarzschild manifold M™(c), n > 3, such that k|H| < « for
some o > 0. Then, for every r > ro such that h(rg) > (mn/2)" =2 we have

(i) for ¢ >0,
XN B,| > Ca(ro) e h(r)*,

ar
ea’o

where C’z(rg):h(ro)k/E ., h'(s) d3;
NBrq
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(i) for ¢ <0,
XN B,| > Cyi(rg) e " h(r)kil;
eoﬂ'o

where Cy(rg) = h(ro)®

/ h(s)dX. Moreover, for ¢ <0,
SN By,

(1.25)

h(r) = \/l—c sinh(v/—er) + 2n$—c

In particular, if ¢ < 0, X is complete, non compact, and o < k — 1, then X
has at least exponential volume growth at infinity and |X| = oo.

sinh! ™" (v/—cr) + O(sinh ™"~ (v/—e¢7)).

Remark 1.7. The equation (1.25), with ¢ = —1, was proved by S. Brendle, see [6],
Lemma 2.1, p. 128.

For submanifolds of the Reissner—Nordstrom manifold, we have:

Corollary 1.7. Let X be a k-dimensional, proper, oriented, submanifold, k >2, of
the Reissner—Nordstrom manifold M™ = (sg,00)xS" "1, n > 3, such that k|H| < «
for some a > 0. Then, for every r > 1o such that h(rg) > s2, we have

I N B,| > Ca(ro) e h(r)k,

LT
e

R (s)dX.
h(TO)k /EOBTO ( )

7,37n 4 O(r"*2").

o 4¢%(n—1) 1/(n—2) _
where sy = (mn_\/m2n2_16q2(n_l)) and Ca(rg) =

Moreover, if n > 4, then
m

h(r):r—i—z(n_g)

In particular, if n > 4 and 3 is a complete minimal submanifold, then the volume
of ¥ has at least polynomial growth of order k at infinity and |X| = co.

Another interesting application of Theorem 1.3 is for warped manifolds I x S*~1,
where I = (0,b) or I = (0,00), which warping function satisfies 2(0) = 0 and
n(0)=1.

Corollary 1.8. Let I C R be an open interval of the form (0,b) or (0,00), let
N1 n >3, be a Riemannian manifold, and let M™ = I x N"~! endowed with
the metric ds®> = dr? + h(r)%gn, such that h(0) = 0, h'(0) =1 and h'(r) > 0 for
every r > 0. Assume also that h(r)/h'(r) is non-decreasing for all v € 1. If ¥ is a
k-dimensional, proper, oriented, submanifold of M™ such that its mean curvature
vector satisfies k|ﬁ| < « for some a > 0, then

/ B (5)d% > wy e " h(r)k,
YNBy(zo)

for all B,.(xg) C M™ such that xo € ¥, where wy, is the volume of the k-dimensional
Euclidean unit round ball. In particular, if there exists B > 0 such that h'(r) < B
for every r € I, then

(1.26) 2N B,| > g“ e~ h(r)k,
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and if b (r) > 0, then

e~ h(r)F

1.2 YN B,| >
(1.27) BB w0

Remark 1.8. Clearly the space forms R™, H"(c), and the open hemisphere S7 (c)
satisfy the hypothesis of Theorem 1.3 and Corollary 1.8. Other classes of manifolds
satisfying these hypothesis are given in the Example 3.2 and the Example 3.3 in
the Appendix.

When the submanifolds have dimension 2, we obtain other type of isoperimetric
inequality, namely:

Theorem 1.4. Let I C R be an open interval of the form (0,b) or (0,00), let
N1 n >3, be a Riemannian manifold, and let M™ = I x N"~! endowed with
the metric ds®> = dr? + h(r)%gn, such that h(0) = 0, h'(0) =1 and h'(r) > 0 for
every v > 0. Let $2 C [ro,71] x N*™1 C M™, [ro,r1] C I, be a compact minimal
surface with non-empty boundary 0.

(i) If the function u(r) :=r + h(r)/R/(r) is non-decreasing for r € [ro,r1], then

A
oA < L + / Ricp (Vr) dX;
n—1 >

(i) If the function u(r) == r + h(r)/h'(r) is non-increasing for r € [ro,m1] and
the scalar curvature of N satisfies scaly > 0, then

2A

mAS Lt m—2)

/ (scalpr —2 Ricp (V1)) d3,
)

where A = Area(X), L = Lenght(9X), scalys denotes the scalar curvature of M,
and Ricy (Vr) denotes the Ricci curvature of M in the radial direction Vr.

Remark 1.9. The function u(r) = r+h(r)/h'(r) in the hypothesis of Theorem 1.4
deserves some comments about where it is non-decreasing or non-increasing:

(a) since u'(0) = 2, there exists an interval [0, s] C I such that u/(r) > 0;
(b) there are manifolds where u/(r) > 0 everywhere, as we can see in the space
forms R™, S™(c), H"(c), the Example 3.2, and the Example 3.3;

(c) if w/(r) < 0 somewhere, this happens only for compact intervals. In fact, if
uw'(r) <0 for r > rg, then 0 < u(r) < u(ro) implies » < ro + h(ro)/h'(ro). A
typical case is the Example 3.1 of the Appendix, where there exist ro and rq
such that u/(r) > 0 for r € (0,r9) U (r1,00) and u/(r) < 0 for r € (ro,r1).

Remark 1.10. The hypothesis of Theorem 1.4 are not satisfied by the de Sitter—
Schwarzschild manifold nor by the Reissner—Nordstrom manifold.

As immediate consequences of the item (i) of Theorem 1.4, we obtain the
isoperimetric inequalities of J. Choe and R. Gulliver, see Theorem 5, p. 183, of [7]:



Corollary 1.9. Let %2 be compact minimal surface of S™(c) or H"(c), n >
If 2 c S™(c), assume further that diam¥ < g Let A = Area(X) and L
Lenght(0%). Then

oA < L? + cA2.

2. Proof of the main results

We start with a well-known result, which we give a proof here for the sake of
completeness. The proof presented here is essentially in [4], Lemma 2.2, p. 253.

Lemma 2.1. Let M™ = I x N"™ ', n > 3, be a warped product manifold with
metric g = dr? + h(r)?gn, where gy is the metric of N"~1 and r is the distance
function of M™. Then

h/
(2.1) Hess (U, V) = h((:)) (U, V) — (Vr,UNVr, V)],
for all U,V € TM. Moreover, if ¥ is a k-dimensional submanifold of M™, then
_ W(r) 2 =
(2.2) Ayr = h(r) [k — |Vxsr|] + k(H, Vr).

Here (U, V) = g(U, V), Vr is the gradient of r in M™, Vsr and Axr denote the
gradient and the Laplacian of r in X, respectively.

Proof. Taking the Lie derivative of ¢ in the direction of 0, = Vr, we have

Lo, (9) = Lo, (dr © dr) + Lo, (h(r)*gn) = 2Lo, (dr) @ dr + Lo, (h(r)?)gn
=2d(Ly,.7r) ®dr + (V(h(r)z), Orygn = 2d((Vr,d,)) @ dr + 2h/(r) h(r)gn
=2h/(r) h(r)gn,

where L5 gy = 0 provided gy does not depends on r. On the other hand,
(Lo (g)(U, V) =(U,VvO,)+ (Vyd,, V) =2Hessr(U, V).
Since gy = h(i)g (g — dr?), we have

h'(r) h'(r)
h(r) h(r)

The expression (2.2) follows by tracing the known identity

Hessr(U,V) = [g(U, V) —dr*(U, V)] = (U, V) = (U, 0:)(V,0p)].

Hessy r(U,V) = Hessr(U, V) + (I1I(U,V), Vr)
W)
h(r)

over ¥, where Hessy, 7 denotes the Hessian of r in ¥ and II(U,V) is the second
fundamental form of ¥. O

(U, V) = (Vr,UNVr, V)] + (II(U, V), Vr)
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The next proposition will give the fundamental inequalities for the proof of
Theorem 1.1 and Theorem 1.2.

Proposition 2.1. Let M™ = I x N"~' n > 3, be a warped product manifold, with
the warping function h: I — R satisfying h(r) > 0 and h'(r) # 0 for allr € I. If ¥
s a k-dimensional, compact, oriented submanifold of M™, possibly with boundary,
then

_1 h(?") .y - N , h(r)
/Ede—k{/ath,(r)(Vz , >d52+/2(< kH, V1) [ = (Vs ], Vs >)h/(r) dE}
1 . h(r)\2
(2.3) - k(n—l)/szch(VT)(h’(r)> V2 dS,

for every non-negative smooth function f: ¥ — R, where H denotes the mean
curvature vector field of 3, v is the unitary conormal vector field of 0% pointing
outward, Vyr denotes the gradient of r in ¥ and Vr denotes the gradient of r
in M™. In particular, for f =1 and h'(r) > 0, r € I, we have

5| < ;[/82 :((Z)) dSs, +/E<—kﬁ,Vr) :,((:)) dz}
h(r)

- k(nl_ 1) /ERiCM(VT) (h/(r))2|v2r|2 as.

Moreover, if ¥ = {r} x N~ is a slice, or ¥ is a totally geodesic submanifold of
dimension k, then the equality in (2.4) holds.

(2.4)

Proof. Let w: I — R be a real function such that u'(r) = h(r). By tracing the
expression

Hessy, u(r)(U, V') = Hessp u(r)(U, V) + (II(U, V), Vu(r))

over X, we have

for any orthonormal frame {ej,es,...,ex} of ¥. On the other hand, since
Asu(r) = dive(Vsu(r)) = divs (h(r)Vsr)

and, by using Lemma 2.1,
k

k k
> Hesspru(r)(eie) = Y (Ve,Vu(r),e)) =Y (Ve (h(r)Vr), e;)
i=1 i

i=1

k
=1 (r)|Vsr|® + h(r) ZHessM r(eq,e;)

L ) G S I
W) [Vsrl +h(r) 3 e e) = (e Vr)?]

=kh'(r),
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we obtain
(2.5) divs (h(r)Vsr) = kh'(r) + kh(r)(H, V7).

Let f: ¥ — R be a smooth function. By using equation (2.5), we have

divs; h/{r)h(r)vzr) = (Vs( h,{T)),h( )Vor) + (r) divs: (h(r)Vsr)
_ h(r) h(r)h" (r)
h'( ) (Vs f,Vsr)—f W (r)? |V27~|2
+kf+kf :,((?) (H,Vr)
_ h(r) h!(r) ( h(r) \? 2
= ) (V51950 =0 o) 197
Fkf+kf :,((7;)) (H,Vr).

Integrating the expression above over ¥ and using the divergence theorem, we have

k/zde:/divE (fh,(())vz) /Z(())wgf,vm
/fh/l h, )|V2 24y — k/fh/ (H,Vr)ds

_ h(r) o h(r) i
/th/( )<VZ >dSZ / h/(T') <V2f, Vs >d2

/fhﬁ h/ >|Vr|2d2 k/f (H,Vr)ds

where v is the unitary conormal vector field of 0% pointing outward. The iden-
tity (2.3) follows from (2.6) by noting that

1
Ricar(Vr) = —(n — 1) }; ((:)).
The inequality (2.4) follows considering f = 1 and observing that

(Ver,v) < |Ver||v] < |Vr||ly| = 1.

To see the cases of the equality in the inequality (2.4), notice that, if ¥ = {rg} x
N™1is a slice, then 9¥ = (), Vsr = 0, h(r) = h(r), W' (r) = k' (ro) and H =

_n (:;’) Vr. If ¥ is totally geodesic, then Vyr = Vr = v and H = 0. This implies
that the inequalities in the proof of Proposition 2.1 become equalities. O

Example 2.1. Even in the simplest case of surfaces in R3 we can find classes of
examples different from the slices (i.e., the round spheres centered in the origin)
which satisfy the equality in the inequality (2.4) of Proposition 2.1. In fact, consider
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the right cones with central angle 2o parametrized in spherical coordinates by
F:(0,27) x (0, R) — R3,

F*(0,r) = (rsinacosf, rsinasinf, r cos a).

If ¥* = F*((0,27) x (0, R)), then
27 rR
|| :/ / |FE* x Fgt||drdf = nR*sina,
0 0

|0%*| = 27 Rsin«, <ﬁ, Vr) =0, and, since X lies in the sphere of radius R we
have

. R 1 1 h(r)
| 2 _ al —
|2 =7mR*sina = 2|82 |—2/620rd52a—2/620 W) dSse,

which is the equality in the inequality (2.4), since R? is Ricci flat.

When ¥ is compact without boundary, the identity (2.5) in the proof of Propo-
sition 2.1 gives rise to the following Hsiung—Minkowski type identity.

Corollary 2.1. Let M™ =1 x N*" !, n > 3, be a warped product manifold, with
the warping function h: I — R satisfying h(r) > 0 and h'(r) > 0 for all v € 1.
If ¥ is a k-dimensional, compact, without boundary, oriented submanifold of M™,
then

(2.7) /E[h’(r) + h(r)(H,Vr)]dY = 0.

In particular, there is no compact, without boundary, minimal submanifold in M™.

Remark 2.1. The identity (2.7) can be compared with the known Hsiung—Min-
kowski inequalities of [10], [15] and [9] for compact hypersurfaces in the space
forms R™, S"(c¢) and H"(c).

Remark 2.2. It is a classical result that there is no compact, without boundary,
minimal surfaces in R3. This result was generalized by S. Myers in [13], who proved
the non-existence of compact, without boundary, minimal hypersurfaces in simply
connected Riemannian manifolds of non positive sectional curvature and in the
open hemisphere of S"(¢). For complete, non-compact, Riemannian manifolds of
positive sectional curvature, the non-existence result was proved by K. Shiorama,
see [17], and for Riemannian manifolds of sectional curvature bounded above by a
constant, the non-existence of compact, without boundary, minimal submanifolds
was proved by J. Lu and M. Tanaka, see [11].

In the following, we prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. We start with the expression (1.2). This expression is equiv-
alent to

(2.8) R'(r)? =1 —mh(r)>~™ — ch(r)?.
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By taking implicit derivatives in (2.8), we have
20/ (r)h" (1) = m(n — 2) h(r)"""H (r) — 2c h(r) K (7).
Therefore,

n" -2
Ricprn(e) (V) = (r) _min—2) c,

(2.9) h(r) 2h(r)"

1
(n—1)
since h'(r) > 0. Replacing the estimate
(—H,Vr) <|H||Vr| = |H]|,

in the isoperimetric inequality (2.4), we obtain

1 h(r) h(r)
¥ < dx+k [ |H dx
||*k[/ W(r) +/| (o) }
1 ( ) o2
— " 3.
In order to conclude the proof of Theorem 1.1, we need to estimate the function

h(r)/R (r), and for that we will analyse when h(r)/h'(r) is increasing or decreasing.
By using (2.8) and (2.9), we have

d (h(r) ) _ h'(r)? — h(r)h"(r)

dr \h'(r) n(r)?

01y  =1T mh(r)2=" —ch(r)? = " h(r)2 T eh(r)? 1= h(r) "
| Wir)? Wy

This implies that h(r)/h/(r) is decreasing for h(r) € (so, (mn/2)/("=2)) and
that h(r)/h/(r) is increasing for h(r) € ((mn/2)Y/ (=2 ;).

To estimate the third integral of (2.10), We need to know the sign of the Ricci
curvature. By using (2.9), if ¢ < 0, then —n 1 Ricpm ey (Vr) > 0 everywhere in
(s0,00), and if ¢ > 0, then it happens for h(r) < (m(n —2)/(2¢))*/™. Notice also
that the condition 4(n_"2")",2 m2c"2 < 1 is equivalent to (m(n —2)/(2¢))"/™ >
(mn/2)Y/ =2 e, (m(n —2)/(2c)Y™ € ((mn/2) =2 51).

Let

(2.10)

ds, = min{s € (sg,51)| N {{s} x S"7'} # 0}
and
Ry = max{s € (s0,51)|Z N {{s} x S"71} £ 0}.
Since h(r)/h/(r) is decreasing for s = h(r) € (so, (mn/2)/("=2))  we have, for
5 € (s0, (mn/2)/ (=2,
h(r) s ds,

2.12 = <
( ) h/(T') \/1—m82in—082 o \/1_md§:—n_cd%

Since — ' Ricagn(e)(Vr) > 0 for s = h(r) € (so, (mn/2)1/("=2) by using (2.12)
into (2.10), we obtain the inequality (1.4).
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In order to prove (1.5), notice that

1 .
1 Ricpzn (o) (V) (

n —

h(r)\2 m(n — h(r)?
h’(r)) - ( 2h(r)”2) a C) 1 — mh(r)2=" — ch(r)?

Let f: (s0,s1) — R defined by

m(n — 2) ) 12 ym(n—2) 2" — ct?
e _
2¢m

(213)  f@) = (

L—mt2" —ct2 1—mit2 " —ct?

Since f is a product of two decreasing functions in the interval (so, (mn/2)1/("_2)) ,
we have

f(h(r)) < f(ds).
This and the fact [Vsr| < 1 imply

d B
5] < > [|az|+k/ || az)]
k1 mdi " — cd, 5
1 -1 _. h(r)\2 9
+ k/gn—lRlCM”(C)(VT)<h’(r)) |Ver|®dS
d , d
< ® [|az|+k/ |H|dz} +f(k2)|z|,
k1= mdd ™ — ed? z
ie.,
3] < s [|az|+k/ || dx].
(k— F(ds))\/1 — md%™ — cd? =
Since

ym(n — 2)dE ™ — cd?
1 —mdy "™ —cd}
k—""(n+2k—2)dy " —c(k —1)d%
1-— md2{" — cd%,
(1—"md5 ™) + (k—1)(1 — mdy ™ — cd?)

1— md2{" — cd%,

k—f(ds)=k~—

)

the inequality (1.5) follows. This concludes the proof of the item (i) of Theorem 1.1.
Now, we prove the item (ii) of Theorem 1.1. Notice that, since h(r)/h’(r) is

increasing for s = h(r) € ((mn/2)"/("=2) s) , we have

h(r) s Ry,

2.14 = < .
( ) h/(T') \/1-771827’”’—082 o \/1_mR%—n_cRQE
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Since, if ¢ > 0, — ' Ric(Vr) < 0 for s = h(r) € ((m(n— 2)/(20))1/",51), by
using

h(r) s

W(r)  V1—ms2n —cs?

v

(2.15) dz ,
\/1 — md2{" — cd%,

for s = h(r) € ((mn/2)Y("=2 s1), and (2.14) in (2.10), we obtain (1.7). This
proves the item (ii) of Theorem 1.1.

Let us prove the item (iii) of Theorem 1.1.

Since — ' Ric(Vr) > 0 for s = h(r) € ((mn/2)/("=2) o0), when ¢ < 0,
and for s = h(r) € ((mn/2)Y/"=2 (m(n—2)/(2¢))/"), when ¢ > 0, then by
using (2.14) in (2.10) we obtain (1.7). This proves the item (iii) of Theorem 1.1.

Let us prove the item (iv). In order to prove (1.8), notice that the function f()
defined in (2.13) satisfies f(t) <1 for t € ((mn/2)"/("=2) s;). This implies

2l < 1t [|az|+k/ 1| ds]
\/1 —mRy " — cR% B
1 -1 _. h(r)\2 9
+k/En—lRICM"(C)(VT)<h/(’r)> |[Vsr|®dE

R . 1
< g [|az|+k/ | dz] + | [z
\/1 —mRE " —cR% z

provided |Vgr| < 1. Therefore, the inequality (1.8) follows immediately. The
inequality (1.9) follows observing that

Rx 1
<
\/1 — mR;_" —cR% Vants

for ¢ < 0. This concludes the proof of the item (iv) and the proof of Theorem 1.1.
O

Proof of Corollary 1.2. Taking m — 0 in the equation (1.2), for ¢ < 0, we have
B'(r) = /1= ch(r)?, h(0) =0,

with solution h(r) = \/175 sinh(y/—cr). Replacing h(r)/h/(r) = tanh(y/—cr)/y/—c
and

h//
Ricgn (o) (Vr) = —(n — 1) h((:)) = (n-1)c,
in the inequality (2.10) in the proof of Theorem 1.1, for ¢ < 0, and by using that
tanh(y/—cr) < tanh(y/—c Ry) in X, we have the result. O

Proof of Corollary 1.3. Taking m — 0 in the equation (1.2), for ¢ > 0, we have
W(r) = /1= ch(r)?,  h(0) =0,
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with solution h(r) = 1C sin(y/cr). Replacing h(r)/h'(r) = tan(y/cr)/+/c, and

v
h//
Ricgr (o) (Vr) = —(n — 1) h(i«? = (n -1,
in the inequality (2.10) in the proof of Theorem 1.1, for ¢ > 0, and by using that
tan(y/cr) < tan(y/c Ry) in X, we have the result. O

Now we prove Theorem 1.2.

Proof of Theorem 1.2. The identity (1.3) is equivalent to
(2.16) R (r)? =1 —mh(r)>~" + ¢*h(r)* 2"
By taking implicit derivatives in (2.16), we have
20/ (P (1) = m(n — 2) h(r)"""H (r) — 2(n — 2)¢*h(r)> 2" 1/ (r),
which gives
/
1 R (Y

ie.,

1 . M'(r)y mn-—2 2¢>
2.17 — Ricp (Vr) = — ( _ )
(2:17) n— 1 (V)= 0= oy (7 2
provided A'(r) > 0.
We have — ' Rica(Vr) > 0 if, and only if, s = h(r) > (2¢%/m)*/ (=2,
2 —
Since (2¢%/m)Y("=2) < (m7j51274q2)1/(n 2 s0, we have — ' Ricpn (Vr) >0
everywhere in the Reissner—Nordstrom manifold.
Replacing the estimate B .
(—H,Vr) <|H]|,

into the isoperimetric inequality (2.4) of Proposition 2.1, we have

h(r) = h(r
M= llf {/z wir) /z |H|h’(r)) x|
- k(nl_l)/ERiCM"(vr)<Z((:))>2|V27”|2dE.

In order to conclude the proof of Theorem 1.2, we need to estimate the quotient
h(r)/h'(r), and for that we will analyse when h(r)/h’(r) is increasing or decreasing.
By using (2.16) and (2.17), we obtain

d (h(r) ) _ R'(r)? — h(r)h" (r)
dr \h'(r) h(r)?
1 —mh(r)?>=" + ¢*h(r)*=2" — m("Q_Q)h(T)Q_" + (n —2)¢%h(r)+—2n
n(r)?
1-— mQ"h(r)%” + (n —1)g*h(r)*—2n
h’(T)z .

(2.18)
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Notice that the expression 1—"2"h(r)*~"+(n—1)¢*h(r)*~>" is a quadratic function
of u = h(r)>=". Let
mn

2

2

Pu)=1- u+ (n—1)g*u?,

which has the two different roots

— 2n2 — 16(n — 1)a2
o = mn = /mn (n=1)g and =

mn + \/m2n2 — 16(n — 1)¢2
4(n —1)¢? '

4(n—1)¢?

Since P(u) > 0 for u < a3 and for u > ag, and u = h(r)>~", we have that
F(n(r)/W (1)) > 0 for

h(r) > afl/(n&) =59 and h(r) < agl/(”fz) = s3.

Now, we need to see if so € (s9,00) and s3 € (50, 00). Define Q(u) = 1 —mu+q*u>.

Since )
Q) ~ P =" %

we have Q(u) > P(u) for 0 < u < m/(2¢?). If we denote by 31 < 32 the roots of
Q(u), we have also

u (m - 2q2u2)7

m
B < < fe.
2¢>

These facts imply that a; < B;1. Since P(u) > Q(u) for u > m/(2¢%) and
P(m/(2¢%)) = Q(m/(2¢%)) = 1 — m?/(2¢*) < 0, we have as < 3, i.e.,

) < B < ag < Bs.
Since ay = 337", 51 = 387" and ap = s?f", we have
S3 < S0 < So9,

i.e., s2 € (809,00) and s3 & (Sp,00). Therefore

(r)

h(r)

) < 0 for h(r) € (sg,s2) and ;ﬂ(h’(r)

) >0 for h(r) € (s2,00).

Since ¥ is compact, we can consider

ds, = min{s € (sg,00)|X N {{s} x S" 71} # 0}

and
Ry = max{s € (s9,00)|Z N {{s} x S"71} #£ §}.
We have
(2.19) h(r) B dz for s € (s, s2)

= <
' (1) \/1_m827n+q2s472n \/1—md22_"+q2d§_2"
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and
h(r) s Ry,

(2.20) = <
R(r)  \/1—ms2n4g2si=2n \/l—ngn—i—qQR‘lE’z”

for s € (s2,00).
Replacing these estimates into (2.18) we obtain the inequalities (1.15) and (1.17).

On the other hand,
= Lm0 = g 0 ) Gich)

. n—= 2 2q2 1 B .
 2h(r)n2 (m B h(?“)"—Q) 1 — mh(r)2=n 4 ¢2h(r)i-2n F(r(r)>™™),
where ( 2)(mt — 2¢*t%)
_ (n=2)(mt —2q
T =00 "t 1 212)
Since

£(t) = (n —2)(mg*t? — 4¢%t +m)

B 2(1 — mt + ¢22)2
and m > 2¢q, we have that f(¢) is increasing for every ¢. This implies that f(r) =
f(h(r)?>=™) is decreasing for every r > 0 and thus

h(r)
h(r)
Replacing the estimates (2.19) and (2.21) in (2.18), and by using that |Vyr| <1,
we obtain

(221) — " i 1 Ricpysn (VT)( )2 = f(h(?")z_") < f(d%”) _ C3(d2)

dx;
k1= mdd " 4 q2dt

Cs(ds)

3 < [lost+ [ iA1az] + @ sy,
= k

and then the inequality (1.16) follows. Analogously, replacing the estimates (2.20)
and (2.21) in (2.18), we obtain the inequality (1.18). This concludes the proof of
Theorem 1.2. O

Proof of Theorem 1.3. Let A: R — R be a smooth function such that A(t) = 0 for
t <0and N(t) >0 for t > 0. By using (2.5), we have

divg(A(R = r) h(r)Vsr) = h(r)(Vsr, Vs (AM(R = r))) + A(R — r) dive (h(r)Vgr)
(2.22) = - N(R—7)h(r)|Vsr|® + EX(R —r) W (r)
+ EX(R —r) h(r)(H, Vr)

for each R > 0. Since X is proper, then A(R — r) h(r)Vsr has compact support in
Y N Bg. Thus, by using the divergence theorem in (2.22), we have

/E)\’(R — 1) h(r)|Vsr?d2

(2.23) = k/EA(R — )W (r)dS + k/EA(R —r)h(r)(H,Vr)d.
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From now on, we will continue the proof of the items (i) and (ii) separately.

Conclusion of the proof of the item (i). Replacing the estimate

//\’ — ) |Vgr|2d2</)\’ r) h(r) dS: = d%(/EA(R—r)h(r)dZ),

n (2.23), by using the hypothesis that h(r)/h’(r) is non-decreasing (i.e., h'(r)/h(r)
is non-increasing), and that A(R — r) = 0 for > R, we obtain

i /)\ d2)>kh, //\ r) h(r) d
+k/>\ ) h(r) (B, Vr) dS.

By using the fact

h(R) /)\ —7) dZ = n /)\ d)
—k}’:(/R) /EA(R—r)h(r)dZ,

lk/EA(R—r)h( //\ ) h(r) (, V) dS.

Considering a sequence of functions A(t) converging to the characteristic function
of the interval [0, 00), we obtain

d/ 1 k ;
(2.24) dR(h(R)k /EQBR h(r) dE) = /anR h(r){(H, Vr)dS

By using the hypothesis k|H| < a, we have

di% (h(]l%)k /EQBR h(r) dE) 2 _O‘h(]l:g)k /EOBR h(r) dx,

we have

ie.,

di—"i log (h(llﬁz)k /EQBR h(r)dz) > -

Now, let 79,71 € I such that ro < r1. Integrating (2.25) from 7y to 1, we obtain

(2.25)

eaTo eoT1
h(s)dX < / h(s)dX,
h(ro)* /B N O L

i.e., the function
[e% 8
e

GRS /E ()
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is monotone non-decreasing. This implies

for every r > rg. Since h is an increasing function, we have

h(r)[S N B, > /

XNB,

h(s)dS > e~ (r=r0) (:((Zo)))k /m h(s) dS.

This proves the estimate (1.19) and concludes the proof of the item (i) of Theo-
rem 1.3.

Conclusion of the proof of the item (ii). The identity (2.23) gives

/E)\(R—r) /x ()| V2 ds— //\ — ) R, V) dS.
This implies
di{(h(ll%)k/z)\(}%—r)h’(r)d2>
_ hkh/kﬂ/x —n)H (S + /X R— 1) (r)dS
_ h' kﬂ/x |Vgr|2d2
’“(%M [RUERIE ALY
(2.26) + h(;)k/zxu%—r) B (r) dS.

On the other hand, by using the hypothesis that h(r)/h’(r) is non-decreasing, i.e.,
—h(r)/h/(r) is non-increasing, we have

B h/ k+1//\l |VZT|2dZ+ ! k/X(R—r)h'(r)dZ
1 h’(R) 7
:th h(R)//\ — ) h(r)|Vsr[? dS
+ [ N(R=r)W(r )dz]
>
> e L i i LA DV

+ [ N(R-r)R( )dz}
b))

(2.27) R—1)[1 - [Vsr|? B (r) dX.

\./
o
T
>
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Thus, replacing (2.27) in the right-hand side of (2.26), we obtain
1 1
) /E)\(R—r) WEYAE) 2 / N(R = 1)1 — [Vsrf?] H(r) dS

kR (R)
hR)k“ )\ R—r)h(r)(H,Vr)dY
kR’

(R - T r 7 T
> ) /)\(R ) h(r)(H,Vr)dS.

k+1

Considering a sequence of functions A(t) converging to the characteristic function
of [0, 00), we obtain

i/ 1 , k(R B}
(2.28) dR(h(R)k /szRh (r)dz) > h(ngﬁl /mR h(r)(H, Vr) d5.

By using the hypothesis k|H| < o and that —h(r)/h’(r) is non-increasing, we have

d(j% (h(]l%)’“ /WR W) dz) e

i /E )z
W(R)  h(R) W (r)

T BB (R) /B M)y 9
1

= T Ry /WR W) dx,

Y

ie.,

d(j% log (h(]l%)k /EnBR B (r) dE) >

Now, let 7,71 € I such that ro < ri. Integrating (2.29) from ry to r1, we obtain

(2.29)

/ Wiryds< / W (r)ds
r < r ,
h(ro)* £NBy, h(ry)* £NB;,

i.e., the function
eOLT

)= / L H(syas

is monotone non-decreasing. This implies

L, redszenem (o) [ weas,

for every r > rg. If there exists B > 0 such that A/(r) < B, then

B|SNB,| > /
Y¥NB,

W (s)dS > e *(r=ro) (:(Ef:))))k /EQB B (s) dS.
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This proves the inequality (1.20). Analogously, if h”(r) > 0, then

K(r)|ENB,| > /

XNB,

B (s)dS > e (r=ro) (:&)))k /m‘ B (s) dS.

This proves the inequality (1.21) and concludes the proof of the item (ii) of Theo-
rem 1.3. O
In the following, we prove the corollaries of Theorem 1.3.

Proof of Corollary 1.5. The proof follows immediately from the inequalities (2.24)
and (2.28). O

Proof of Corollary 1.6. First notice that, since

W (r) = /1 —mh(r)2" — ch(r)?,
we have
d (h(r)) B 1-"0h r)?n ~0
dr\I/(r)) 1 —mh(r)2= — ch(r)?
for h(r) > (mn/2)"/"=2) 1If ¢ > 0, the condition 4(nf27;n_2m20”_2 < 1 implies
(mn/2)Y("=2) € (sg, s1). Since h'(r) = /1 — mh(r)2=" — ch(r)? < 1 for ¢ > 0, by
using the inequality (1.20), we have

|¥ N B,| > Ca(rg) e " h(r)k,

for every r > rg. This proves the item (i) of Corollary 1.6. The estimate of the
item (ii) is an immediate consequence of the inequality (1.19). If ¢ < 0 and
a < k — 1, then the asymptotic expansion

h(r) = \/1—0 sinh(v/—cr)

implies that |¥ N B, | has at least exponential volume growth at infinity. This
proves the item (ii) of Corollary 1.6. O

+ 2ny/—c sinh' ™" (v/—cr) + O(sinh ™"~ (v/—cr))

In order to prove Corollary 1.7, we will explore the asymptotic behaviour of
the warping function for the Reissner—Nordstrom manifold.

Lemma 2.2. The warping function h of the Reissner—Nordstrom manifold M™,
n > 4, satisfies

(230) h(?“) =r+ 2(n’nz 3) TS_n 4 O(T5_2n).

Proof. Define the function

(2.31) r(s) =s— /:O ( ! - 1) dt.
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Since for any a > b > 0 the following identity holds:
1 1 b
Va—b Va  \Jala—b)(Va—b+/a)

we have
1 mt27n _ q2t472n
—1=
\/1 — mt2—n 4 g2tA—2n \/1 —mt2n q2t4—2n(\/1 — mit2n 4 @24 4 1)
m 2 2(1— ¢ 42-m)

2 \/1 — 2 4 q2t472n(\/1 — mt2" 4 2420 4 ])

= Tg 27 Ot ).

Thus, the improper integral in (2.31) converges for n > 4 and r(s) is well defined.
Moreover

(2.32) r(s) = "

o 3—n 5—2n
2(n —3) SO

Notice that the inverse function s(r) satisfies the differential equation

d
di = /1 — ms2n 4 g2si—2n,
Therefore s(r) = h(r). By using (2.32), we have
s=r(s)+ 2(7;71 3) s34 O(s572).
This implies
(2.33) hr) = s(r) =1+, (n”i 3 P05,
which proves the lemma. O

Proof of Corollary 1.7. By using the proof of Theorem 1.2 we have that h(r)/h'(r)
is non-increasing for h(r) > s. On the other hand, we have that h/(r) < 1 for
h(r) > (¢%/m)" =2 Since (¢*/m)"/ ("2 < 50, we have h/(r) < 1 everywhere.
The result then follows from the inequality (1.20).

If ¥ is a minimal submanifold, then the asymptotic expansion of h(r) in
Lemma 2.2 implies that | N B,| has at least polynomial volume growth at in-
finity. The result then follows. O

Proof of Corollary 1.8. Notice that, by using the hypothesis h(0) = 0 and 2'(0) = 1
in the first order Taylor expansion of h(r) we have h(r) = r + R(r), where
lim,_,o R(r)/r = 0. This implies that lim,_,o h(r)/r = 1 and thus

rk 1

V0") = B V) = Do

r—0

/ B (5) dS = w1 (0) = wp.
YNB,

Since Va(r) > V5(0T), we have the result. O
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We conclude this section with the proof of Theorem 1.4.

Proof of Theorem 1.4. Let p € 3 and consider the distance function
r(x) = dist s (z, p)

of the ambient space M™. Let {e;,e2} be a geodesic frame of ¥ and f;; be the
coefficients of the Hessian matrix of the smooth function f in this frame. Since
_ W) () = ()2 5 W)

T+ Tii

(logh(r))ii h(T)Q i h(?“)

and, by using identity (2.2) of Lemma 2.1 for minimal surfaces in warped product
manifolds, we have

Aslogh(r) = " hf?@; Wy [Verf? + ") pgr
W) B — B
h(r)?
h(r)y? 2 (oM (r) h(r)
:2<h(r)) [V (Q(h(r)) B )
Now, let us prove the item (i) of Theorem 1.4. If u(r) = r + h(r)/h'(r) is
non-decreasing, then

(2.34)

(7" n h(r) ) _ 2h'(r)? — h(r)h" (1)
dr R (r) -

W (r)2
h'(r)\2 _ B"(r)
(2.35) & 2( h(r) ) h(r)
W\ ()

®2(h(r)) T ey =20

By using (2.35) and that —|Vxr|? > —1 in (2.34), we have

sttt <2311 -t o100

h(r) h(r) h(r)
(2.36) PO L Riew(wn)
2 ) = g Ricu :

Notice that h(0) = 0 implies log h(r) is not defined in p € . Consider ¥; =
Y — B(p,t), where B(p,t) is the extrinsic ball of center p and radius ¢. Thus,
integrating the inequality (2.36) above over X, we have

1
— Ricy, (V?”) dy; < As; 1Og h(’l“) dX
n — ]. pN P

B B (r) or K (r) or
B /82,, h(r) Ov a5z, + /az 45z,

(2.37)
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where we are using the abuse of notation 0%; = XN JB(p,t) and v is the outward
unit normal vector field of 3;. The Taylor expansion of h(t) near 0,

h(t) = h(0) + B (0)¢ + R(t), lim Rf) 0,

t—0

and the hypothesis A(0) = 0 and h'(0) = 1 gives

(2.38) lim h(t)
t—0 ¢

=1
Taking ¢ — 0 in (2.37), by using (2.38), h/(0) = 1, and lim;_,o Or/Jv = 1, we have

1 . . n(r) or h(r) or
— \V4 < —
n—1 /ERICM( r)dx < }13(13 ox, h(r) ov Sz, +/82 h(r) ov dSy

g t 1 or / h'(r) or
= RO L0y ¢ s, ar P L by o0

R (r) or
= -2 +/ dSs.
i os h(r) ov >

Since h depends on the choice of p € X, [, a5 };L/((:)) g; is a function of p. Ranging p

over X, integrating over ¥, and by using Fubini’s theorem, we have

A / . / / K (r) or
— Ricy (Vr)dY < —27A + dSy, dX
by 1 (Vr) s Jos h(r) ov v

n—1 r

!
< —27TA+/ / W (r) dXdSs, < —27rA+/ /AgrdEng
oz Jx h(r) oz Jx

= —27TA-|—/ 8rdSEdSE < -27A +/ / 1dSx,dSx;
o Jox OV oy Jox
= 27 A+ L2,

where we used that dr/dr < 1 and that

Asr = ’;L((:)) (2~ |Verf?) > ’;L((:))

This proves the item (i) of Theorem 1.4.

In order to prove the item (ii), notice that, analogously to (2.35),

Lee B <oma(ho)! -0 <o

Thus the inequality (2.34) becomes

(2.39)  Aglogh(r) = 2(’;;((:)))2 _ |Vzr|2(2(l;;((:)))2 B h;:g))) . Q(h’(r))?
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On the other hand, using that scaly > 0, we have

scaly —(n —1)(n — 2) b/ (r)?

B2 —2(n—

scalpr =

> —(n—1)(n— 2)(]/1&) )2 + 2 Ricar (Vr),

W (r)y2 1 .
( h(r) ) = (n—1)(n—2) (scalar —2Ricar (V).

Replacing the inequality above in (2.39), we obtain
2
(n—1)(n-2)

The rest of the proof of the item (ii) is analogous to the proof of the item (i). This
concludes the proof of Theorem 1.4. O

Ay logh(r) > — (scalpr —2 Ricps (Vr)) .

3. Appendix

The metric g = dr? + h(r)?gy of a warped product M = (0,b) x S"~! such that
h(0) = h(b) = 0 is smooth at 0 if and only if A(0) = 0, A'(0) = 1 and all the even
order derivatives are zero, i.e., h*™)(0) = 0,m > 0. The metric is smooth at b if
and only if h(b) = 0, A'(b) = —1, and all the even order derivatives are zero, i.e.,
h(2™)(b) = 0,m > 0, see [14], Proposition 1 and Proposition 2, p. 13. Otherwise,
the metric is singular at the respective extremal point. In particular, if A(r) is an
odd function of r, then by the Taylor expansion of h(r) near zero, we have that
™) (0) = ™) (b) = 0,m > 0.

Below we give three examples of smooth warped product manifolds which sat-
isfy the conditions of Theorem 1.4 and Theorem 1.3.

Example 3.1. Let B # 0 and p > 0 be real numbers. Let I = (0,00) for B > 0
and I = (0,(—B)~/?) for B < 0. Define h: I — R by

h(r) =r+ BrPtt,

We introduce the warped product manifold M™(B) = I x S"~!, with the metric
g =dr? + h(r)2gsn—1. Clearly, h(0) = 0 and h'(0) = 1.
Since h/(r) = 1+ B(p + 1)r?, we have 1/(r) > 0 for r € (0,00), when B > 0,
and for
re(0,((p+1)(=B))"?) c (0,(=B)""/),

when B < 0. Thus 2/(r) > 0 everywhere in M"(B) when B > 0, and for

M (B) = (0, ((p+1)(=B))~/7) x 8"
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when B < 0. On the other hand,

h(r) _ r(2+4 (p + 2)BrP)
h(r) 1+ B(p+ 1)rp

and
B*(p+1)(p+2)r* = B(p+1)(p — 4)1* 4 2

U/('r) = (1 +B(p+ 1)7,,p)2

In order to analyse the sign of u/(r) = (. (r-+h(r)/h/(r)), notice that the expression
B2(p+1)(p+2)r* — B(p+1)(p — 4)r? + 2 is a quadratic function of t = r?. The
function

ft)=B*(p+1)(p+2)t> — B(p+1)(p— 4)t +2

p—4- p\/p+1 P 4+p\/p+1
and r; =
2B(p + 2) 2B(p + 2)

has the roots

ro =

Thus we have u/(r) > 0 everywhere in MY (B), for B < 0 and, if p < 7, v/(r) > 0
everywhere in M™(B),B > 0. If p > 7 and B > 0, then /(r) > 0 for r €
(0,79) U (11, 00).

These metrics are smooth at 0 for even p, since in this case h(r) is an odd
function.

Example 3.2 (Asymptotically cylindrical manifolds). Let M"™ = (0,00) x S*~1
with the metric g = dr? + h(r)2ggn—1, where h: [0,00) — R is given by

h(r) = Il( arctan(Kr).
We have h(0) =0, h'(0) =1,

K(l + K?r?)arctan(Kr), and u/(r) = 2 + 2Krarctan(Kr) > 2 > 0.

Notice that, since

d/h
dr (h’((:))> =1+ 2Krarctan(Kr),
this manifold also satisfies the hypothesis of Theorem 1.3. Since h(r) is an odd

function, the metric is smooth at 0. More generally, let h: [0,00) — R such that
h(0) =0, A'(0) =1, W'(r) >0, k" (r) <0 for all r € [0, 0),

lim h(r) = K >0, and lim A/(r) = lim A”(r) =0.

7—>00 7—00 r—00

We have
h(r)h" (r)
h’(T)z

w(r)=2— >2>0.
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e d [ h(r) W (r)
(i)

ar\wiy) =17 ez 170

these manifolds satisfies also the hypothesis of Theorem 1.3. We call these mani-
folds “asymptotically cylindrical” because the sectional curvatures satisfy

. . 1—h(r)? 1

AR AT =10 e = ke
and W)
. . r

Tlggo Ky (X, Vr) = —Tll)ngo hr) 0,

forevery X, Y e TM, X L Vrand Y L Vr.
Another example of asymptotically cylindrical manifold is given by M"™ =
(0,00) x S~ with the metric g = dr? + h(r)?ggn—1, where

r

h(r) = (L tamysp @70 P>0
We have h(0) =0, h'(0) =1,
1 Lar?—!
B (r) = >0, and A'(r)=-— (p+ Lar <0.

(1+ are)t+1/p (1 + arr)2ti/p

This implies that

1
lim h(r) = and lim A'(r) = lim A"(r) =0,

r—00 al/p’ r—00 r—00

and thus M™ is asymptotically cylindrical. Since, for even p, h(r) is an odd func-
tion, the metric is also smooth at 0 for even p.

Example 3.3. Let M™ = (0,00) x S"~! with the metric g = dr? + h(r)?ggn-1,
where h: (0,00) — R is given by

h(r) =rln(ar® +e), a>0,

and e is the basis of the natural logarithm. We have that h(0) = 0, h'(0) = 1,
R'(r) = In(ar® +e) + ff?’fe >0, and
d ( h(r) ) B a?r*(In®(ar® 4+ €) + 2In(ar? + €) + 4) + e2In’(ar? + e)
dr \n(r)/) ((ar? +e)In(ar? + ) + 2ar?)?
2aer? In(ar? + e)(In(ar® +e) — 1)

> 0.
((ar? 4+ e)In(ar? + e) + 2ar?)?

Thus M™ satisfies the hypothesis of Theorem 1.3 and the item (i) of Theorem 1.4.
Moreover, since h(r) is a odd function, the metric g is smooth at 0.
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Remark 3.1. We can construct many more examples by considering h(r) = rf(r),
where f(r) is a positive function which satisfies f(0) = 1. In this case h(0) = 0
and h'(0) = 1. If we choose an even function f(r), the metric is also smooth
at 0. Since h'(r) = f(r) + rf'(r), if we consider f'(r) > 0, then we have trivially
h'(r) > 1 > 0. Notice also that, conversely, by using Taylor expansion of h(r)
near 0, the conditions h(0) = 0 and h’'(0) = 1 imply the existence of a function
f(r) such that h(r) = rf(r) in the interval of convergence of the Taylor expansion.
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