RIGIDITY RESULTS FOR FREE BOUNDARY HYPERSURFACES IN
INITIAL DATA SETS WITH BOUNDARY

DEIVID DE ALMEIDA AND ABRAAO MENDES

ABSTRACT. In this work, we present several rigidity results for compact free boundary
hypersurfaces in initial data sets with boundary. Specifically, in the first part of the paper,
we extend the local splitting theorems from [G. J. Galloway and H. C. Jang, Some scalar
curvature warped product splitting theorems, Proc. Am. Math. Soc. 148 (2020), no. 6,
2617-2629] to the setting of manifolds with boundary. To achieve this, we build on the
approach of the original paper, utilizing results on free boundary marginally outer trapped
surfaces (MOTS) applied to specific initial data sets. In the second part, we extend the main
results from [A. Barros and C. Cruz, Free boundary hypersurfaces with non-positive Yamabe
invariant in mean convexr manifolds, J. Geom. Anal. 30 (2020), no. 4, 3542-3562] to the
context of free boundary MOTS in initial data sets with boundary.

1. INTRODUCTION

In differential geometry, there are several results aimed at understanding the geometry and
topology of Riemannian manifolds that have a lower bound on their scalar curvature. In the
case of dimension n = 2, a classical result by R. Schoen and S.-T. Yau [38] shows that any
closed surface that minimizes area in a three-dimensional Riemannian manifold with positive
scalar curvature is homeomorphic to either S? or RP?.

In this context, another result due to Schoen and Yau [39)] is the following:

Theorem 1 (Schoen-Yau, 1987). Let (M™", g), with n > 2, be a Riemannian manifold with
positive scalar curvature, RM > 0. If ¥ is a closed, two-sided, stable minimal hypersurface

in M, then 3 admits a metric of positive scalar curvature.

In [12], M. Cai proved the following splitting theorem, assuming that 3 minimizes volume
rather than merely being stable (see [24] for a simplified proof).

Theorem 2 (Cai, 2002). Let (M"*' g), with n > 2, be a Riemannian manifold with
non-negative scalar curvature, R™ > 0. Suppose ¥ is a closed, two-sided minimal
hypersurface that minimizes volume in M. If ¥ does not admit a metric of positive scalar
curvature, then there exists a neighborhood V' of ¥ in M such that (V, g|v) is isometric to
(—0,08) x X with the product metric dt? + h, where h = g|s and (3, h) is Ricci-flat.

The case of the theorem above for n = 2 was proved by M. Cai and G. J. Galloway [13]
(see the comment following Theorem [5 below).
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More recently, G. J. Galloway and H. C. Jang [25] obtained a splitting theorem for a
neighborhood of the boundary 3 of a Riemannian manifold (M, g), assuming a lower bound
on the scalar curvature of M and an upper bound on the mean curvature of ¥, while also
assuming that ¥ does not admit a metric of positive scalar curvature. To prove this theorem,
they used several results from the theory of marginally outer trapped surfaces (MOTS),
considering the special initial data set (M, g, K = —eg), where ¢ = 0 or 1. More precisely,
they proved the following result:

Theorem 3 (Galloway-Jang, 2020). Let (M™*! g), with n > 2, be a Riemannian manifold

with compact boundary 3. Fiz e =0 or 1, and assume the following conditions:

(1) The scalar curvature of M satisfies RM > —(n + 1)ne;
(2) The mean curvature of ¥ satisfies H* < ne;
(3) X does not admit a metric of positive scalar curvature;

(4) X is locally weakly outermost[]

Under these assumptions, there exists a neighborhood V' of ¥ in M such that (V,gl|y) is
isometric to [0,8) x X with the warped product metric dt* + e**h, where h = g|x and (3, h)
1s Ricci-flat.

They also observed that an analogous result holds if the condition on the mean curvature of
Y is replaced by H* < —ne. In this case, (V, g|y/) will be isometric to ([0,d) x X, dt? +e~2h).

Below, we present the first result of this work, inspired by Theorem [3] the proof of which
will be provided in Section [3]

Theorem A. Let (M™ g), with n > 2, be a Riemannian manifold with boundary, and let
> be a compact, free boundary hypersurface in M. Fix e =0 or 1, and assume the following

conditions:

(1) The manifold M has scalar curvature RM > —(n + 1)ne, and its boundary has mean
curvature H'M > 0;

(2) The hypersurface 3 has mean curvature H> < ne;

(3) X does not admit a metric with positive scalar curvature and minimal boundary;

(4) X is locally weakly outermost with respect to Hy = ne.

Then, there exists an outer neighborhood V' of ¥ in M such that (V,glv) is isometric to
0,8) x ¥ with the warped product metric dt* + e**h, where h = g|s and (3, h) is Ricci-flat
with a totally geodesic boundary.

As in the closed case, an analogous result holds if we replace H* < ne and dt? 4 e2**h above
by H* < —ne and dt? + e~2h, respectively, assuming that ¥ is locally weakly outermost
with respect to Hy = —ne.

IIn Theorem 3| the term “locally weakly outermost” corresponds to being “locally weakly outermost with
respect to Hy = ne” in our terminology (see [25] p. 2]).
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At the end of Section |3 we present examples that illustrate the necessity of condition (3)
(for e =0 or 1) and condition (4) (for € = 1) in Theorem [A| These examples are inspired by
those of Galloway and Jang (see [25, Remark 1]) in the closed case.

As noted, rigidity results involving scalar curvature have garnered significant attention
from geometers over the years. The following theorem, due to H. Bray, S. Brendle, and
A. Neves [I0], concerns surfaces and assumes the existence of an embedded sphere that
locally minimizes area in a Riemannian manifold with scalar curvature bounded below by a

positive constant. We restate it as follows:

Theorem 4 (Bray-Brendle-Neves, 2010). Let (M3, g) be a Riemannian manifold with scalar
curvature RM > 2¢, for some constant ¢ > 0. If ¥2 C M3 is an embedded sphere that locally
minimizes area, then the area of ¥ satisfies

47
< —.

A<=

Moreover, if equality holds, then there exists a neighborhood V' of ¥ in M such that (V, g|v)
is isometric to (—0,8) X ¥ with the product metric dt* + h, where h = g|s and (3, h) is the
round sphere of radius 1/\/c. In particular, if M is complete and ¥ minimizes area in its
isotopy class, then the universal cover of M is isometric to the product (R x X, dt* + h),
assuming equality holds.

The next theorem, due to I. Nunes [35], extends the result of Bray, Brendle, and Neves to
the context of closed surfaces ¥, with genus g(3) > 2, embedded in a Riemannian manifold
with scalar curvature bounded below by a negative constant.

Theorem 5 (Nunes, 2013). Let (M?,g) be a Riemannian manifold with scalar curvature
RM > —2¢, for some constant ¢ > 0. If ©2 C M? is a two-sided, embedded, closed Riemann
surface with genus g(X) > 2 that locally minimizes area, then the area of ¥ satisfies
4 ¥)—1
A > HrlEED) - 1)
c

Moreover, if equality holds, then there exists a neighborhood V' of ¥ in M such that (V, glv) is
isometric to (—8,0) x 3 with the product metric dt*+h, where h = g|s. and (3, h) has constant
Gaussian curvature equal to —c. In particular, if M is complete and ¥ minimizes area in
its isotopy class, then the universal cover of M is isometric to the product (R x X, dt* + h),
assuming equality holds.

It is worth noting that the works of Cai [12], Bray-Brendle-Neves [10], and Nunes [35] were,
in part, inspired by the pioneering work of Cai and Galloway [13], in which, motivated by
questions related to the topology of black holes, they solved a problem posed by
D. Fischer-Colbrie and R. Schoen [23]. Among other things, they proved the rigidity result
that we paraphrase as follows: if (M3, g) is a Riemannian manifold with non-negative scalar

curvature and X2 C M?3 is a two-sided embedded torus that locally minimizes area, then
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(M, g) is isometric to (—4,0) x ¥ with the product metric dt* + h in a neighborhood of 3,
where h = g|y; and (X, h) is a flat torus (i.e. M is flat in a neighborhood of ¥). Moreover,
if M is complete and ¥ minimizes area in its isotopy class, then the universal cover of M is
isometric to (R x X, dt? + h) (i.e. M is globally flat).

Despite the similarities between the results due to Bray-Brendle-Neves, Nunes, and
Cai-Galloway, their proofs are quite different. However, in 2015, M. Micallef and V. Moraru,
in [33], presented a unified proof for these important results. This allowed, one year later,
V. Moraru [34] to extend Nunes’ theorem to the case of closed hypersurfaces ¥ of dimension
n > 3.

Theorem 6 (Moraru, 2016). Let (M™" g), with n > 3, be a Riemannian manifold with
scalar curvature RM > —2c, for some constant ¢ > 0. Let X" C M™! be a two-sided, closed
embedded hypersurface with o(¥) < 0 that locally minimizes volume. Then the volume of 3

vol(5) > ("’@')

2c
Moreover, if equality holds, then there exists a neighborhood V' of ¥ in M such that (V, glv) is
isometric to (—0,0) x ¥ with the product metric dt*> + h, where h = gls and (X, h) is Einstein

with scalar curvature R> = —2c.

satisfies

Above, (%) represents the Yamabe invariant of ¥ (see Subsection [2.2)).

The case of closed hypersurfaces ¥ of dimension n > 2 with ¢(X) < 0 (i.e. those that do
not admit a metric of positive scalar curvature), in Riemannian manifolds with non-negative
scalar curvature, corresponds to Theorem 2 For hypersurfaces of dimension n > 3 with
o(X) > 0 in Riemannian manifolds with positive scalar curvature, only a few special cases
have been addressed so far: A. Barros et al. [9] studied the case of hypersurfaces ¥ of
dimension n = 4, assuming that (3, h) is Einstein; the second-named author [31] extended
the work of A. Barros et al. to more general (not necessarily Einstein) hypersurfaces of
dimension n = 4; and H. Deng [I8] studied the case when n > 4 and (3, h) is Einstein.

In 2020, A. Barros and C. Cruz [8] extended Theorem [f] to the setting of compact free
boundary hypersurfaces in Riemannian manifolds with boundary. The result is as follows:

Theorem 7 (Barros-Cruz, 2020). Let (M™, g), withn > 3, be a Riemannian manifold with
scalar curvature R bounded below and mean convex boundary OM , i.e. H?™ > 0. Consider
a compact, two-sided, properly embedded hypersurface X C M™ that is free boundary and
locally minimizes volume.

) If inf RM < 0 and o'°(2,0%) < 0, then

o1O(3, az)> 2

>
vol(X) = ( inf RM
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Furthermore, if equality holds, then there exists a neighborhood V' of ¥ in M such that
(V. glv) is isometric to (—6,0) x ¥ with the product metric dt*+ h, where h = gls, and
(3, h) is Binstein with scalar curvature B> = inf RM and a totally geodesic boundary.

1) If RM > 0 and o'°(%,0%) < 0, then there exists a neighborhood V of X in M such
that (V, glv) is isometric to (=4, 0) x ¥ with the product metric dt*+ h, where h = g|x
and (X, h) is Ricci-flat with a totally geodesic boundary.

Above, o10(3, %) denotes the Yamabe invariant of the compact manifold 3 with boundary
(see Subsection [2.2)).

Recently, L. F. Pessoa, E. Véras, and B. Vieira [36] extended the results of [§] to the setting
of capillary constant mean curvature hypersurfaces.

In the second part of this work, we extend Theorem [7| item I), to the context of free
boundary marginally outer trapped surfaces (MOTS).

Over the years, the study of MOTS, motivated by the theory of relativity, has garnered
significant attention from the mathematical academic community, particularly in the field
of differential geometry. Within this context, and concerning rigidity results, we present
the following theorem due to the second-named author [30] (definitions will be provided in

Subsection :

Theorem 8 (Mendes, 2019). Let (M3, g, K) be an initial data set, and let X% be a closed,
weakly outermost MOTS in (M3, g, K) with genus g(X) > 2. If u— |J| > —c for some
constant ¢ > 0 and K is 2-convex on My, then the area of ¥ satisfies
4 »)—1
Ay » ATED) - 1)
c
Moreover, if equality holds, then:

(1) There exists an outer neighborhood V' of 3 in M such that (V,g|yv) is isometric to
[0,8) x 3 with the product metric dt* + h, where h = gls, and (X, h) has constant
Gaussian curvature equal to —c;

(2) K =adt? onV, where a € C=(V') depends only on t € [0,9);

3) p=—cand J=0onV.

For hypersurfaces of dimension n > 3, he established the following result:

Theorem 9 (Mendes, 2019). Let (M™! g, K), with n > 3, be an initial data set, and let
X" be a closed, weakly outermost MOTS in (M™, g, K) with Yamabe invariant o(%) < 0.
If uw—1J| > —c for some constant ¢ > 0 and K is n-convex on My, then the volume of ¥

satisfies

sy » (121"

Moreover, if equality holds, then:
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(1) There exists an outer neighborhood V of ¥ in M such that (V,g|v) is isometric to
[0,8) x X with the product metric dt> + h, where h = g|s and (3, h) is Einstein with
scalar curvature R* = —2¢;

(2) K =adt? onV, where a € C®(V) depends only on t € [0,4);

3)pu=—-cand J=0o0nV.

Recently, A. Alaee, M. Lesourd, and S.-T. Yau [I] extended the concept of free boundary
minimal surfaces to marginally outer trapped surfaces (MOTS). Among other results, they
proved an analog of Theorem |8 for compact free boundary MOTS.

The second result in this work was inspired by the aforementioned results, extending part
of the work of Alaee, Lesourd, and Yau to compact free boundary MOTS ¥", with n > 3,
and Yamabe invariant o¢'(X,0%) < 0. The case of compact free boundary MOTS with
Yamabe invariant ¢'%(2,0%) < 0 (i.e. those that do not admit a positive scalar curvature
metric with minimal boundary) was recently addressed by the second-named author [32],
which corresponds to the analog of Theorem , item II), for compact free boundary MOTS.

We now state our second result (definitions will be provided in Section [2)):

Theorem B. Let (M" g, K), with n > 3, be an initial data set with boundary, and let
X" be a compact, free boundary stable MOTS in (M™, g, K) that is weakly outermost and
whose Yamabe invariant o'°(3, 0%) is negative.

If u—|J| > —c for some constant ¢ > 0, (M, g, K) satisfies the boundary dominant energy

condition, and K is n-convez, all of which hold on M, , then the volume of ¥ satisfies

010(2,08)]\ 2
vol(X) > <2C> :

Moreover, if equality holds, then:

(1) There exists an outer neighborhood V' of ¥ in M such that (V,g|v) is isometric to
[0,8) x X with the product metric dt> + h, where h = g|s and (3, h) is Einstein with
scalar curvature R = —2c and a totally geodesic boundary;

(2) K =adt? onV, where a € C®(V) depends only on t € [0,0);

3) p=—cand J=0onV;

(4) The boundary dominant enerqy condition is saturated along V N OM.

At the end of Section [4, we present an initial data set model in support of Theorem [B]

The paper is organized as follows: In Subsection [2.1] we present some preliminaries for
Theorem [A] and, in Subsection 2.2 for Theorem [B] In Section [3, we present the proof of
Theorem [A] and a corollary of it. Finally, in Section [4] we present the proof of Theorem [B]
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2. PRELIMINARIES

2.1. Free boundary MOTS. An initial data set (M,g,K) consists of a Riemannian
manifold (M, g) and a symmetric (0,2)-tensor K defined on M. For (M,g, K), the local
energy density and the local current density are defined as
1
= §(RM —|K]?+ (trK)?) and J=div(K — (tr K)g),
respectively, where RM is the scalar curvature of (M, g). The initial data set (M, g, K) is
said to satisfy the dominant energy condition (DEC) if

w—|J| >0 on M.

In this work, we assume that M is a differentiable manifold with boundary. The second
fundamental form of OM in (M, g), denoted by 117M | is defined as

(Y, 2) = (Vyo,Z), Y,Z € X(OM),

where g is the outward unit normal vector of M in (M, g).

The momentum tensor m of (M, g, K) is given by
T=K— (tr K)g.

We define (1,m)" as the restriction of 1,7 = 7(p, -) to the tangent vector fields on M. The
initial data set (M, g, K) is said to satisfy the boundary dominant energy condition (BDEC)
if

HM > (1,m)"] on OM.

The BDEC was introduced by S. Almaraz, L. L. de Lima, and L. Mari [2] in the context of
proving positive mass theorems for asymptotically flat and asymptotically hyperbolic initial
data sets with non-compact boundaries (see [2, Remark 2.7] for the motivation behind this
definition).

Let ¥ be a two-sided hypersurface in (M, g). Fix a field N of unit normal vectors to ¥ in
(M, g). The null mean curvatures 6 and 6~ of ¥ in (M, g, K) are defined as

6" =trs K+ H” and 0 =trg K — H”,

where H* = divg N is the mean curvature of 3 in (M, g).

Following R. Penrose, we say that the hypersurface X is outer trapped if 07 < 0, weakly
outer trapped if 6T < 0, and marginally outer trapped if 6t = 0. In the latter case, X is
referred to as a MOTS (an abbreviation for marginally outer trapped surface).
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The null second fundamental forms x* and x~ of ¥ in (M, g, K) are defined as
X"=Klg+A and x =K|s— A4,
where A is the second fundamental form of ¥ in (M, g), given by
AY,Z)=(VyN,Z), Y, ZeX(X).

Note that 0 = tr .
Let (Et)|t|<5 be a variation of ¥ in M, with X = X, and variational vector field

0
V=5

We can view the null mean curvature 6 = 67 (¢) of ¥, in (M, g, K) as a one-parameter

= ¢N for some ¢ € C®(X).

t=0

family of functions defined on ¥. It is known (see [5]) that

(2.1) ag; T Lo+ ( - ;((ﬁ)? + 9+r)¢,
where

Lo =—A¢+2(X, Vo) + (Q — | X|* + div X)¢
and

Q= 3" — (u+ J(N) — S P

Here, R* is the scalar curvature of 3 with respect to the induced metric. Additionally, X
is the vector field tangent to ¥ that is dual to the 1-form K(N,-)|s, and 7 = tr K.

The above operator L is referred to as the stability operator for MOTS. This terminology
arises because, in the Riemannian case (i.e. when K = 0), a MOTS corresponds to a minimal
hypersurface, and the operator L reduces to the classical stability operator (or the Jacobi
operator) in the theory of minimal surfaces.

It is worth noting that the notion of stability for closed MOTS was introduced by
L. Andersson, M. Mars, and W. Simon [5]. In the case of capillary MOTS in initial data
sets with boundary, the notion of stability was introduced by A. Alaee, M. Lesourd, and
S.-T. Yau [I]. In this work, we will only consider the case of compact free boundary MOTS
in initial data sets (M, g, K) with boundary.

From now on, we assume that M is a differentiable manifold with boundary and that X is
a properly embedded, compact hypersurface with boundary in M. That is, ¥ is embedded
in M and satisfies 0¥ = X N oM.

We say that X is free boundary in (M, g) if ¥ intersects OM orthogonally, i.e. p = v along
0%, where v is the outward unit normal vector of 0¥ in ¥ with respect to the induced metric.



RIGIDITY RESULTS FOR FREE BOUNDARY HYPERSURFACES 9

A compact free boundary MOTS ¥ in (M, g, K) is said to be stable (see Definition 5.1
in [1]) if there exists a non-negative function ¢ € C*°(X) \ {0} satisfying

Lo=—-0p+2(X, Vo) + (Q — | X]*+divX)p >0 on X,
B = gf — (N, N)p =0 on 0.

Without loss of generality, by the maximum principle for non-negative functions, we can
assume that ¢ > 0.

Suppose X is a MOTS that separates (M, g, K), that is, M \ X is disconnected. The exterior
of ¥, denoted by M., is the region consisting of ¥ and the portion of M \ ¥ toward which
the unit normal vector N points.

We say that X is outermost if no hypersurface homologous to 3, contained in M, , except X,
has null mean curvature 6+ < 0. Equivalently, ¥ is outermost if, for any hypersurface ¥/ # %
homologous to ¥ and contained in M., there exists a point p € X' such that 6%(p) > 0.
Similarly, we say that X is weakly outermost if no hypersurface homologous to X, contained
in M, has null mean curvature 7 < 0.

We say that K is n-convexr on M, if tr, K > 0 for any p € M, and any n-dimensional
linear subspace m C T, M. Equivalently, K is n-convex if the sum of the n smallest eigenvalues
of K is always non-negative.

The next three results are due to the second-named author [32], who generalized results
by G. J. Galloway and R. Schoen [27] to the context of compact free boundary MOTS in
initial data sets with boundary.

Lemma 2.1 (Mendes, 2022). Let (X", h), with n > 2, be an orientable, connected, compact
Riemannian manifold with boundary. Suppose there exists a function u € C*(X), u > 0,
such that

Lu=—-Au+ (3R —Plu>0 on X,

ou

af—i-HaZuZO on 0%,
v

where R* is the scalar curvature of (X, h), H is the mean curvature of 9% in (X, h), and

P is a non-negative function on 3. Then one of the following conditions holds:

(1) ¥ admits a metric with positive scalar curvature and minimal boundary;
(2) (X, h) is Ricci-flat with a totally geodesic boundary, P =0, and u is constant.

Conclusion (2) of Lemma will be important for our purposes. In fact, one of the
hypotheses of Theorem [A| states that ¥ does not satisfy condition (1). Thus, by verifying
that the assumptions of Lemma are met, we ensure the validity of condition (2).

Lemma 2.2 (Mendes, 2022). Let (M™ g, K), with n > 2, be an initial data set with
boundary, and let ¥ be a compact free boundary MOTS in (M, g, K). If ¥ is stable, then the
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first eigenvalue \y(Ly) of the operator Lo = —A + Q) on X with Robin boundary condition
Bou=Bu+ (X,v)u=0 on 0%
18 mon-negative.

It is well known that the first eigenvalue A (L) of the operator L defined in the previous

lemma can be characterized as follows:
/ (IVul? + Qu)dv — / (M (N, N) — (X, v))ulds
)\1 (,Co) = inf 2 ox
uweC>=()\{0} / W2dv
b

Theorem 2.3 (Mendes, 2022). Let (M" g, K), with n > 2, be an initial data set with
boundary, and let X2 be a compact, free boundary stable MOTS in (M, g, K). Assume that
(M, g, K) satisfies both the DEC and the BDEC, i.e. u > |J| on M and H?M > |(1,7)"|
on OM. If ¥ is weakly outermost in (M, g, K) and does not admit a metric with positive
scalar curvature and minimal boundary, then there exists an outer neighborhood V=10, ) x %
of X in M such that
gly = @*dt* + hy,

where ¢ V. — R is a positive function and hy is the induced metric on ¥; = {t} x X.
Moreover, the following conditions hold:

(1) ¥y = {t} x X is a free boundary MOTS, and it has vanishing outward null second
fundamental form;

(2) Xy is Ricci-flat and has a totally geodesic boundary with respect to the induced metric;

(3) The DEC' is saturated on V', and J|x, = 0;

(4) The BDEC is saturated on 0%, and (1,m)" |ax, = 0.

A crucial step for Galloway and Jang in proving Theorem [3| was demonstrating that ¥ is
a MOTS in the special initial data set (M, g, K = —eg). To achieve this, they relied on a
well-known result by L. Andersson and J. Metzger (see [0, Lemma 5.2]).

In our context, a similar result is required for compact free boundary hypersurfaces. This
will be established in Lemma[3.1]later. However, before proceeding, we will state a maximum
principle for parabolic equations, which plays a key role in the proof of the lemma.

Let u: ¥ x [0,7] — R, with T" > 0, be a function, and let Lu = %ﬁf + Pu be a parabolic
operator, with P defined as

Pu = —ad"(z,t)V;V,u— b (z,t)Vu — c(z,t)u,

where a,b',c € L>®(X x [0,T7).
Additionally, let f: R x ¥ x [0,7] — R be a function satisfying the following conditions:

f(0,z,1) >0,

|f(8,$,t)—f(0,x,t)|Sli(fr,t)~|8| for |S|§p,
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where k € L>®°(X x [0,7T]) and p > 0 is a constant.

Now, consider a vector field v defined on 9% x [0, T'], where v is tangent to ¥ at each point
and satisfies g(v,v) > 0, with v denoting the outward unit normal field of 9% in X.

We are now ready to state the maximum principle:

Theorem 2.4 (Maximum principle for parabolic equations). Let £, f, and v be as defined
above, and let v : ¥ x [0,T] — R be a continuous function such that u is of class C*' in a
neighborhood of each point (x,t) € ¥ x [0,T] where |u(x,t)| < e, with € > 0 being a small
constant. Suppose that u satisfies the following conditions:
(i) u(-,0) > 0;

(17) Lu(z,t) >0 for every (z,t) € ¥ x (0,T] with |u(z,t)| < p;

(iii) 9%(z,t) = f(u(z,t),2,t) for each (z,t) € 0% x (0,T] with |u(z,t)| < p.
Then, u > 0. Furthermore, if u(-,0) is not identically zero, then u(xz,t) > 0 for every
(x,t) € ¥ x (0,T)Uint(X) x {T}.

This result is discussed in detail in [40].

Remark 2.5. It is important to mention that the maximum principle stated above will be
applied in a very specific setting. In this case:

u will be of class C* on ¥ x [0, 7],

Lu=0onX x[0,7T],

Qu(x,t) = f(u(z,t),z,t) for every (z,t) € 0 x [0,7], and

the function f will satisfy

F(s,2,8) = FO,2,0)] = A1) - |sl, V(s,2,t) € R x T x [0,T).
In this special case, the constants p > 0 and € > 0 are unnecessary.

Next, we present the definition of the mean curvature flow with Neumann boundary
(or free boundary) condition.

Consider a hypersurface S in R"™! and an orientable compact manifold ¥" with boundary.
Let Fy : ¥ — R™"! be an immersion such that ¥y := Fy(X) satisfies the following conditions:

820 - Fo(aZ) = 20 N S,
<N07<QOF0><$>:O7 vxeaza

where Ny and g are unit normal fields to >y and S, respectively.
Let F': X" x [0,T) — R""! be a family of immersions with F(-,0) = Fy. We say that F
evolves by the free boundary mean curvature flow if it satisfies the following conditions:

d -
%F(x,t) = H(z,t), V(z,t) € X x][0,T),

(22) F(8%,t) C S, vt € [0,T),
(N,po F)(x,t) =0, V(x,t)€ 0¥ x[0,T),
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where H denotes the mean curvature vector of the immersion.

The short-time existence of the free boundary mean curvature flow was established by
A. Stahl [40], inspired by the work of K. Ecker and G. Huisken [19], who proved the short-time
existence of the mean curvature flow in the case where ¥ is closed. Similarly, it can be shown
that the free boundary mean curvature flow exists for a small time 7" > 0 in Riemannian
manifolds (M™*1, g) with boundary M. In this general setting, S = M and ¥ is a compact
free boundary hypersurface in M.

To apply the maximum principle for parabolic equations (Theorem to a function wu, it
is necessary to verify that u satisfies conditions (), (i), and (éi7). The following result will
assist in establishing condition ().

Consider a variation f : X x (—6,0) — M of ¥ such that, for each t € (—4,6), the map
fi : ¥ 32— f(x,t) € M is an immersion satisfying f;,(0X) C OM. We denote by X;, N,
and H** the image f;(3), a unit normal vector field to ¥;, and the mean curvature of X
(i.e. H* = divy, N;), respectively.

The variational vector field of f is expressed as

of
=5
Decomposing 0, into its tangential and normal components yields:

at - atT + ¢tNt7

0y

where ¢, is a function on ¥, defined by ¢; = ¢(9;, N;), with g representing the Riemannian
metric on M.

In the special case where the variational vector field has only a normal component, i.e.
O = 0, the result below describes how to compute the derivative of ¢; in the direction of v,
(see [3, Proposition 17]).

Proposition 2.6 (Ambrozio, 2015). If 3 is free boundary and 87 =0 at t = 0, then

0
atg(Nt7 Q)’t:O = _52()] + g<NO7vNOQ)¢O7

where vy is the outward unit normal of 0¥q in Y.

2.2. The Yamabe invariant. In this subsection, we present some preliminaries for
Theorem [Bl

The classical Yamabe problem, initially studied by H. Yamabe [42] and later resolved
through the contributions of N. S. Trudinger [41], T. Aubin [7], and R. Schoen [37], asserts
that for any Riemannian metric g on a closed manifold ¥, with n > 3, there exists a metric
g in the conformal class of g with constant scalar curvature.

For compact manifolds 3" with boundary, two natural extensions of the Yamabe problem
are as follows:
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(a) Given a Riemannian metric g on 3, does there exist a metric g in the conformal class
of g with constant scalar curvature and minimal boundary?

(b) Given a Riemannian metric g on ¥, does there exist a metric g in the conformal class
of g with zero scalar curvature and constant mean curvature on the boundary?

These problems were introduced and first studied by J. F. Escobar [20, 21]. Significant
progress was later made by various authors, culminating in their complete resolution
(see [11], [15] 17, 28] 29]).

It can be shown that g = gpﬁ g, where ¢ € C*(X) and ¢ > 0, solves the Yamabe problem
with boundary (a) (resp. (b)) if and only if ¢ is a critical point of the functional

4(n —1
/E ((n_ ) |V<p|2 + R§g02>dv + 2/ H52g02d3

n

2
( /Spn 2dv+b/ Sp(yleI)dSTLl)"

with (a,b) = (1,0) (resp. (a,b) = (0,1)). Here, RY is the scalar curvature of (X, g), HZ* is
the mean curvature of 0%, and dv, ds denote the volume elements of ¥ and 0%, respectively.
The Yamabe constant Q4*(%,9%) of (X, g) is defined as

Qy (2, 0%) = inf Qp’(p).

peC™=(3), >0 7

a,b

We say that g = gpﬁg is a Yamabe metric if ¢ attains the Yamabe constant, that is,

Q5" (¢) = Q5 (2, 0%).
The conformal class of g is denoted by

9] = {p72g | p € C=(T), ¢ > 0},

and the set of all conformal classes of metrics on ¥ is written as C(X). It is straightforward

to verify that Q%°(X,0%) is a conformal invariant, meaning that if g € [g], then
7' (2, 0%) = Q;"(%,0%).
Thus, Q4*(X, 0%) is often denoted by Q?g’}b(E, o).

The Yamabe invariant o*(3%, %) of ¥ is defined as the supremum of the Yamabe constants
over all conformal classes:
o®(2,0%) := sup Q[ ] b(x,0%).
[g]eC(%)
Two important results are now presented for use in the proof of Theorem [B] The first is a
uniqueness result due to Escobar [22]:

Theorem 2.7 (Escobar, 2003). Let (X", g), with n > 2, be a compact Riemannian manifold
with boundary. If g € [g] satisfies RY = R> <0 and ng = Hg82 <0, then g = g.
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The second result, due to T. Cruz and A. S. Santos [16, Proposition 5.3, establishes
conditions under which Yamabe metrics on compact manifolds with boundary are Einstein:

Proposition 2.8 (Cruz-Santos, 2023). Let X", with n > 3, be a compact manifold with
boundary such that the Yamabe invariant o1°(X,0%) is negative. Suppose g is a metric on

Y that achieves the Yamabe invariant, that is,
Q,°(%,0%) = 0'°(3,0%).
Then every Yamabe metric in [g] is Finstein with a totally geodesic boundary.

To conclude this subsection, we state a lemma due to the second-named author [30]. This
result, inspired by the techniques of Micallef and Moraru [33] and Moraru [34], will also be
used in the proof of Theorem [B]

Lemma 2.9 (Mendes, 2019). Let f € C'([0,0)) andn,&, p € C°([0,48)) be functions satisfying
max{f,p} >0,£>0,n>0, and f(0)=0. If

F@(e) — f0p0) < [ Fe)ds, Ve € [0,6),
then f < 0. In particular, if f is non-negative, then f = 0.

3. PROOF OF THEOREM [Al

In this section, we present the proof of Theorem [A] inspired by the work of G. J. Galloway
and H. C. Jang [25]. Before proceeding, however, we will establish an auxiliary result
analogous to Lemma 5.2 in [6], which Galloway and Jang utilized in their proof of Theorem

Lemma 3.1. Let (M™", g), withn > 2, be a Riemannian manifold with boundary, and let ¥
be a compact free boundary hypersurface in (M, g) whose mean curvature satisfies H* < ne
and H* # ne, where € = 0 or 1 is fized. Then, for any r > 0, there ewists a compact
free boundary hypersurface ¥ in (M, g) that lies within an outer r-neighborhood of ¥ in M,
satisfies H> < ne, and is disjoint from 2, i.e. Y NY = 0. Moreover, ¥ is a graph over X.

Proof. Consider the tensor K = —eg and the free boundary null mean curvature flow
F:¥x[0,T)— (M,g, K) defined by

d

%F =—0tN on X x1[0,7),

(3.1) F(0%,t) C OM, Vte[0,T),
(N,ooF)=0 on 9% x[0,T).
Thus, for € = 0, the flow (3.1]) takes the form of the flow (2.2)), which, as mentioned earlier,

has a solution for a small time 7" > 0. In the case ¢ = 1, the proof of the existence of ({3.1])
for small time can be carried out in a manner entirely analogous to the proof of the existence

of .
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To conclude the proof of the lemma, we will use the maximum principle for parabolic
equations (Theorem to ensure that 67 < 0 on X; = F(X,t) for every t € (0,7).

First, it follows from (2.1)) and (3.1]) that

06 + 0 + +
where { 1 1
Q= LR® — (ut J(N)) — Lx* — X[ div X — L) 407
with all geometric quantities computed on ;.

Now, fix Ty € (0,7) and define u : ¥ x [0,Tp] = R by u = —e7*0*. We aim to verify
that u satisfies conditions (4), (ii), and (iii) of Theorem 2.4} Since H> < ne, it follows that
6t = H* —ne < 0 on X. Therefore, condition (i) holds, i.e. u(-,0) > 0.

To verify condition (ii), observe that

O N D e
(815 A)u—at( e 07)+Ale"0M)
o0

=e 0t —e

ot
=—u—e (AT —2(X,VOT) — Q0T) + e TAOT
= —2(X,Vu) — (Q+ 1)u.

+e tAOT

Therefore, it follows that

ou
= — P =
Lu BT + Pu =0,

where Pu = —Au + 2(X, Vu) + (Q + 1)u. This shows that condition (ii) is satisfied.
Finally, it follows from Proposition that 2° = [19M (N, N)§* and, therefore,

ov
ou oM
5:11 (N,N)u on 0%,.

Thus, defining f : R x ¥ x [0,Tp] = R by f(s,x,t) = II°”(N, N)s, we have:

(a) f(0,z,t) = 0;

(b) [f(sa,t) = f(0,2,8)| = [TIPM (N, N)| - |s].
This ensures that condition (i4i) is also satisfied. Since u(-,0) # 0, because H* # ne, it
follows from Theorem [2.4] that u > 0 in X x (0,75) Uint ¥ x {Ty}. Since this holds for every
To € (0,T), we have 7 < 0 in X, for each t € (0,7).

Therefore, the flow F' evolves the hypersurface X in the direction of N. In particular, for

sufficiently small ¢ > 0, ¥; will be a properly embedded hypersurface contained within an
r-neighborhood exterior to ¥ and satisfying ¥ N Y, = (). Hence, we can take ¥/ = X;. U

Before proceeding to the proof of Theorem [A] we present an important definition:
Let (M™*!, g), with n > 2, be a Riemannian manifold with boundary, and let X" C M"*!
be a compact, properly embedded hypersurface. Assume H, € R is such that H> < H,. If
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Y] separates M, we say that X is weakly outermost with respect to Hy if no hypersurface >/,
homologous to ¥ and contained in the exterior M, of ¥, has mean curvature H> < H.
Furthermore, ¥ is said to be locally weakly outermost with respect to Hy if there exists a
neighborhood U of ¥ in M such that X is weakly outermost with respect to Hy in (U, g|v).
This definition appears in [25], with the only difference being that, here, we emphasize the
role of the constant H.
With this definition in place, we can proceed to the proof of our first theorem:

Proof of Theorem[4]. Consider the initial data set (M, g, K) with K = —eg.
We assert that (M, g, K) satisfies the DEC. Indeed, considering {es,...,e,11} as a local
orthonormal frame on M, we have

n+1
tr K =Y K(ee)=—(n+1)e,

=1

and
n+1

|KI? =Y K(eje;)* = (n+1)e
ij=1
Thus, we deduce
1
p= 5 (RY 4 (0 KY ~ |KP)
1
= i(RM + (n + 1)ne?)
1
= S(RM + (0 + 1)ne),
where the last equality follows from the fact that e = 0 or € = 1. Then, by hypothesis (1),
we have p > 0. Moreover,

J =div(K — (tr K)g) = div(neg) = 0.

Thus, u — |J| > 0, and the dominant energy condition is satisfied.
On the other hand, since 7 = K — (tr K)g = neg and (¢,7)" = (0, )|anr, it follows that

(tom) " = mneg(o, -)|onr = 0,

given that g is normal to the boundary of M. Thus, the boundary dominant energy condition
also holds, as H > 0 = |(1,m)"].

Claim 1: ¥ is a MOTS that is locally weakly outermost in (M, g, K = —¢g).

First, observe that the null mean curvature 0% of a hypersurface ¥’ in (M, g, K = —eg)
is given by #t = H> — ne. Hence, asserting that ¥ is a MOTS that is locally weakly
outermost in (M, g, K = —eg) is equivalent to saying that H* = ne and that X is locally
weakly outermost in (M, g) with respect to Hy = ne. Therefore, we only need to verify that
H* = ne on ¥, due to hypothesis (4) of the theorem.
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Suppose H* # ne. Since H® < ne, it follows from Lemma that, given an outer
neighborhood U of ¥ in M, there exists a hypersurface ¥’ C U, homologous to ¥ in U, such
that H> < ne, which contradicts the fact that ¥ is locally weakly outermost with respect to
Hy = ne. Therefore, H* = ne.

Claim 2: ¥ is a stable MOTS in (M, g, K = —¢g).

We aim to prove the existence of a positive function ¢ € C*°(X) such that

Lo=—-Ap+2(X, Vo) +(Q—|X|?+divX)p >0 on X,

B¢ = 9 _ II°"(N, N)p =0 on 0%,

ov

where ) 1
Q=R = (p+ () = S Ix*P
To prove this, observe that K(N,)|s = —eg(V,-)|x =0 (as N is normal to ¥), so X = 0.

Moreover, we previously established that ¢ = 2(RM + (n + 1)ne) and J = 0. Hence, the
stability operator for MOTS reduces to

Lo =—-A¢+Q09,
where ]
Q= S(R¥ = R™ = (n+ Une — [*P?).

In particular, L is symmetric. Thus, there exists a positive eigenfunction ¢, of L, associated
with the first eigenvalue \;(L), satisfying the Robin boundary condition:

Loy = M (L)gpr on X,
ngl =0 on 0.

We claim that A\;(L) > 0. Suppose, by contradiction, that A\(L) < 0. Considering a
variation (3;) of ¥ in M with variational vector field V = ¢ N, it follows from ({2.1)) that

(07)'(0) = Loy = M(L)¢1 < 0,

where (07)(t) denotes the derivative of 7 (¢) with respect to t. Hence, 67(t) < 0 for
sufficiently small ¢ > 0, contradicting the fact that X is a locally weakly outermost MOTS.
This proves that A;(L) > 0, ensuring that ¥ is stable.

Now, under the assumptions of Theorem [2.3, it follows that there exists an outer
neighborhood V' = [0,d) x ¥ of ¥ in M with coordinates (¢,x) in V such that the metric g
can be expressed as

g = @*dt* + hyda'de’ on 'V,
where ¢ = ¢(t,z) is positive, hy = hy;(t, z)dz'dz? is the induced metric on 3, = {t} x %,
and ¥, is a free boundary MOTS in (M, g, K = —eg) for each t € [0, ). Moreover, it follows



RIGIDITY RESULTS FOR FREE BOUNDARY HYPERSURFACES 18

from Proposition [2.6] that

ai):Hf”M(J\ft,J\ft)gp on 9%,
al/t

where v; is the outward unit normal to 0% in (%, hy).

Claim 3: ¢ is constant on each ;.

Indeed, since ¥; is a MOTS for every t € [0,0) and 9, = ¢ N; is the variational vector field
of the family (%), it follows from that

o6+ ‘
0= ot Lip = =Ap +2(X;, Vo) + (Qr — |Xif* + div X, )p,

where 1 .
Q= iRZt —(p+ J(Vy)) — §|er|2
On the other hand, since K(Ny,:)|s, = —€g(NVy, )|z, = 0, we have X; = 0. Moreover, as
noted above, = $(RM + ¢(n + 1)n) and J = 0. Therefore,
L5
—Ap+ <2R t— Pt)gp =0 on X,
where
1
by = i(RM +e(n+n+[x*) > 0.
Furthermore, note that the mean curvature H%M of OM in (M,g) along O%; can be
expressed as
HOM = g% 4 TIPY (N, V),

where H% is the mean curvature of 9%, in (34, hy). This follows because ¥, is free boundary
in (M, g) (see the proof of Proposition in the next section). Thus, along 9%, we have

0
(Tf +Hp = TPM(N, Ny + H'
t
— HaMQO
> 0,

It then follows from Lemma that ¢ is constant on ¥;, P, = 0, and (3, h;) is Ricci-flat
with a totally geodesic boundary for each ¢ € [0, d).
By making a change of variable if necessary, we can assume, without loss of generality,
that ¢ = 1. Thus, we have
g =dt* + hijda:ida:j on V.

On the other hand, since P, = 0, we have x; = 0, i.e.

X?ZK|Et +At:_€ht+At:0,
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where A; is the second fundamental form of 3, in (M, g). Therefore, A; = €h;, which in
coordinates means that

Oh;;
atj = thij-
Thus,

hij(t,x) = e* h;;(0, 2).
Finally, taking h = hy = g|yx, it follows that g|y = dt* + €*'h, where (X2, h) is Ricci-flat
with a totally geodesic boundary, as desired. 0

One consequence of Theorem [A]is the following:

Corollary 3.2. Under the assumptions of Theorem if (M, g) is complete, then (M., g|a,)
is isometric to ([0,00) x 3, dt* + e**h), where h = g|s, and (X, h) is Ricci-flat with a totally

geodesic boundary.

In the preceding result, it suffices for (M, g|as, ) to be complete.
To prove Corollary we can follow the same reasoning as in the proof of Theorem 3.1
in [25].

Example 3.3. Consider the (n + 1)-dimensional manifold
N = {z = (1,...,201) € R™ | r(2) > (m/2)77)

equipped with the spatial Schwarzschild metric
4
m n—1
ch = |1 57
9Sch ( + 2r"1>

where m > 0, § is the Euclidean metric, and r(z) = |z| denotes the Euclidean distance from

r € N to the origin. Standard computations show that the scalar curvature of (IV, gsen)
vanishes.

Furthermore, the mean curvature of the boundary S = {r = (%)ﬁ} of N is zero. More
generally, the mean curvature of a sphere S = {r = ¢} is given by

HS/:n<1—ninm>-
To ) —1—5

In particular, we have H% > 0 for ry > (%)ﬁ By the maximum principle, this implies
that S is weakly outermost with respect to Hy = 0 (see also Proposition 2.2 in [26]).

This confirms that (V, gse,) satisfies all the hypotheses of Theorem (3| for € = 0, except for
condition (3). However, the conclusion of Theorem [3| does not hold.

Now, consider an extension of this example. Let M™*! be the manifold with boundary

Mt = {l’ = (%1,. .. ,l’n+1> € R \ {O} ‘ Tpy1 2 0}

equipped with the metric

g:(l—l— m >nl5.
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The boundary OM of M has zero mean curvature; in fact, 9M is totally geodesic in (M, g).
Furthermore, the hemisphere ¥ = {r = (%)ﬁ}ﬂ{xnﬂ > 0} is a free boundary hypersurface
in (M, g). As before, all the hypotheses of Theorem |A| are satisfied, except for condition (3).
This example demonstrates that condition (3) in Theorem [A|is necessary when € = 0.

Example 3.4. Consider the (n+ 1)-dimensional manifold N"*! = [r,,, 00) x S™ equipped with
the AdS-Schwarzschild metric

JAdS-Sch = V(T)ild’f’2 + TQhSn,

where
2m

rnfl’

T'm = (2m)ﬁ, V(r)=1+17*—
and hgn is the standard round metric of constant curvature one on S™.

It follows that (NN, gags.scn) has constant scalar curvature —(n + 1)n. Furthermore, the
mean curvature of a slice {ro} x S™ is given by

!
H(rg) = nV(ro)2 .

To
In particular, the boundary S = {r,,} x S™ of N has constant mean curvature H(r,,) = n;
and for rq > r,,, we have H(rg) > n. Thus, S is weakly outermost with respect to Hy = n
(see Proposition 2.2 in [26]). This confirms that condition (3) in Theorem [3| as pointed out
by Galloway and Jang [25] Remark 1], is also necessary when e = 1.

Now, we extend this example by considering the manifold with boundary M = (ry, 00)x.S%
equipped with the metric

g=V(r)tdr* + 7"2h51,

where S is a hemisphere of 5™, and hgn is the induced metric on S%. Here, r. is the unique
positive number such that V' (r,) = 0. This example satisfies all the hypotheses of Theorem
for e = 1, except for condition (3).

Ezample 3.5. As a final example in this section, consider the manifold N"™! = [rq, 00) x T"
equipped with the Kottler metric

2 -1
gK:<7’2— m) dr® + r*h,

Tn—l

where ry > (2m)n$1 and h is a flat metric on 7. The scalar curvature of (N, gk) is constant

equals —(n + 1)n, and the mean curvature of a slice {r} x T" is given by

2 2 1
—(7’ — o) < n.
r

H(r)=n

Moreover, the boundary {rq} x T™ of N does not support a metric of positive scalar curvature.

This example demonstrates that condition (4) in Theorem [3|is also necessary when e = 1.
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To extend this example to the case of free boundary hypersurfaces, consider the manifold
M" ! = (r, 00) x [a,b] x T"! endowed with the Riemannian metric

2 -1
g = (7"2— m) dT2+T2h0,

Tn—l

where r; = (2m)%+1, a < b, and hy is a flat metric on [a,b] x T""'. This example satisfies
all the hypotheses of Theorem [A| for € = 1, except for condition (4).

4. PROOF OF THEOREM [Bl

The goal of this section is to prove Theorem [Bl However, before doing so, we will present
and prove several auxiliary results. The first of these is a volume estimate for compact, free
boundary stable MOTS with a negative Yamabe invariant:

Proposition 4.1. Let (M™ g, K), with n > 3, be an initial data set with boundary, and
let X" be a compact, free boundary stable MOTS in (M™ g, K).

(1) If u+ J(N) > —c on X for some constant ¢ > 0, HO™ > |(1,m)"| on OM, and ¥ has
Yamabe invariant '°(%,0%) < 0, then

(4.1) vol(X) > ('“10(220‘92)|> ‘.

(2) If u+ J(N) >0 on %, HM —|(1,m)"| > —¢ on OM for some constant ¢ > 0, and ¥
has Yamabe invariant c™' (%, 0%) < 0, then

%13, az)y>’“ |

vol(9%) > ( =

The above proposition is the analog of Theorem 1 in [§] for compact free boundary MOTS
in initial data sets with boundary.

Proof. We will begin with the proof of item (1).
First, since X is a stable MOTS, it follows from Lemma that A;(Lo) >0, i.e.

/ (IVul? + Qu2)dv — / (1P (N, N) — (X, ))ulds
in b ox )
uweC>=(2)\{0} / Wdv

>

Thus, for u € C*(X), we have:

0 <M\ (Ly) =

0 < /E(2|Vu|2 +2Qu?)dv — 2[92(118M(N, N — (X, v))ulds
= [ @IVul+ (B = 2(u+ J(V)) =[x F)u)do

—2 aE(HaM(N, N) — (X, v))u?ds

(4.2) < /Z @[Vl + (RE + 20)u)dv — 2 [ (LM (N, N) — (X, v))ulds,

ox
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where we have used that p+ J(N) > —c on X.

On the other hand, since ¥ is free boundary in (M, g), it follows that the conormal v
of O in X, with respect to the induced metric h = g|y, coincides with the conormal g of
OM in (M, g) along 0%. Thus, at each point p € 9%, we can choose an orthonormal frame
{e1,...,en_1,€,} of T,0M such that e, = N, i.e. such that {e;,...,e,_1} is an orthonormal
frame of T,0%. Therefore,

n—1

HBM = Z<VeiQ7 €i> + <VNQ7 N>
=1
n—1

=Y (Ve e) +IY(N,N)

i=1

= H” + 1IM(N, N);
which, when substituted into (4.2)), gives:

(4.3) 0< / 2Vaul? + (RS + 26)ud)dv — 2 | (H™ — H® — (X, v))ulds
b oY

for every function u € C*°(X). Therefore, defining a,, = 4(::21), it follows from (4.3)), together

with Holder’s inequality, that
n—2

0 < [ (anVul + R7u?)dv + 2 vol(3)7 (/ un2n2dv> "
b b

(4.4) +2 [ H%ulds —2 | (H™ — (X,v))u’ds,
ox (o))

since a,, > 2 for all n > 3.
Along 9%, we have
(tem) " (N) = K(o,N) = (tr K) {0, N) = K(v,N) = (X, v),
and
HOM > |(1ym) | = (14m) (),
which implies that
HM (X, v) = HM — (1,m)"(N) > 0.
Thus, using the above inequality in (4.4)), we obtain

/ (an|Vul|? + R¥u?)dv +2 [ H%uds . ,
0< 2= — 2= + 2cvol()n = Q;°(u) 4 2¢vol (%),

(/ un2n2dv>n
M
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for all uw € C*°(X) positive. This implies that

0<  inf 1,0 2¢vol(X)r
= wecos(5), us0 P (u) + 2cvol(2)

= QM(,0%) + 2cvol (D)4
< o0(%,0%) + 2cvol(T)*,

which gives
Oz, %)) 2
vol(3) > <|0(2’a)|> ,
C

as we intended to prove.
To prove item (2), we start from the inequality

0< [ @IVul + (B =200+ J(N) = [ Phu)dv =2 [ (1P (N, N) = (X,v)juds,
which, as before, holds for all v € C*°(X). In this case, since u+ J(N) > 0 on ¥ and
I°"(N,N) — (X,v) = H™ — H% — (1,7)T(N)
> HOM _|(1,7)T| — HO®

> _—¢— H”,

we have
0< / (2|Vul* + R¥u?)dv + 2/ HPu?ds + 26/ u?ds
2 0% 9

)
for all u € C>(%).
Once again, it follows from Holder’s inequality and the fact that a,, > 2 that

n—2

0< /(an|Vu|2 + R™u?)dv + 2/ HP*ds + 2Evol(82)ﬁ </ uQ?—_?l)ds) "
s % ox

Therefore, dividing the above inequality by

n—2

2(n—1) n—1
/ w2 ds
0%

and taking the infimum over all functions u € C*(X) with u > 0, we obtain:

0< QUY(E,0%) + 2evol (%)™ < 0% (X, %) + 2evol(9%) T,
which establishes the result. O

The next proposition is an infinitesimal rigidity result that we obtain by assuming the
volume of ¥ saturates inequality (4.1]).

Proposition 4.2 (Infinitesimal rigidity). Under the hypotheses of Pmposz’tz’on if equality
m holds, then:
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e (X, h) is Einstein with scalar curvature R*¥ = —2c and a totally geodesic boundary,

where h = gls;
e u+J(N)=——cand xt =0 on %;
o HM =|(1,m)"| = (X,v) on 0%;
e \i(Ly) =0.

Proof. From the solution of the Yamabe problem, we know that there exists a positive

function ¢ € C*°(X) that attains the Yamabe constant Q;°(X, %), i.e.
n'(0) = Q) (2, 0%).

On the other hand, it follows from the end of the proof of item (1) of Proposition

along with equality in (4.1)), that
(4.5) 0 < QM(S,0%) + 2cvol(2)7 < ¢M0(3, %) + 2¢vol(X)

3

=0.

Therefore,

3

LO() + 2cvol(2)7 = QLO(S, 0%) 4 2¢vol(X)# = 0,

n—

which, by multiplying by (/s gb% dv)TQ, implies

—2

[ (@l Vol? + BZ6?)dv + 2/a HE¢ds + 2¢vol(D) (/ ¢f”zdv>” — 0.
s > >
Since ¥ is a stable MOTS, it follows from Lemma [2.2] that

0 < 2\(Lo) /E S

< 2 L0V6P + Qot)do— [ (PN, N) — (X,0))¢%ds )

= LIV + (B = 2(u+ I (V) = [ P)otdv =2 [ (HOY = B — (X,1))¢%ds

< / (an|VO|? + (RE + 2¢)6)dv + 2/ HP ¢ ds
b ox

< [ (@l VoP + B2 ¢%)dv+2 | HO6ds + 20vol(5) (/ ¢f”zdv>"
> ox >

= 07

where, above, we have used that a, > 2, u + J(N) > —c on 3, IIaM(N, N) = HM — H*

and
HM (X V) = H™ — (1,m) " (N) > H™ —|(1,m)"| >0 on 0%.
Therefore, all the above inequalities are indeed equalities. Hence, we obtain:
e \i(Ly) =0;
e u+ J(N)=—cand x" =0on X;
o HM =|(1,m)"| = (X, v) on O%.
Additionally, |V¢|? = 0, that is, ¢ is constant, since a,, > 2.
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Finally, from (i.5), we conclude that Q;°(%,9%) = (X, 9%). Thus, by Proposition
we obtain that the Yamabe metric h = gbﬁh on Y is Einstein with a totally geodesic
boundary; the same holds for h, since ¢ is constant, which concludes the proof of the

proposition. O]
For the next lemma, consider the operator
L' = =AY = 2(X, V¥) + (Q — [X " = divX)yp, ¢ € C™(%),
called the formal adjoint operator of L; this is because, by the divergence theorem,

/Z¢L*¢dv+/82¢3*¢ds _ /E¢L¢du+/62¢3¢ds
for all ¢, € C*(X), where

0
B*i) = {;/’ — (IPM(N, N) — 2(X, v))9.
v
Lemma 4.3. Under the assumptions of Proposition [{.9, we have that X\ = 0 is a simple
eigenvalue of L on % with Robin boundary condition By = 0, and its associated eigenfunctions
can be chosen positive. The same holds for the formal adjoint operator L* of L on ¥ with

Robin boundary condition B*¢* = 0.

The proof of the above lemma is entirely analogous to the proof of Lemma 3.5 in [32] (with
Proposition [4.2] playing the role of Proposition 3.3), and therefore it will be omitted.

Lemma 4.4. Under the hypotheses of Prop. there exist a neighborhood V= (—§,6) x ¥
of ¥ =2 {0} x X in M and a positive function ¢ : V — R such that:

(1) glv has the orthogonal decomposition,
gly = p*dt* + hy,

where hy is the induced metric on Xy = {t} x 3;
(2) Each %, is a free boundary hypersurface in (M, g, K) with constant null mean
curvature 07 (t) with respect to the outward unit normal Ny = @_1%, where No = N;
(3) g—yf = IIaM(Nt, Ny)p on 0%, where vy is the outward unit normal to 0%, in (X, hy).
Once again, the proof of the above lemma is entirely analogous to the proof of Lemma 3.6
in [32] (with Lemma|4.3| playing the role of Lemma 3.5), and therefore it will also be omitted.

We can now proceed to the proof of Theorem [B]

Proof of Theorem[B. First, since u+ J(N) > u— |J| > —c on M, and, in particular, on X,
it follows from item (1) of Proposition [4.1] that

iy » (120

Furthermore, if equality holds, Proposition furnishes that (3, h) is Einstein with scalar
curvature R* = —2¢ and a totally geodesic boundary. Moreover, we can apply Lemma 4.4] to
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guarantee the existence of a foliation (X¢)o<s<s of an outer neighborhood V' of ¥ = ¥4 in M
such that each leaf ¥, is a free boundary hypersurface with constant null mean curvature
0t =07(t) in (M, g, K). Furthermore, the metric g can be written as

g=*dt* +h, on V =[0,6)xX,

where hy = gy, is the induced metric on ;.
On the other hand, from (2.1)), it follows that

der 1
(16) T =—Ap+2AX, Vo) + <Q — X[+ div X - (07)? + 9+7)¢ on ¥,
for each ¢ € [0,4). Thus, taking Y = X — ¢~V and observing that
A Vol|? X,V Vol?
divy = divx — 22y Vel gy = xp - o Ve) Vel
¥ ¥ 2 ¥

we get, from (4.6]), that

1do* 1
@ divy — Y2+ Q — 5(0+)2 + 0t <divY — [YP+Q+0'r on X%,
for each t € [0,0). Therefore, given u € C*(%;), we have:
2 g0+
W w0t < w?divY — Y2+ Qu?
@ dt
1 1
— div(Y) — 2u(Vu, Y) — [V + (23& i+ T(V) — Q\Xm?)u?
1
< div(@?Y) + 2l VallY| = w?Y P+ (SR (u = 1) )u?
1
(4.7) < div(u?Y) + |Vul® + <2R2t + c) u?,

where, above, we have used the Cauchy-Schwarz inequality, along with the fact that
w+ J(N) >p—1|J|>—c on M,.

Thus, integrating (4.7) over ¥; and noting that % and @ are constants on X;, we obtain

2

do+
2 (/ u—dvt —9*/ 7u2dvt> < / (2|VU’2+RZtU2)dvt+20/ u’dv,
dt > (P P ¢ P

(48) +2 U2 <}/, I/t>d8t,
%
where, above, we have used the divergence theorem.
Now, replacing Y by X — ¢ 'V and using that
I

= =TM(N,, Ny)p = (HOM — H™)p
th
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(see Lemma , we obtain:

/ u* (Y, v)ds; :/ u* (X — ¢ 'V, v)ds;
82,5 azt

= [ WX, p) + H® — HM)ds,.
[)3n

On the other hand, using the BDEC as done in the proof of Proposition 4.1, we get that
(X, ;) — H®™ < 0 on 9%;. Therefore,
(4.9) / u* (Y, v)ds; < u?H%®ds,.

%y

0%t

Thus, substituting |) into 1D and using the fact that a, = % > 2 for all n > 3,
along with Hoélder’s inequality, we obtain
ot u?

2 f/ *dvt—9+/ Tuldv, | < /(an|Vu|2+R2tu2)dvt+2 WHOS s,
dt o (,0 it P 9%,

n—2
n

(4.10) +20V01(2t>% (/ u:%dvt)
5

for all u € C*°(%;) and all t € [0, ).
From the solution to the Yamabe problem, together with Theorem [2.7, we know that, for
cach t € [0,0), there exists a unique Yamabe metric h; in the conformal class of h; with

t

constant scalar curvature —2¢ and minimal boundary. Let u, € C*°(%;), u; > 0, be such that
hy = uf/ n=2)p,. Substituting u = u; into equation (4.10]), we obtain

do+ U2
(L PR N ) [, @Vl + R ut)dv +2 [ w2l ds,

2n_ n=2 = . =

(/ Utnzd’Ut> (/ U[Ldet)

N .
—f—QCVOl(Et)%
Qllito(ut) + 2c VOl(Et)%
Q}L;O(EU 0%4) + 2c VOl(Et)%
o"0(%,0%) + 2¢ Vol(Zt)%
20V01(2t)% —2c VOI(E)%

td )
2 / L (vol(s,) % )dr
o d

”
4C t 2—n d

4.11 = — 1(>,) » — vol(X2

( ) ) vol(2,) = vol(%,)dr

A\

IN

for each t € [0,8). Above, we have used that 3; is diffeomorphic to ¥ and ¢'(X,0%) is a
topological invariant of . We have also applied the fundamental theorem of calculus and
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the assumption that

vol(X) = (lg , (QEC’aZN)Q

On the other hand, using the assumption that K is n-convex on M., we have try, K > 0
for each t € [0,8). Thus, 67 (t) = trg, K + H”* > H*'. Therefore, from the first variation of
volume formula, along with (4.11)), we get

d8+ 2

uz N
dvt 0 / Tutdvt
2 st B
dt I, Z < ¢ [vol(,) 5 < / Hﬁmpdw)dr

2n_ n n
(/ ut"Qdfvt)
pI
/9+ (Vol )%Tn/ cpdvr>dr.
o,

n

s =00, )= ([ L) ([ wman) T
p(t) = (/Zt Tutdvt)</2t ut’fnzdvt>_nn2,

£(t) = ifvol(zt) - / vy,

we can apply Lemma to obtain that 07 (t) < 0 for each ¢t € [0,0). However, since ¥ is
weakly outermost and 67 (t) is constant on ¥, it follows that 6% (¢) = 0 for all ¢t € [0,0).
Therefore, all the above inequalities are, in fact, equalities.

Thus, defining

and

In particular, for each ¢ € [0, ), we have:
o divY — [Y]2+Q =0 on %y
° X/ =0;
o u+ J(Ny) =p—|J|=—con Xy
o H* =0T(t) =0, i.e. 3; is a minimal MOTS (in particular, try, K = 0);
o (X,v) — H'M =0 on 9%;
e vol(X;) = vol(2).
Additionally, since 3; is a MOTS for each t € [0, ), we can use again to obtain

do+
LQO = W =0 on Zt'

By Lemma 4.4} we get

D
a—Vt—IIaM(Nt,Nt) =0 on 0%,

Thus, we conclude that ¥ is stable for each ¢t € [0, d). Therefore, we can apply Proposition
to Xy and conclude that H%** = 0 on 9%; and Q = 0 on ¥;. (From Proposition 4.2 we also
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have that H?™ = |(¢,7) "] on 9%, for each t € [0,6), that is, the BDEC is saturated along
VNoM.)
From divY — [Y]? + Q =0 and Q = 0, we get divY — [Y|? =0, and so

/ |Y|2dvt:/ div Ydu,
Et Zt

= <Ya Vt>d3t
oY

Hence Y = X — o 'V = 0.
Since 3 is a minimal MOTS, we also have that 0~ (t) = trs, K — H>* = 0 for each ¢ € [0, ).

Then, by replacing 6% and ¢ by 6~ and ¢~ = —p into (2.1]), respectively, we obtain:
do~

(4.12) 0= - = —Ap” +2(X 7, Ve ) +(Q — | X P +divX )y,

where

_ 1 1, _
Q = §R2t — (p+J(=N)) = 5x |?

I, -
= —c— (u+ 1) = Sh P

1 _
(113) = —2J] - Sl P,
and
1
(4.14) X =—-X=——Vop.
2

Substituting equations (4.13|) and (4.14)) into (4.12)), we get:
Vel

Ap +

Lo
+ (114 g e =0.

Since

0
5L = IPY(N, NoJo = (HOY — H™)p = HV o > 0,
L

integrating over X, and using the Divergence Theorem, we have:

0 2 1
0< [ Do = [ npn = [ (V¥ (114 {0 e ) duc <o,
BEt al/t Et Zt ()0 4

SO

Vol =|x;|=|J[=0 on V.
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Thus, ¢ is constant on 3, and, since X = —p 'Vp = 0, we have K(Ny,-)|s, = 0.
Furthermore, since x; = K|x, + A; =0 and x; = Kl|g, — A; =0, we have K|y, = 0.

We conclude that 3; is totally geodesic in (M, g) for each ¢ € [0,d). Writing g = ©?dt* + hy
on V =[0,d) x X, and noting that ¢ = ¢; depends only on ¢t € [0,0) and that h; does not
depend on t, since ¥, is totally geodesic for each ¢, we can see that, by a change of variables,
g has the structure of a product metric dt*> + h on V, where (X, h) is Einstein with scalar
curvature R* = —2c and a totally geodesic boundary.

Finally, using that 0 = J = div(K — (tr K)g) = divK — d(tr K), K|s, =0, A; = 0, and
K(N;, )]s, =0, we conclude that K = adt? on V, where a depends only on t € [0,4). O

Example 4.5. Let (X", hyyp) be an n-dimensional closed hyperbolic Riemannian manifold,
where n > 2. The (n + 2)-dimensional anti-Nariai spacetime (M, ) is given by the manifold
M =R x (0,00) x X"

equipped with the Lorentzian metric
__n
I 2(=A)

which satisfies the Einstein vacuum equation

(— sinh? y dt? + dx? + (n — 1)hhyp) :

2A

RICM = —9,
n

where A is a negative cosmological constant and Ric;; denotes the Ricci tensor of (M, g)
(See [14] for a detailed description of the anti-Nariai spacetimes.)

It is straightforward to verify that the second fundamental form K of the slice M = {t = ¢}
vanishes. Furthermore, the local energy density p and the local current density J of (M, g, K)
(where ¢ is the induced metric on M) are given by p = A and J = 0.

Now, assume that (X", hyyp) realizes the Yamabe invariant (this always holds for n = 2
and n = 3, see e.g. [4]):

2
n

/ R¥dv ,
Y)=-=2— = —n(n—1)vol(X)n =2Avol(X, h)=,

n—2

vol(X) ™=

where h = Z(":Al)) hnyp is the induced metric on 3. Here, R* = —n(n — 1), dv, and vol(X)

are the scalar curvature, the volume element, and the volume of ¥ with respect to Apyp.

Therefore,

vol(3, h) = (;SBD : .

This provides an example of an initial data set that satisfies all the hypotheses and saturates
the inequality of Theorem [§| (for n = 2) and Theorem [J] (for n > 3).
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In a similar manner, we can construct an initial data set satisfying all the hypotheses

Theorem [B] which also saturates the respective inequality, by considering a compact

hyperbolic manifold (X", hyy,) with a totally geodesic boundary.
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