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ABSTRACT. The aim of this paper is to extend some basic results about margin-
ally outer trapped surfaces to the context of surfaces having general null expan-
sion. Motivated in part by recent work of Chai-Wan, we introduce the notion
of g-stability for a general closed hypersurface ¥ in an ambient initial data set
and prove that, under natural energy conditions, ¥ has positive Yamabe type,
that is, 2 admits a metric of positive scalar curvature, provided X is g-stable.
A similar result is obtained when X is embedded in a null hypersurface of a
spacetime satisfying the dominant energy condition. Area bounds under sim-
ilar conditions are obtained in the case where ¥ is 2-dimensional. Conditions
implying g-stability are also discussed. Finally, we obtain a spacetime positive
mass theorem for initial data sets with compact boundary ¥ of positive null
expansion, assuming that the dominant energy condition is sufficiently strict
near Y. This extends recent results of Galloway-Lee and Lee-Lesourd-Unger.

1. INTRODUCTION

Marginally outer trapped surfaces are objects of considerable interest at the
interface of spacetime geometry and the physics of black holes. The notion of a
marginally outer trapped surface (or MOTS for short) was introduced early on
in the development of the theory of black holes, in connection with gravitational
collapse; see e.g. [18]. MOTSs appeared in a more purely mathematical context in
the work of R. Schoen and S.-T. Yau [25] concerning the existence of solutions of
Jang’s equation, in connection with their proof of the positivity of energy. MOTSs
may be viewed as spacetime analogues of minimal surfaces in Riemannian geometry
and, despite the absence of a variational characterization like that for minimal
surfaces, satisfy a number of analogous properties.

MOTSs arise in various situations. For example, under suitable conditions,
cross sections of the event horizon in stationary black hole spacetimes (such as
Schwarzschild and Kerr) are MOTSs. This can be roughly understood in terms of
Hawking’s area theorem. For dynamically evolving black hole spacetimes, the null
geodesic generators of the event horizon have nonnegative expansion towards the
future. However, in the steady state (stationary) limit, this expansion goes to zero.
In dynamical black hole spacetimes (such as the Vaidya spacetime with null dust
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source), MOTSs typically occur inside the event horizon (as the boundary of the
trapped region within a spacelike slice). In fact, there are general results showing
that under appropriate conditions, MOTSs cannot occur outside the event horizon.
(See Section 2.3 for a brief discussion.)

The aim of this note is to extend some basic results about MOTSs (which e.g.
apply to stationary black hole spacetimes) to results about surfaces having general
(nonzero) null expansion, which may be viewed as applicable to dynamical black
hole spacetimes. Surfaces of prescribed null expansion have recently been considered
in [7], in which Riemannian band width estimates are extended to spacetime initial
data sets.

In the next section, we present in some detail the key notions of stability for
surfaces in expanding horizons, which we use in order to prove some results about
the topology and area of these surfaces. These results are presented in Sections 3.1
and 3.2. In Section 3.3, we consider a version of the spacetime positive mass theorem
that applies to expanding horizons.

2. SURFACES OF GENERAL NULL EXPANSION: STABILITY PROPERTIES

All manifolds in this paper are assumed to be smooth, orientable and connected,
unless otherwise stated.

An initial data set (M, g, K) consists of an n-dimensional manifold M, n > 3,
equipped with a Riemannian metric g and a symmetric (0, 2)-tensor K. The main
physical example is when (M, g, K) is an initial data set in a spacetime (time-
oriented Lorentzian manifold) (M, g), i.e. M is a spacelike hypersurface in M, with
induced metric g and second fundamental form K.

The local energy density p and the local current density J of an initial data set
(M, g, K) are given by,

p= (S~ KPP+ (trK)) and J = div(K — (i K)g),

where S is the scalar curvature of (M, g). When (M, g, K) is a spacetime initial
data set, these quantities are given by y = G(u,u) and J = G(u, -), where G is the
Einstein tensor G = Ricy; — %RM g of (M, g). Moreover, the inequality,

(2.1) w> |l

on M is a consequence of the spacetime dominant energy condition (spacetime
DEC),

G(X,Y)>0

for all future-pointing causal vectors X,Y € TM. The inequality (2.1) plays the
role of the dominant energy condition for initial data sets.

Though not strictly necessary, for the purpose of introducing certain concepts,
we shall assume that (M, g, K) is an initial data set in a spacetime (M, g). (In fact,
this can always be arranged, cf. [2].) Then the second fundamental form K of M
is given by,

K(X,Y)=g(VxuY)
for X,Y € TM, where u is the future-pointing timelike unit normal to M and V

is the Levi-Civita connection of g. The mean curvature tr K of M in (M, g) is
denoted by 7.



EXPANDING HORIZONS 1241

Let 3 be a closed embedded hypersurface in M with unit normal v in M. By
convention, we refer to v as outward pointing. The null expansion scalars 0, 0~
of ¥ in M with respect to v are defined by,

6F = divy (T,

where 1, ¢~ are the future-pointing null normal fields ¢* = u+ v along ¥. The
null second fundamental forms x*, x~ of 3 in (M, g) with respect to v are defined
by,

Xi(X7 Y) - g(ngiaY)

for X,Y € TX. Note, in terms of initial data, x* = K|x £ A, where A is the second
fundamental form of ¥ in M with respect to v. Also, 6% = tr y=.

2.1. Stability with respect to initial data sets. We now introduce a notion
of stability for surfaces ¥ of general null expansion §T = h, which extends in
a straightforward way the usual notion of stability of marginally outer trapped
surfaces (0T = 0) in spacelike hypersurfaces. (As noted in Section 1, a slightly
different notion of stability for surfaces of prescribed null expansion was considered
in [7]; see also [6].) In order to discuss the stability properties of such surfaces (not
necessarily MOTSs), we introduce a notation that allows one to compare pointwise
the null expansions of two different surfaces.
For a fixed ¢y > 0 sufficiently small, the map

U [0,e0] x X = M, W(t,p) = exp,(tr(p))
is well defined. Given u € C*°(X) positive with ||ul|co < €9, the map
U [0,1] x ¥ = M, W, p) = exp,(tu(p)v(p))

is also well defined. We denote ¥*(¢,%) by X} and the null expansion scalars of
X¢ by 0 (t).
Definition 2.1. We say that X is a g-stable surface (g for generalized) if
007
ot }t:O
Heuristically speaking, ¥ is g-stable if there is an outward geodesic normal vari-
ation such that the null expansion is “infinitesimally nondecreasing”. For MOTSs,
stability has essentially the same meaning, and is described by saying that a stable
MOTS is “infinitesimally outermost”.
It is well known that (see e.g. [1,3,20]),
00,
ot |t:0
where L : C*(X) — C*°(X) is the elliptic operator,

> 0 for some u > 0 with [Jul|co < €.

= Lu,

1
(2.2) Lu = —Au+ 2(X,Vu) + <Q — X2 +divX — 5h2 + hT) u,

where h = 6} (0) is the null expansion of 3§ = 3, 7 = trK is the mean curvature
of M,
1

@=3

1
Ry—(p+J(v)) - glxﬂz,
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v = (, ) is the induced metric on ¥, R, is the scalar curvature of v, and X is the
vector field tangent to ¥ that is dual to the 1-form K (v,-)|y. Moreover, there is a
real number A, called the principal eigenvalue of L, satisfying L¢ = ¢ for some
positive eigenfunction ¢ € C*°(X), such that A < Re(u) for any other eigenvalue
of L. Also, the eigenspace of L associated with A has dimension 1. By arguments
essentially as in [1] (see also [20, Theorem A.10]), one has that ¥ is g-stable if, and
only if, A > 0.

It is of interest to have conditions that imply g-stability. A basic criterion for
g-stability is obtained by extending the notion of (locally) weakly outermost for
MOTSs to surfaces of prescribed null expansion. We say that ¥ is g-locally weakly
outermost if for some ey > 0 sufficiently small, and for every u € C°°(X) positive
with |Julco < €g, there is no t € [0,1] such that the inequality 6,7 (¢) < h holds
pointwise with respect to W%, i.e. such that

0y (1) (ptu) < h(p) forall peXx,

where p;, = ¥*(t,p). If ¥ is g-locally weakly outermost, then it is necessarily
g-stable. In fact, if ¥ is not g-stable, then A\ < 0. Let ¢ > 0 be a principal
eigenfunction of L. Without loss of generality, we may assume that ||¢]|co < €.
Therefore,

007"

¢
W‘t:O:L¢:A¢<O

Thus, since ¥ is compact, 9$(t) < 9;’(0) = h for t > 0 sufficiently small.
We mention a simple criterion for the g-locally weakly outermost condition.

Proposition 2.2. Let ¥ be a closed embedded hypersurface in an initial data set
(M, g, K) with null expansion 0T = h. Suppose there exists a variation ¥ of 3,
@ > 0, |la]lco < €, such that 01 () > h pointwise for all t € [0,1]. Then % is
g-locally weakly outermost.

Proof. Let U*, u > 0, ||lu/|co < €9, be any variation of 3. Choose ¢, sufficiently
small so that ¥*([0,1] x ¥) c ¥%([0,1] x ). Suppose, by contradiction, that
0} (t) < h pointwise, for some ¢ € [0,1]. By the compactness of X%, there exists #
such that X} lies to the inside of Eg and so that they meet tangentially at some
point ¢ = W¥(¢,p). Restricting the size of ¥ to a small neighborhood of p, we
may assume there exists a constant a such that 6 (t) < a < 6 (f). But then the
maximum principle for null expansion ([2, Prop. 2.4], [4, Prop. 3.1]) would require
0F(t) = 9;’ (t), which is a contradiction. O

We mention several examples. Consider the CMC spheres r = ry between the
horizon and photon sphere (2m < ry < 3m) in the totally geodesic (K = 0) time
slice t = t( of Schwarzschild spacetime. The mean curvature (and hence the null
expansion) of these spheres increases as r increases from 2m to 3m. It then follows
from Proposition 2.2 that each such sphere is g-locally weakly outermost, and hence
stable. The fact that they are spheres is consistent with Theorem 3.1.

Now consider the manifold M = R x V, with metric g = dt? + cosh? t g5, where
(X, gs) is a higher genus surface of constant Gaussian curvature —1. Then M has
constant curvature —1. Consider the initial data set (M, g, K = g), which one
easily verifies is a vacuum initial data set; in fact, ¢ = 0 and J = 0. One further
checks that the null expansion h; of the surfaces ¥y = {t} x ¥ increases from 0 to 4
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as t increases from —oo to 4+o0o. It again follows from Proposition 2.2 that each
Y is g-locally weakly outermost, and hence stable. That the ¥;’s do not admit
metrics of positive scalar curvature is consistent with Theorem 3.1. In this example,
T=3> %ht, and so illustrates the relevance of condition (i) in Theorem 3.1. If
we take (M, g, K = ag), for any a > 1, we have y = 3(a® — 1) and J = 0. Now,
h; increases from —2 4+ 2a to 2 + 2a as t increases from —oo to +oo. In this case,
hit > 6a(a — 1) > 3(a? — 1). This example illustrates the relevance of condition
(ii) in Theorem 3.1.

2.2. Stability with respect to null hypersurfaces. We now extend the concept
of g-stability for surfaces in initial data sets (e.g. in spacelike hypersurfaces) to
surfaces in null hypersurfaces. Let A/ be a null hypersurface in a spacetime (M, g)
and ¥ be a closed hypersurface in A/ that is spacelike in (M,g). Fix a future-
pointing null vector field £~ along X that is orthogonal to ¥ and tangent to N.

As before, for ¢y > 0 sufficiently small, the map
F:[0,e0] xX =N, F(t,p) = exp, (—tl™(p))
is well defined. Now, extend ¢~ to a neighborhood of ¥ in A by,

oOF

(7= ——

ot
and define ¢* as the future-pointing null vector field along ¥ that is normal to ¥
and satisfies (¢*,¢7) = —1. In this case, the null expansion scalars 67, 6~ of 3 in

N are defined by,
0* = divy (.
Clearly, the map
F“:[0,1] xX =N, F“t,p) = exp, (—tu(p)l™ (p))

is also well defined for v € C*°(X) positive with |lu|lco < €. Extend ¢* to be
the future-pointing null vector field that is normal to X} := F“(¢,X) for each ¢

and satisfies (¢*,£7) = —1. Denote the null expansion scalars of ¥¥ in N by
0= (t) = divsy (=, In this case, from well-known formulas [1,3], we have,

00,

Bt im0 =L

where L_ : C(X) — C*°(X) is the elliptic operator,
1
(2.3) L_u=—-Au+2(X,Vu)+ <§R7 — G 07) — | X2+ div X + h@‘) u,

where h = 67 (0) and 6~ = 6, (0) are the null expansion scalars of ¥ in N.
Similarly to the initial data case, we make Definition 2.3.

Definition 2.3. We say that X is a g-stable surface in N if
00;F

ot }t:0

Again, as in the initial data case, one has that X is g-stable if, and only if,

A1(L-) > 0, where \;(L_) is the principal eigenvalue of L_. A completely anal-

ogous definition of g-locally weakly outermost holds in this null hypersurface case
(just replace ¥* by F'*), and again g-locally weakly outermost implies g-stability.

> 0 for some u > 0 with [Jul|co < €.
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In a similar manner, we have the following null hypersurface version of Proposi-
tion 2.2.

Proposition 2.4. Let ¥ be a closed embedded hypersurface in a null hypersurface
N. Suppose there exists a variation F% of ¥, 4 > 0, ||| co < &, such that
0+ (t) > h pointwise for all t € [0,1]. Then ¥ is g-locally weakly outermost.

The proof is essentially the same as in Proposition 2.2, except that a variation of
the maximum principle referenced there is needed, one that applies to null, rather
than spacelike, hypersurfaces. That the maximum principle for null expansion holds
in this case follows from [23, Theorem 2], which is a consequence of the maximum
principle for null hypersurfaces [11].

Vaidya spacetime, which may be viewed as a dynamical version of Schwarzschild
spacetime, provides a nice illustration of Proposition 2.4. The metric in ingoing
Eddington-Finkelstein coordinates (v, r, 8, ¢) is given by the line element,

2M
ds? = — (1 — —) dv? + 2dvdr + r2d0O?,
r

where M = M (v). The dominant energy condition is satisfied if M (v) is nonde-
creasing. Consider a null hypersurface N' : v = vg. The 2-spheres X, in A have
null expansion

r—2M

0 =
T /r2

with respect to the future directed outward null normal,

0 1 2MY\ 0
A G
8v+2< r)@r’

where M = M (vg) (see e.g. [5]). The null expansion 6 increases as r increases from
2M to 4M. Using the approximate location of the event horizon H (as analyzed in
e.g. [24]), it can be shown that, for suitable functions M = M (v), the spherically
symmetric intersection of H and N will lie well within this range. It then follows
from Proposition 2.4 that this intersection is g-locally weakly outermost, and hence
stable.

The following will be important for the proofs of several of our results. It follows
from a straightforward generalization of arguments in [16]; see [12, Sect. 2] and
[14, Sect. 2].

Theorem 2.5. Let (X,7) be a closed Riemannian manifold and L : C>*(X) —
C>(X) be a differential operator of the form

Lu = —Au + 2(X,Vu) + (Q — | X|* + div X)u,

where @ € C®(X) and X is a smooth tangent vector field on ¥. Suppose the
principal eigenvalue of L is nonnegative, A\ (L) > 0. Then the following hold:

(i)
(2.4) /Z(NW + Qu*)dA >0

for all ¢ € C*°(X). Hence, the first eigenvalue \1(Lg) of Lo = —A + Q is
nonnegative. Furthermore, if equality in (2.4) holds, and 1) # 0, then v is
an eigenfunction of Lo associated with \1(Lg) = 0;
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(ii) If Q@ = 3R, — P for some function P > 0, then £ admits a metric of
positive scalar curvature, unless A\1(L) =0, P =0, and (3,7) is Ricci flat.

2.3. Further comments on the g-stability condition. As briefly noted in Sec-
tion 1, under suitable conditions, cross sections ¥ of the event horizon in stationary
black hole spacetimes are MOTSs (this follows from, for example, results in [9]).
Moreover, under general circumstances, such a MOTS ¥ will be stable. For sup-
pose not. Then ¥ could be pushed outside the event horizon along a spacelike (or
null) hypersurface to an outer trapped surface 3. Now, it is a basic result in the
theory of black holes that, for suitably defined black hole spacetimes satisfying the
null energy condition, Ric(X, X') > 0 for all null vectors X (in particular, satisfying
the vacuum Einstein equations, Ric = 0), trapped surfaces cannot exist outside the
event horizon; see e.g. [26, Prop. 12.2.2]. The proof is easily modified to also rule
out outer trapped surfaces that are homologous to the cross section X, such as 3.

The point we wish to make here is that essentially the same conclusion of stability
can be reached for cross sections Y of expanding horizons, provided there is sufficient
matter in the vicinity of the black hole.

Let X be a cross section with null expansion A bounded above by a constant
0o > 0. If 3 is not stable, then it can be pushed outside the event horizon along
a spacelike (or null) hypersurface to a surface )y having null expansion h < 6.
Suppose however that, due to the presence of matter, along each future complete
outward null normal geodesic s —s n(s) to &, with 7/ (0) = £+ (p), p = n(0) € ,

/ Ric(n',n")ds > 6.
0

Then the null expansion h of 3 cannot satisfy h < 0o, for if it did then e.g. [17,
Prop. 2] would imply that there is a null focal point along every such 7. However,
arguing as in the proof of [26, Prop. 12.2.2], there must exist at least one n without
a focal point.

3. PROPERTIES OF EXPANDING HORIZONS

Here we present the results briefly mentioned in Section 1.

3.1. The topology of expanding horizons.

Theorem 3.1. Let (M, g, K) be an initial data set and ¥ be a closed hypersurface
in M. If ¥ is a g-stable surface in (M, g, K) with null expansion 0T = h € C>=(%),
h >0, and either

(i) p—|J| >0 and 7 < 1h along &, h #0, or

(ii) p—|J| > co and ht < co along ¥ for some constant co > 0,

then ¥ admits a metric of positive scalar curvature.

As is well known, there are many restrictions on the topology of manifolds that
admit a metric of positive scalar curvature (see e.g. [8] for a recent reference). We
note that the condition on 7 (which, recall, is the trace of K) in case (i) is satisfied
if 7 < 0, and hence, in particular, if M is mazimal, i.e. 7 = 0. It is also satisfied,
of course, if h has a positive lower bound hy and 7 < %ho. A result related to
Theorem 3.1 was obtained in [7] using a slightly different version of stability, one
which is well adapted to constructing surfaces of prescribed null expansion.
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Proof. Tt follows from (2.2) that
Lu = —Au+ 2(X,Vu) + (Q — | X|* + div X)u,

where
1, 1
and
1 1
(3.1) qu+J(u)+§\X+\2+§h2—hT.

Case (i). In this case, since u+ J(v) > p— |J| > 0, we have
1
PZM+J(V)+h<§h—T> >0
by the assumptions on h and 7. If P = 0, then the above inequalities give that

1
Substitution of this into (3.1) then implies x* = 0, and hence h = tr y* = 0, which
is a contradiction. Thus, P # 0.
Case (ii). In this case,
P>pu+Jw)—hr >0,

since i + J(v) > ¢ and ht < ¢o. If P = 0, then the above inequalities imply
ht = p+ J(v). Substitution of this into (3.1) gives that h = 0. On the other hand,

co = hr =p+J(v) = co,
and hence ht = ¢g > 0, which is a contradiction. Thus, P # 0.

In either case, the result now follows from Theorem 2.5. 0]

The next result is a spacetime result, in which ¥ is embedded in a null hyper-
surface. Physically, we may think of ¥ as arising from the transverse intersection
of the event horizon (assumed to be sufficiently smooth) with this hypersurface.
The theorem assumes the (spacetime) dominant energy condition, and a natural
condition on the inner null expansion of X.

Theorem 3.2. Let (M,g) be a spacetime satisfying the dominant energy condition
and N be a null hypersurface in (M,g). If ¥ is a g-stable surface in N with null
expansion scalars 0 = h > 0, h # 0, and 6~ < 0, then ¥ admits a metric of
positive scalar curvature.

Proof. Similarly to the proof of Theorem 3.1, it follows from (2.3) that
L_u=—Au+2(X,Vu)+ (Q — |X* + divX) u,
where
Q= 3R, ~P
and
P=GUt,07)—ho~ >—ho~ >0.

Above, we have used the dominant energy condition. Since h#~ # 0, the result
follows from Theorem 2.5. 0
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3.2. Area bounds for expanding horizons.

Theorem 3.3. Let (M, g, K) be a 3-dimensional initial data set and X be a closed
surface in M. Suppose ¥ is a g-stable surface in (M, g, K) with null expansion
0T =h e C>®(X), h>0, such that T < 1h. If p—|J| > ¢ for some constant ¢ > 0,
then ¥ is topologically a 2-sphere and the area of ¥ satisfies,
4

(3.2) A(D) < =
Furthermore, if A(X) = 4x/c, then the following hold along 3:

(1) x* =0 and, in particular, ¥ is a MOTS;

(2) X is a round 2-sphere of constant Gaussian curvature ky, = ¢;

3) p+J(w)=pu—1|J|=conX.

Remark 3.4. Rigidity results deriving from equality in (3.2) have been examined
in detail by the authors in [14] and [15]. We note, however, that equality is not
realized for expanding horizons, 7 = h > 0.

Proof. Tt follows from (2.2) that
Lu= —Au+2(X,Vu) + (Q — | X |* + div X )u,
where
Q=ky—P
and

1 1
P=u+Jv)+ §\x+!2+ §h2 — hr1

1
2u—\J!—|—h(§h—T> > c.
Hence, setting ¢ = 1 in Theorem 2.5(i), we obtain,

(3.3) CA(S) < /2 PdA < / s dA = dr(1 — g()),

where g(3) is the genus of 3. These inequalities force g(X) = 0, and the area bound
follows.
If A(X) = 4n/c, then all above inequalities must be equalities. In particular,
e X" =0;
e u+Jv)=p—|J|=con3;
e 1) =1 is an eigenfunction of Ly = —A + Q associated with the first eigen-
value \1(Lg) = 0, that is,

O=ky—P=0 .. ry=P=c

Similarly, we have:

Theorem 3.5. Let (M,g) be a (3 + 1)-dimensional spacetime and N be a null
hypersurface in (M,g). Suppose ¥ is a g-stable surface in N with null expansion
scalars % = h >0 and 6= < 0. If GU{T,47) > ¢ for some constant ¢ > 0, then &
15 topologically a 2-sphere and the area of ¥ satisfies,

A < 2T

C
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Furthermore, if A(X) = 4x/c, then the following hold along 3:

(1) ¥ is a MOTS;
(2) X is a round 2-sphere of constant Gaussian curvature Ky, = ¢;
(3) GUT,£7)=c on 2.

Proof. 1t follows from (2.3) that
L_u=—Au+2(X,Vu) + (Q — |X* + div X) v,
where
Q=kry—P
and
P=GUT,07)—ho" >c

Inequalities (3.3) again apply.
If A(X)=4n/c, then P=G{T,07) =cand —hf~ =0 on X; in particular, 3 is
a MOTS, since 6~ < 0. Also, as before, @ = 0, that is, ky =P = c. O

Theorem 3.5 improves certain aspects of results in [19].

3.3. A positive mass theorem for expanding horizons. Theorem 3.6 pertains
to the spacetime positive mass theorem [10]. Recent results have extended this
theorem to initial data sets with boundary [13,21], where the components are
assumed to be weakly outer trapped (67 < 0), or weakly inner untrapped (6~ > 0).
Here we show that the weakly outer trapped condition can be relaxed a bit, by
requiring the dominant energy condition (for initial data sets) to be sufficiently
strict near X.

Theorem 3.6. Let (M, g, K) be an n-dimensional, 3 < n <7, complete asymptoti-
cally flat initial data set with compact boundary . Assume that (M, g, K) satisfies
the DEC such that u — |J| > ¢ on a normal neighborhood U = [0,2¢] x ¥ of X
for some constant ¢ > 0. Suppose Oy = supy, 0 is positive, where 07 is the null
expansion of 3 with respect to the normal pointing into M. Then E > |P|, provided
Op < ce/(2.18+¢€||T||cow)), where (E, P) is the ADM energy-momentum vector of
(9. K).

Proof. On U =2 [0,2¢] x ¥, g takes the form g = dt? + ~,, where ~; is the induced
metric on 3; = {t} x .

Consider the modified initial data set (M, g, K), where K = K — nflg. On U,
the function A is defined by,

1
0 1—-——— ), 0<t<
h(t) = OGXP( 1—(5)2) =
0, e <t <2

and h = 0on M\U. Clearly, 0 < h < h(0) = y. Furthermore, simple computations
show that h/(t) < 0 and its minimum is attained at ty = 3~ %€ with h/(tg) ~
—2.170p/¢; in particular, |[Dh| < 2.18 6 /¢.

Note that 6% := trg(K + A) = 07 — 6 < 0, where A is the second fundamental
form of 3 in (M, g) with respect to the normal pointing into M; that is, ¥ is weakly
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A~

outer trapped in (M, g, K). Further, the DEC clearly holds on M \ U. On U, a
computation shows that (cf. [22, Section 6])

. 1
i1 =p+ = (—2=n?—2hr) —|J + Dh|
2\n—1

1
2u—|J|+—( “ h2—2hr—2\Dh|>
2\n—1
> ¢~ (|I7llcow) +2.18¢71) > 0.
The theorem then follows from [21, Theorem 1.3]. 0
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